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PREFACE. 


W  Though  the  aabjects  treated  of  in  this  volume,  have, 

<^  mdividually,  and  more  especially  in  the  relations  which 

i  subsist  between  them,  engaged  my  attention  more  fre- 
-^  quently,  more  deeply,  and  I  may  add  more  delightfully, 
,  than  any  other  subjects  of  a  scientific  nature,  which  I 

^        have  made  the  object  of  thought ;  and  though  very  many 
J_        years  have  elapaed  since  I  first  felt  the  want  and  the  desire 
of  possessing  some  such  book —and  even  since  I  came  to 

J  the  resolution  of  attempting  its  production,  and  had  in 
some  sort  sketched  its  plan— yet,  I  fear,  and  indeed  feel, 
that  the  execution  of  it  stands  more  in  need  of  a  preface, 
or  explanation,  or  apology,  than  any  work  which  I  have 
hitherto  attempted. 

I  am  awu«  that  it  is  not  a  book  for  even  the  moderately 
learned  in  systematic  mathematics,  far  less  for  those  whose 
talents  and  acquirements  do  honour  to  the  science  and 
extend  its  boundaries.     I  am  somewhat  apprehensive,  too,  / 
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that  it  may  not  prove  to  be  exactly  the  book  which  is  to 
afford  to  the  young  and  the  unlearned  the  spirit  of  mathe- 
matical science,  and  the  force  of  mathematical  truth — ^the 
communicating,  or,  to  speak  more  correctly,  the  inspiring, 
or  rather  the  Btimulating  of  which,  ia  the  main  object  by 
which  I  have  been  guided  both  in  preparing  and  in  exe- 
cuting the  work. 

My  chief  ground  of  apprehension  on  this  latter  point  is 
the  fact  of  there  being  no  sunilar  book,  by  the  success  of 
which  I  could  be  encouraged,  or  by  the  fiulure  of  which 
I  could  be  warned.  Thua  I  have  been  thrown  upon  my 
own  conception  of  what  was  most  likely  to  be  ttseful, 
without  wy  direct  experienoe  op  the  part  of  others,  by 
which  I  could  be  as^steii  or  guided.  But  though  I 
hboured  under  this,  perhapa  the  greatest  disadvantage 
that  an  author  could  have  had,  I  feel  that  I  alao  enjoyed 
tome  pecuhar  advantagea.  My  notions  on  the  subjects,  and 
on  the  mode  of  conveying  information  respecting  tiiem,  were 
originally  my  own.  A  disciple  of  no  school,  and  a  fol- 
lower of  no  master,  I  had  no  mannerism  of  others  to  come 
between  me  and  the  truth  :  and  it  so  happened  that  almost 
as  fiist  as  I  could  acquire  some  knowledge,  not  of  a  whole 
subject,  hut  of  the  successive  parts  of  it,  I  had  the  advan- 
tage of  trying  the  efiect  of  what  I  had  acquired,  and 
how  I  had  acqubed  it,  in  the  Instructing  of  others; 
and  very  frequently  I  found  that  the  indirect  lesson  'whjch 
I  derived,  from  the  effect  produced  upon  the  student, 
was  of  even  greater  advantage  to  me  than  what  I  did 
for  myself,  and  probably  greater  than  I  could  have  de- 
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rived  even  from  able  instractora.  I  need  not  say  that 
these  few  ciroumatances  are  not  mentioned  in  any  spirit 
of  boasting  or  aelf-gratulation,  for  truly  there  is  not  in 
them  luiything  of  which  even  the  vainest  man  could  boast. 
Besides,  after  a  man  has  been  hammered,  pretty  smartly 
and  pretty  constantly,  upon  the  world's  anvil  for  half  a 
century,  though  the  metal  of  his  mind  may  not  thereby 
bti  changed,  yet  it  is  beaten  to  so  much  compactness,  that 
there  are  few  pores  in  it  for  holding  so  unsubstantial  a 
thing  as  vanity.  I  have  mentioned  them  rather,  as 
nnavoidahle  reasons  why  this  book  diould  be  so  different 
from  the  ordinary  books  of  elementary  mathematics ;  in 
addition  to  iriiich  I  have  endeavoured  to  supply  what  none 
of  those  books  tangly,  or  perhaps  the  whole  of  them  taken 
together,  can  supply. 

In  saying  this  I  do  not  mean  that  there  are  many  new 
truths  in  the  volume,  or  that  there  is  one  known  truth 
stated  more  clearly  than  it  is  to  be  met  with  elsewhere. 
But  considering  the  vast  number  of  snch  hooka  which 
it  is  necessary  to  study,  with  profound  tmd  patient  atten- 
tion, in  order  to  get  possession  of  all  the  truths  which  are 
oeoeesary  for  having  a  tolerable  knowledge  of  even  the 
first  elements  of  mathematics,  in  the  three  departments  of 
General  Quantity,  or  Auibboa  ;  Numbers,  or  Abithhetic  ; 
and  Magnitudes,  or  Geouetby  ;  and  the  portion  of  life 
that  even  this,  which  after  all  is  only  a  sort  of  mecha- 
nic^  labour,  must  consume,  before  the  student  is  in  a  con- 
dition for  beginning  to  generalise ;  it  is  easy  to  see  that 
the  business  or  the  pleasures  of  the  world,  must  necessarily 
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take  hold  of  a  vast  majority,  even  of  students,  before  they 
hare  arrived  at  the  commencement  of  this,  the  truly  men- 
tal and  most  useful  part  of  Geometry. 

Having  felt  (his  very  severely  in  my  own  case— and 
there  is  too  much  of  the  bittemeaa  of  regret  mingled  with 
it  to  allow  me  to  forget  it — I  have  endeavoured  to  start 
with  generalisa,tion  at  the  very  outset  of  this  volume,  and 
to  hold  fast  by  it  on  every  occasion,  regardless  how  much 
it  might  break  in  upon  the  symmetry  of  the  book,  or  the 
smoothness  of  its  execution. 

Such  being  the  case,  this  work  is  not  to  be  considered 
as  a  book  of  reference,  from  which  particular  truths,  or 
formulsB  for  the  solution  of  particular  problems,  are  to  be 
borrowed,  without  reasoning,  and  often  I  may  add  without 
instruction ;  neither  is  it  a  task-book,  to  be  conned  by 
rote  in  successive  iragments,  and  parroted  without  know- 
ledge, until  active  employment  of  the  mind  cause  them  to 
be  forgotten.  It  is  strictly,  (that  is  to  say  in  so  far  as  I 
can  judge  of  it,  destitute  as  I  am  of  an  eatemal  standard 
of  judgment,)  what  its  title  expresses — "  Popdlab  Ma- 
thematics ;"  that  is  to  say,  a  book  which  is  meant  to  be 
read  through,  and  which  is  intended  to  inspire  those  who, 
from  too  tender  age  or  want  of  opportunities'  and  means, 
have  not  acquired  a  knowledge  of  mathematical  science, 
with  a  general  perception  of  its  nature,  a  feeling  of  its  power 
as  an  instrument  both  of  wisdom  and  of  working,  and  the 
love  of  a  &rtlier  acquaintance  with  it.  Every  one  who 
has  caught  even  one  little  ray  of  the  glorious  light  of  this 
science,  must  feci  that  it  is  as  powerful  as  it  is  brilliant ; 
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and  that  when  we  come  to  wotk  our  way  to  the  knowledge 
of  things  around  lis,  from  the  sod  on  which  we  stand,  to 
the  most  remote  luminary  in  the  heavens  upon  which  two 
hundred  millions  of  miles  will  tell  as  a  measurable  frac- 
tion, will  readily  admit,  that  mathematics  is  not  only  the 
line  wherewithal  to  measure,  and  the  balance  wherein  to 
weigh,  but  that  it  is  the  wedge  to  cleave  asunder  what- 
ever is  too  gnarly  and  stubborn,  and  the  lever  to  heave 
aside  whatever  is  too  weighty  for  the  other  apparatus  of 
thinking  and  executing. 

Those  who  have  formed  their  notions  &om  those  nominal 
mathematicians,  who  idle  with  the  disjointed  bones  of  the 
science  in  the  absence  of  the  life,  are  apt  to  suppose,  and 
sometimes  to  say,  that  mathematical  science  has  a  tendency 
to  curb  the  fancy,  and  pedantify  the  mind.  Among  all 
the  blunders  of  ignorance  there  is  not  one  more  gross  than 
this ;  and  we  might  appeal  with  triumph  to  mathemati- 
cians of  every  age  as  leaving  recorded  in  their  writings, 
abundant  evidence  of  the  most  exalted  and  expanded 
imagination,  and  the  most  chaste  and  lively  fancy.  I  shall 
mention  only  one  or  two  names  ;  and  these  of  the  last  and 
the  present  generation.  Who  in  his  time  excelled  or  even 
equalled  the  late  John  Playfair  of  Edinburgh,  (with 
whom  I  have  again  and  again  discussed  the  subject  and 
plan  of  this  work,)  in  power,  in  purity,  and  in  beauty  of 
style  ?  And  who,  in  our  own  times,  writes  like  "Whewell 
or  Herscbel  ?  Find  me  the  unmathematical  man  that 
shall  set  an  idea  before  the  mind,  as  a  mental  and  tangible 
«olid,  with  the  same  power  and  truth  as  either  of  them. 
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X  PREFACE. 

Bad  I  shall  abandon  my  argument,  and  join  ever  after  "the 
herd  of  gentlemen  who  write  with  ease." 

So  much  for  the  -plan  and  purpose  of  the  work ;  and 
the  execatiou  can  be  best  seen  and  judged  of  in  the  work 
itself;  therefore  I  sliaU  only  state  further  that  I  have  been 
careful  to  bring  forward  the  three  branches  in  auch  an 
order  of  suocession,  aa  that  the  reader  who  reads  for 
instruction,  (as  I  idncerely  hope  many  will,)  may  call  them 
all  to  his  aid  whenever  he  feels  it  necessary.  I  have 
dwelt  longest  upon  those  general  points  which  appeared  to 
me  to  possess  in  the  highest  degree  the  two  qualities  of 
furnishing  the  greatest  nmnber  of  inferential  truths  and 
stimulating  the  reader  to  seek  out  those  truths ;  and  I 
have  been  more  anxious  to  create  a  Iqtc  of  the  science, 
than  to  carry  the  particular  departments  of  it  to  a  great 
extent.  To  use  a  homely  simile,  if  a  man  gets  lamed 
before  he  commences  a  journey,  it  is  far  better  to  cure  him 
and  let  him  start  in  his  own  strength,  than  to  carry  him 
half  way  and  leave  him  in  his  lameness.  But  this  simile, 
homely  though  it  is,  apphes  to  every  branch  of  education, 
and  to  mathematics  in  an  especial  manner.  To  talk  about 
teaching  a  person  a  science,  is  like  talking  about  a  lame 
man's  performiog  a  jonmey  when  he  is  carried ;  but,  if  we 
can  succeed  in  awaking  the  desire  and  arousing  the  capa- 
city, the  party  will  leant,  not  only  without  our  teaching, 
but  in  spite  of  our  oppoution;  and  this  is  the  grand  object 
which  should  be  aimed  at  by  every  well-wisher  to  the 
mental  and  moral  character  of  the  human  race. 

I  cannot  say  that  i  shall  conclude  this  preface— for  the 
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same  trtun  of  thought  !b  continned  in  the  introdaction — 
but  I  shall  conclude  the  present  wntmg  by  cluming  the 
BufirageB  of  the  public  m  fovour  of  my  purpose,  how  much 
soever  they  may  blame  the  execution  of  it,--^iily  adding, 
that  if  the  present  Tolume  shall  meet  with  a  reception  at 
all  proportionate  to  the  labour  it  has  cost  me,  I  purpose 
following  it  up  by  another,  carrying  the  three  branches  of 
the  science  as  br  as  they  are  required  by  tbose  who^are 
not  professional  matbematidans. 

ROBERT  MUDIE. 
Grave  Collage,  Cheltea, 
Julg.  1836. 
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POPULAR    MATHEMATICS. 


QBNGRAI.  REUAItKe,    J 

The  common  opinions  of  mankind  upon  a  subject  aie  fre- 
quently at  vety  remarkable  variance  with  the  nature  of  that 
subject ;  and  this  vaiiation  is  not  perhaps  more  striking  in  any 
one  case  than  in  that  of  MathematicB.  Those  who  baye  nerer 
studied  any  portion  of  mathematical  edence,  however  acute 
they  may  TuituraUy  be,  and  however  well  informed  upon  other, 
and  in  themselves  more  difficult  subjects,  generally,  if  not  in- 
variably, turn  avray  from  every  mathematical  expression,  as  if 
it  were  an  adder  in  their  path ;  and  even  they  who,  to  use  th« 
homely  but  most  appropriate  expression,  have  "  gone  through" 
that  which  is  called  ma-dieTnatica  at  the  common  schools,  shake 
their  heads  at  the  subject,  witb  a  silent  expression  o^  "  These 
matters  are  beytmd  our  depth,"  The  conduct  of  such  parties 
puts  one  very  much  in  mind  of  that  of  the  porter  in  a  northern 
University.  This  porter  was  a  very  "whale"  of  books,  and 
one  of  the  pn^esson,  whose  particular  attention  he  claimed, 
found  the  supplying  of  his  appetite  from  the  University  libnty 
'^noeaaytask.    At  leugtb  ho  tried  him  with  "  EucUd'e  ElemNits 
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of  Oeometty,"  to  see  how  far  sheer  appetite  would  be  able  to 
digest  that.  The  porter  cfune  not  for  an  exchange  till  after 
two  weeks  had  elapsed ;  and  at  last  be  came,  somewhat  crest- 
&llen,  saying,  "  Docter,  I  hae  read  a'  ^e  wiids,  an'  leokit  at 
a'  the  pikters,  but  it's  the  maist  puzzleanimous  beuk  I  hae  seen, 
an'  I  dinna  onderatand  ae  wird  o't ;  aae  ye'll  jeust  hae  the 
gudeotts  te  gie  me  a  beulc  that  baa  nae  As  nor  Be  in't." 

It  is  probable  that  some  part  of  this  general  dread  of  mathe- 
matics may  have  been  occauooed .  by  the  reply  of  Euclid  to 
Ptolemy  Fhiladelphns,  the  Egyptian  monarch.  The  king 
wished  to  know  if  there  was  not  an  easier  method  of  learning 
geometry  than  that  which  was  practised  in  the  schools ;  and 
the  mathematician  bluntly,  but  somewhat  ambiguously  replied, 
"There  is  no  roytU  road  to  geometry."  Now,  all  that  was 
meant  by  these  words  was,  that  geometiy  must  be  studied  by 
man  as  man,  and  not  as  monarch ;  that  it  must  be  couqueied 
by  the  mental  exertions  of  the  indlTidutd  alone,  and  not  by  aay 
subjecta  which  he  can  command,  or  any  armies  that  he  can 
muster ;  so  that,  if  we  take  it  in  its  true  meaning,  the  saying 
of  Euclid  is  an  express  declaration,  by  one  of  whose  judgment 
no  one  can  doubt,  that  any  man  might  be  a  geometer  if  he  would 
bring  his  own  mind  to  bear  upon  the  subject ;  and  that  in  this 
science,  the  <3vil  and  political  distinctions  of  mankind  go  for 
nothing,  for  it  is  as  open  and  as  plain  to  the  humblest  peasant 
as  to  the  proudest  king. 

Sixty-three  generations  of  men,  at  the  average  allowance  of 
one-third  of  a  centuty  for  each,  have  been  bom  and  have  died 
since  this  reply  was  given  by  the  Alexandrian  geometer ;  and 
during  this  long  period,  men  of  all  ranks,  from  the  monarch  to 
the  peasant,  have  studied  and  promoted  geometiy,  and  the 
other  branches  of  mathematical  science ;  but  this  reply  has 
been  brought  forward  as  a  sort  of  bar  in  the  way,  not  of  kingly 
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power,  but  of  intellectuAl  ability,  and  the  cooseqaence  hoB  been 
that,  even  at  this  day,  and  in  this  country — the  foundation  of 
wheae  greatness  has  been  mathematical  science,  the  great  body 
of  the  people  know  leas  of  the  principles  of  mathematics  than 
of  those  of  almost  any  other  subject.  And  even  that  love  of 
reading  which  has  of  late  years  been  so  generally  diffused,  and 
which  may  be  made  the  iustruinent  of  so  mnch  good,  has  not 
embodied  anythii^  like  afair  proportion  of  mathematical  know- 
ledge, neither  have  they  who  have  gone  about  to  cherish  this 
love  by  the  multiplication  of  books  of  small  size  and  easy  price, 
done  anytbii^  like  justice  to  the  public  in  this  respect.  The 
mathematical  tracts  which  they  have  produced  are  few  in  num- 
ber, and  as  to  their  value,  it  is  to  be  feared  that  it  is  still  lees. 

With  the  cause  of  this  deficiency  we  have  no  immediate 
concern :  but  the  probability  is,  that  it  is  found  impossible  to 
compile  mathematical  book^— to  take  a  little  bit  of  one,  and  a 
little  bit  of  another,  and  tack  them  t^^ther  into  an  amuring 
miscellany,  any  page  of  which  may  be  read  widi  at  least  some 
sort  of  understanding,  without  reference  to  the  rest.  Or  it  may 
tie  that  we  possess  no  mathentaticians  but  such  as  are  profte- 
sionoily  so ;  and  thus,  however  able  they  may  be  in  a  profes- 
sional point  of  view,  they  can  treat  the  subject  only  in  a  pro- 
fessional manner,  and  would  consider  their  labours  deteriorated 
and  themselves  degraded,  if  they  were  to  abate  one  iota  of  the 
technicality  of  the  schools.  Now  we  are  very  ready  to  acknow- 
leige  the  fiill  value  of  this  technicality,  and  to  admit  that  every 
apparent  difficulty  in  mathematicB,  is  essentislly  a  amplifica- 
tion. We  do  this  confidently ;  because  mathematics  is,  as  we 
shall  show  by  and  by,  the  only  portion  of  science  which  has 
hitherto  stood,  and  must  for  ever  stand,  impregnable  to  the 
mere  book-maker ;  and  that  no  man  can  put  a  single  pin  to 
this  fabric  without  putting  the  right  one,  and  putting  it  in  the 
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right  place.  But  atill,  perfect  and  beautdM  u  is  this  technical 
8tructui«,  and  proudly  aa  it  towers  over  the  rest  of  homan 
knowledge,  as  the  noblest  conquest  and  heritage  of  intelleci, 
and  frowning  defiance  and  scorn  agtunst  eveiy  species  of  im- 
posture, it  is  too  mighty  for  any  but  those  who  are  to  give 
themselves  wholly  up  to  it.  At  the  same  time,  as  it  is  the 
purest  exercise  of  the  mind,  the  real  instrument  of  discernment, 
that  in  which  the  individual  must  be  thrown  wholly  on  his  own 
atrei^th,  it  is  desirable  that  some  portion  at  least  should  be 
accessible  by  every  one  who  can  read,  and  that  this  general 
portion  should  not  be  those  insulated  scraps  of  the  applica- 
tions which  are  usefol  to  men  in  particular  professions,  but  at 
least  as  much  of  the  principles,  as  shall  ^ve  a  mathematical 
turn  to  the  mind,  which  is  bat  another  name  for  precision  and 
accuracy  of  thougiht. 

It  may  seem  paradoxical,  but  it  is  nevertheless  true,  that 
however  ignorant  we  may  be  of  the  forms  of  mathematicB,  and 
how  much  soever  we  may  nf;ard  the  t«cliiiical  ejcpresaons  of 
the  diffirent  branches  of  mathematical  science  as  puzzles  or 
mysteries,  we  are  all  mathematiciaiis  in  reality ;  and  the  pro- 
cess by  whicU  we  arrive  at  the  precise  and  accurate  knowledge 
ol  any  one  subject  whatever,  is  realty  a  mathematical  process, 
whether  we  know  it  to  be  so  or  not.  The  only  di^rence, 
indeed,  between  one  who  understands  the  principles  of  mathe- 
matics, and  can  apply  those  principles  to  the  finding  of  results, 
uid  one  who  must  get  at  the  results  the  best  way  that  he  can, 
without  any  knowledge  of  the  principles,  is,  that  the  first  pro- 
ceeds with  ease  and  certtuuty,  while  the  other  proceeds  with 
great  labour,  and  is  doubtful  of  the  result  when  he  has  arrived 
at  it.  Mathematics,  to  use  a  homely  comparison,  may  be  com- 
pared to  tools  and  the  capacity  of  using  them ;  while  the  sub- 
jects upon  which  mathematics  are  exercised  are  the  materials, 
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out  of  which  that  which  is  desired  is  to  be  formed  by  means  of 
the  tools ;  so  that  a  mathematician  staodB  to  a  man  who  is  no 
mathematician  in  the  same  relation  as  a  clerer  workman  well 
hiniafaed  with  tools  stands  to  a  man  who  has  no  tool  and  no 
knowledge  of  the  use  of  one ;  and  when  we  look  at  the  accom- 
modations of  civilised  men,  and  compare  them  with  those  of 
men  at  the  bottom  of  the  scale  of  sar^iam,  we  are  able  t« 
judg«  of  the  difference  between  the  man  who  possesses  the 
instmment  and  knows  how  to  use  it  and  the  man  who  is  igno- 
rant  <^  both.  The  du^iarity  is  even  greater  than  this ;  because 
mechanical  operations,  valuable  though  they  be,  are  only  one 
particnlar  ease,  whereas  mathematics  reach  eveiy  operation  <rf' 
the  mind,  give  cleameBB  to  every  thought,  and  regulate  with, 
certainty  every  action. 

One  other  cause  of  the  ignorance  in  which  mankind  eufler 
themselves  to  remain  of  mathematics,  may  possibly  be  want  of 
knowledge  of  what  the  term  means ;  and  thi;  is  rendered  the 
more  probable  by  the  fact  that,  in  the  ordinary  way  of  teaching 
the  individual  branches  of  mathematical  science,  such  as  arith- 
metic, or  the  elements  of  geometiy,  the  student  is  sent  to  the 
details  of  the  subject  at  once,  and  without  any  preliminaiy  ex- 
planation of  the  nse,  or  even  the  general  nature  of  what  he  is 
called  upon  to  do.  The  consequence  is,  that  there  is  no  goal 
before  him,  notbing  to  keep  alive  his  hope,  or  rouse  his  mental 
ambition;  and  so  he  drudges  on  like  a  slare,  measDring  his 
labour  by  the  day,  and  his  pleasure  by  the  smaUness  of  the 
quantity  of  the  day's  labour.  Upon  young  minds  cqiecially 
this  has  a  most  baneful  influence ;  as  it  not  only  destroys  the 
posaitulity  of  pn^rees  in  mathematics,  which  must  either  be  a 
labour  of  the  willing  mind  or  no  labour  at  all,  but  becomes  a 
habit,  which  is  transferred  to  and  which  destroys  eveiy  other 
branch  of  education,  and  perverts  and  poiuiu  every  course  of 
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future  life.  How  much  of  this  preliminary  explanation  shoold 
be  given  in  any  case  must  depend  on  the  nature  of  that  caae 
itseH — on  the  age,  ability,  and  previous  knowledge  of  the 
Student ;  but  in  eveiy  case  the  danger  is  that  it  ahalt  be  too 
little,  and  not  that  it  shall  be  too  much. 

It  is  perhaps  difficult  to  convey  in  writing  eren  the  Eomplest 
outline  of  what  should  be  done  in  such  cases,  because  it  belongs 
to  the  province  of  colloquial  instruction — that  in  which  the 
instructor  can  lay  hold  of  present  and  viable  illustrations,  and 
vary,  and  reiterate  again  and  again,  with  a  tedioumesB  which 
no  ordinary  reader  would  tolerate  in  print,  but  which  in  pratN 
tice  is  the  only  sure  way  of  "  trying  for  the  vein  "  which  will 
.  make  the  mine  of  instruction  work  easily,  certainly,  and  profit- 
ably. The  few  sentences  which  follow  must  therefore  be  con- 
ndered,  not  aa  furnishing'  what  is  to  be  done,  but  merely  as 
giving  a  hint  that,  iu  order  to  insure  success,  somethii^  ought 
to  be  done. 

Mathbmaticb  (MiiAjm)  cont^na  in  the  name  itself  no  bod 
general  definition  of  the  whole  science,  or  rather  the  tBode,  so 
to  express  it.  7%en#  means  a  position,  that  which  can  be 
rither  true  or  false,  but  it  leaves  the  mode  of  arriving  at  the 
truth  or  falsehood  perfectly  goieral,  although  it  always  does 
involve  in  it  the  notion  that  there  b  some  sort  of  proof ;  and  as 
the  discovery  of  a  falsehood  is  a  truth,  though  the  &lsehood 
itself  is  not,  every  uaefiil  thesis  may  be  considered  as  the  state- 
ment of  a  truth ;  and  the  truth  which  amotmts  to  a  thesis  must 
not  be  one  which  is  perfectly  ^parent  to  every  body  without 
any  proof  or  argument.  Thus,  if  we  were  to  say  "  It  rains," 
to  a  person  whom  we  met  out  of  doors  during  a  shower,  the 
saying  would  be  no  theds ;  neither  would  it  be  a  thesis  to  say 
"  The  sun  diines,"  to  one  whom  we  met  in  the  fields  at  noon 
on  a  cloudless  day.    In  both  them  cases  the  party  whom  w« 
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addremed  would  undentand  the  &ct  just  as  well  u  ontselTes, 
and  therefore  our  obeerration  would  be  an  idle  wa8t«  of  words. 
But  if  we  were  to  aay  "  The  apparent  motion  of  the  Bon  west- 
ward is  owing  to  the  real  rotsdon  of  the  earth  eaatwud,"  it 
would  be  a  thesie ;  becAuae  it  is  a  truth  which  cannot  be  orriTed 
at  hy  mmple  obeerration  of  the  sun,  hut  quite  the  revene ;  and 
therefore,  to  a  person  ignorant  of  the  motions  of  the  earth,  we 
would  require  to  bring  forward  proo&  before  we  could  call  upon 
him  to  beUeve  it.  Thus  we  may  omsider  every  truth  which 
requires  to  I<e  establifihed  by  reasoning,  by  evidence,  or  in  any 
way  whatever,  as  a  thesis;  and  it  is  not,  properly  speaking,  a 
thesis  until  the  proof  is  given,  for  this  dmple  reason,  that  no 
troth  can  be  r^iarded  as  such  until  it  is  known  to  be  so. 

When  no  proof  has  been  given,  but  there  is  still  some  pro- 
bability that  a  podtion  mag  he  true,  it  is  a  prt>po»ition,  or  i^rpo- 
thetit:,  which  means  something  which  preoedeg,  or  is  inJMor 
to,  a,  thesis ;  and  which  requires  to  be  proved  before  it  can  be 
elevated  to  that  character.  If  the  proof  diall  afterwards  be 
obtained,  the  hypothesis  t^es  its  rank  as  a  theois,  and  becMnca 
a  portion  of  Imowledge;  butif  the  proof  ^,  the  hj^tbeais&Ua 
to  the  ground  as  a  vain  and  unsuecesaful  attempt. 

The  methods  of  proof  employed  for  the  establishment  of 
different  truths  are  so  exceedingly  numerous,  tliat  a  list  of  them 
would  be  loi^  not  very  interesting,  and  out  of  place  here ;  but 
Btill,  in  order  to  see  clearly  the  nature  and  use  of  mathematical 
proofs,  or  which  is  the  same  thing,  the  mathematical  modes  of 
establiBhing  truths  and  rejecting  folsehoods,  it  is  necessary  to 
know  something  about  the  general  divisions  of  proof.  The 
simplest  view  which  can  be  taken  of  &m  sul^ect  is  that  which 
divides  the  wh<de  into  three  great  classes — observation,  teatt> 
mony,  and  proof  by  reasoning.  Observation  is  only  another 
name. for  that  of  which  we  have  the  evidence  of  the  senses ; 
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but  it  applies  equally  to  that  wliicli  we  obaerre  as  existuig, 
or  haftpeniiig  in  nature,  and  to  that  which  b  the  result  of  art 
or  experiment.  This  Idnd  of  proof  can  of  couise  extend  no 
forther  than  the  senses  extend ;  and  it  must  be  sulgect  not  only 
to  all  the  natural  imperiectionB  of  the  Benaea,  but  to  all  the 
effects  o£  corelewnes  in  the  use  of  them.  But  still,  one  obeer- 
vBtion  or  experiment  can  be  made  the  means  of  correcting  ano- 
ther ;  and  thus,  this  spedes  of  proo^  though  it  is  not  so  simply 
and  originally,  can  be  corrected  and  improved,  so  as  to  be  the 
staodard,  or  at  least  the  fbondation  of  erery  other  kind  of  proof. 
The  truths  at  which  we  arrire  by  obaerraticat  form  what  we 
are  said  to  know,  "  of  our  own  knowledge ;"  and  as  this  is  the 
standard  by  which  we  ju<^  of  the  second  kind  of  truths, 
cortectness  and  extent  of  observation  aie  of  the  gTeat«st  value 
tons. 

Testimony  or  evidence  is  our  reliance  npon  the  knowledge  of 
others,  as  told  to  us  in  speech  or  in  writing,  and  it  necessarily 
comprehends  a  very  large  portion  of  all  that  we  know.  The 
kind  of  truths  which  can  be  Inlly  eslabliidied  by  evidence  are 
exactly  the  santeas  those  which  we  establish  by  our  own  obser* 
vation,  with  this  difference,  that  evidence  gives  us  a  command 
of  time  and  place  which  we  otuselves  cannot  pemonaUy  enjoy. 
All  histoiy,  whether  of  the  common  events  of  nature,  or  of 
human  sode^,  rests  npon  proof  of  ttiis  kind ;  and  this  pioo^ 
though  it  may  have  ahigh  iegtee  of  probability,  never  partakes 
of  the  absolute  certainty  of  what  we  know  of  our  own  know- 
ledge. There  aie  many  ways  however  of  correcting  testim<my, 
by  leaBoning  on  the  probability  of  what  is  asserted,  and  also  by 
comparing  one  testimony  with  another ;  but  still  in  this  part  of 
our  knowledge  we  stand  greatiy  in  need  of  means  of  correctiwt; 
and,  both  in  this  and  in  our  personal  knowledge,  we  require  to 
exeidse  the  utmost  caution  wheu  we  attempt  to  turn  tbai 
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v4iicb  we  already  know  into  an  inatrnment  of  fiitiin  know- 
ledge. 

Proof  by  reasoning  is  of  a  mixed  natore :  becanse  we  may 
reaaoD  from  correct  obeervstion,  &om  authentic  testimony,  «c 
from  hypotheaiswtiicli  admits  of  proof;  and  we  mayalao  reaactt 
from  iaaccm«t«  observation,  from  fitlw  testimiHiy,  or  from 
unfounded  hypotheda ;  and  we  may  do  so,  in  the  firm  beUef 
that  sU  the  three  rest  <Hi  the  sorest  fonndatkm.  Not  only  thia, 
bnt  our  knowledge  of  every  thing,  as  derived  from  pencmal 
obeervatioD  or  from  testimony,  is  imperfect,  and  we  are  qtt  to 
make  ftlse  comparisons ;  and  thus,  with  every  dean  and  ever^ 
endeavour  to  be  right,  we  arc  in  constaot  danger  of  going 
wrong;  and  it  is  to  help  us  in  this  difficnUy  ftat  mathematical 
truth  becomes,  in  a  general  point  of  view,  and  inde]ieBdently  td 
^1  its  practical  ^plications,  of  so  very  great  value  to  ns. 

Mathematical  truth  msaoa  that  ^lich  is  something  mme 
tiian  thesis,  and  which  doee  not  depend  either  upon  observation 
of  what  exists  or  upon  testimtmy.  It  is  what  we  may  call 
absolute  or  abstract  truth ;  and  wonld  remain  the  same,  though 
all  history  vrere  fi>rgotten,  and  eveiy  thing  of  which  the  sensea 
GUI  take  note  were  destrayed.  No  doubt  it  appliee  to  the 
objects  of  sense ;  bnt  still  in  its  principles  it  is  altogether  inde- 
pendent of  them;  and  whatever  is  mathematically  true  (^any 
object  of  the  senses  would  be  mBtbematicaUy  true  to  the  mind, 
whether  the  object  of  the  sensee  had  ever  existed  or  not.  And 
there  aremany  subjects  of  mathematical  Bcieiice  for  which  there 
are  no  counterparts  in  the  world  of  reality ;  and  yet  mathe- 
matical speculations  grounded  on  these  are  as  true,  and  in 
almost  every  instance  as  useful,  as  if  there  were  an  object  rf 
the  senses  answering  to  each.  For  example,  a  mathematical 
point,  the  mark  of  position  in  ^>a«e,  has  no  magnitude,  that  is, 
ocenpiM  no  ^lace,  and  therefore  it  can  have  no  real  existeoM  j 
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and  yet  it  is  one  of  the  foundations  of  geometrical  leasomnj:, 
and  one  without  which  we  dionld  be  nnable  to  perfonn  eren 
the  nmplest  operation  in  measunng.  So  also  a  matheinatical 
line  has  neither  breadth  nor  ttiickness,  and  tiierefore  has  no 
more  real  existence  than  a  point  has,  hut  merely  marks  direc- 
tion and  distance  in  space  in  the  same  way  aa  a  point  marks 
position.  Farther  we  may  say,  that  there  is  no  such  tiling 
in  nature  as  a  perfect  dide  or  a  pAfect  square,  udther  can 
we  make  one  by  art;  and  yet  upon  these  figures  there  is 
founded  a  very  great  deal  of  useful  truth,  hoth  in  mathematics 
and  in  the  application  of  mathematicH  to  other  matters.  We 
need  not  add  that  there  neither  is  nor  can  be  in  nature  any 
tiling  or  quantity  leas  than  nothing ;  and  yet,  aa  we  shall  se» ' 
by  and  by,  tiie  consideration  of  quantities  in  this  light  is  of  as 
much  value  in  matiiematics,  and  leads  as  certainly  to  the  truth, 
aa  the  consideratloii  of  quantity  aa  being  greater  than  nothing. 

Matbematica  admits  of  so  many  and  so  varied  applications  that 
it  is  not  easy  to  give  a  technical  definition  at  once  fully  descrip- 
tive of  the  subject  and  useful  to  the  reader ;  and  it  is  upon  the 
whole  to  be  donbted  whetiier  ^ort  technical  definitions  of  rety 
general  subjects  are  not  as  often  productive  of  harm  as  of  ad- 
vantage. When  we  have  said  that  mathematical  truths  are  per- 
fectly independent  of  place,  time,and  material  existmce,  that  they 
stand  is  no  need  of  abaervation,  experiment,  testimony,  or  argu- 
ment, but  that  they  have  an  inherent  power  of  producing  con* 
viction,  which  nobody  that  understands,  or  that  ever  shall 
understand  them,  can  by  possibility  resist,  and  that  tbus  tfaey 
(«n  occasion  no  doubting,  and  lead  to  no  dispntee,  we  have  per- 
haps sud  as  much  as  can  be  said  in  the  way  of  general  de&u- 
tics.  With  the  individual  parts  it  is  however  very  difierent, 
for  the  definitions  of  them  can  be  nude  as  precise  as  that  of  the 
general  science  is  vague. 
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But  it  happens  in  this  case,  sa  in  numj  othera,  that  Hlostm^ 
tion  supplies  the  place  of  definition,  and  1^  is  always  an  adrsn- 
tage,  because,  while  definition  gives  xa  words  only,  and  we  ant 
in  some  danger  of  resting  satisfied  with  them,  illnatration  leads 
as  to  the  reality,  y 

Now,  for  the  pnrpose  of  Olnstration  here,  let  any  one  think 
over  the  number  of  sabjects  of  which  he  has,  or,  which  answers 
our  purpose  quite  as  well,  fencies  he  has,  a  competent  and  oven 
a  correct  knowledge ;  when  he  has  done  so  let  ^itn  consider  of 
.  what  numher  of  these  subjects  he  has  acquired  all  the  know- 
ledge that  he  possesses  by  his  ows  unassisted  obserration  and 
experience,  and  he  will,  if  he  has  not  made  Uie  estimate  before, 
be  perfectly  astonished  at  the  smatl  number  (rf  the  latter.  Next 
let  him  tax  his  memoiy  to  hring  to  remembrance  all  ittat  he 
hafe  seen;  and,  however  short  his  life  may  have  been  and  however 
observant  his  habit,  he  will  be  struck  with  the  ni^:ii]ar  feet, 
that  he  has  not  one  recorded  obeerratbn  which  he  can  foiriy 
set  down  as  a  new  and  separate  truth  for  eveiy  day,  or  even  fitr 
every  year  of  his  lite;  and  that,  of  the  fbw  that  he  does  remem- 
ber, there  is  not  one  in  a  hundred  which  he  understands  half  so 
well  as  he  does  many  of  those  other  matters  rf  iriiich  he  has 
had  no  personal  observation  whatever.  Farther  than  this,  when 
we  think  over  these  subjects,  and  attempt  (o  turn  them  into 
the  means  of  knowledge  of  whatever  Idnd,  we  find  that  those  of 
them  of  which  we  have  read  orheatd  come  back  to  the  memory 
as  vividly,  and  if  they  be  scenes,  have  all  their  parts  as  well 
brought  out,  and  all  their  colours  as  warm  and  rich  as  those 
which  we  have  personally  visited ;  and  if  the  scenes  have  been 
rendered  and  the  characters  delineated  with  sufficient  fbrc«  and 
truth,  we  are  absolutely  more  familiar  with  them,  even  if  they 
never  had  any  real  existence,  than  we  are  with  places  vdiich 
we  have  actually  visited,  and  penong  whom  we  have  actnally 
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seen.  If  we  tjionge  our  place  of  tesidence,  and  have  no  per- 
MHUtl  cause  of  remembering  the  place  or  the  people,  they  fade 
away  from  our  memory  in  brief  apace ;  but  nobody  ever  forgets 
Robinaon  Crusoe  and  his  man  Friday  and  the  island;  oad 
nobody  that  has  read  Scott's  novels  ever  foists  the  Baron  of 
Braidwardine,  or  Meg  Merrilies,  or  Balfour  of  Burley,  or 
Jeanie  De»iB  pleading  for  her  mster  before  queen  Caroline. 

Now  why,  we  may  ask,  ore  these  romances  e»  much  more 
'dee[dy  impreaaed  upon  the  ntind,  and  so  much  more  ready  and 
vivid  to  the  recollection,  than  hundi«ds  of  realitiea  tliat  have 
paesed  under  our  notice  every  day  ?  Many  will  answer,  "  it  is 
because  they  are  so  natural,  so  true  to  nature."  We  rejoin,  that 
cannot  be,  for  they  cannot  surely  be  more  natural  than  nature 
itself^  and  yet  they  are  remembered,  while  real,  positive,  prac- 
ticed nature,  scenes  in  which  we  ourselves  played  a  part,  and 
had  our  feeEnge  interested  at  the  time,  are  forgotten.  And  if 
they  are  natural,  v^t  nature  is  it  that  they  represent,  and 
where  have  we  seen  the  original  of  one  of  the  characters  above 
enumerated  ?  The  charm  conmsta  in  their  not  being  real  per- 
s<«H,  but  merely  the  mental  embodiment  of  penons;  and 
because  they  aie  so,  all  the  relati(ms  between  action  and  action 
are  perfect,  and  the  whole  character  is  before  us,  which  it  can- 
not, in  Hit  nature  of  things,  be  in  the  case  of  real  beings,  sa 
they  have  the  power  of  concetiling  part,  and  actually  exercise 
that  power.  If  these  delineations  were  copied  tamely  after 
individuals,  they  would  be  admired  only  by  Uiose  who  knew  the 
originals,  and  by  them  only  in  proportion  as  they  admired 
them.  It  is  because  they  aie  general  that  their  force  is  felt  by 
everybody ;  and  it  is  for  the  veiy  same  reason  that  so  much  of 
what  we  read  and  hear  makes  an  impresdon  upon  ns  in  com- 
parison with  what  we  see. 

Whoi  we  read  or  hear,  the  subjects  Dt  ^lidi  we  get  the 
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infimnatioi)  sre  tiot  before  na,  we  merely  luve  the  cbstnct 
mental  cxmceptiona  of  them  ezpreaed  by  ceiiain  conTOttitHMl 
j^mlMds,  tbe  letteis  of  the  book,  or  the  soundB  <^  IIm  worda 
which  are  qmkmi;  and  it  is  becanne  the  mental  oonoeptMB 
comes  home  at  iKlce  to  oni  own  minds,  withont  any  of  that 
laborious  ezamiiiAtion  in  detail  which  objects  of  the  senses 
require,  that  the  knowledge  is  both  so  powerM  and  so  per- 
manoit.  In  the  real  object  we  can  see  but  one  aide  at  a  time ; 
and  the  story  of  that  which  we  obserre  does  not  extend  either 
way  beyond  the  time  of  onr  actual  observation,  without  draw- 
ing <niT  attention  from  the  reality.  But  the  mental  embody- 
ment  is  tranqtarent :  we  can  see  all  aides  of  it  at  once ;  we  can 
view  it  in  all  its  succesnon  of  slates ;  and  we  can  faring  it  nir- 
ward  and  study  it  whenever  we  please. 

Every  one  must  see  the  advantage  of  thus  being  aide  to  bring 
the  mind  to  bear  upon  the  whole  of  a  subject,  in  all  its  parts,  in 
all  their  connexions  and  relations,  and  in  succession  of  time ; 
because  we  ore  thereby  enabled  to  "  see  the  end  from  the  be- 
ginning.' In  the  forming'  of  any  plan  we  can  not  only  see 
whether  the  ultimate  object  is  attainable,  but  we  can  see  the 
shortest  way  to  it,  press  into  our  service  sU  that  can  promote 
its  success,  and  remove  all  tb^  would  occasion  hindrance  or 
iailnre ;  whereas  those  who  can  take  no  such  mental  view, 
but  must  at  every  step  "  wait  till  they  see,'  are  constantly 
bungling  and  blundering,  and  really  have  more  trouble  in  cor- 
recting their  own  enors  than  in  all  the  rest  of  the  buaness  of 
life.  We  do  not  mean  to  say  that  every  one  who  has  this 
ciqtacity  of  formii^  skilful-  plans,  either  does  form  them  or 
carry  them  mto  execution ;  but  it  is  abnndantly  clear  that  the 
£^>acity  must  exist  before  the  plans  can  be  formed. 

It  is  not  to  the  projectii^,  or  plannii^,  of  any  one  thing  that 
this  edacity  ^plies ;  for  it  applies  to  every  thing,  irom  the 
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greatest  action  m  which  men  can  be  engaged  to  the  ainiplest  ~ 
project  of  the  humblest  individual ;  and  it  appliee  as  well  to 
the  conduct  of  the  execution  as  to  the  formation  of  the  plan ;  bo 
that  it  is  in  truth  the  grand  mle  of  life.  If  it  were  possible  to 
impart  this  capacity  to  every  individual,  or  rather  to  train  every 
individoal  to  this  habit,  (for  after  all  it  is  merely  a  habit,  and  a 
habit  which  calls  for  no  extraordinary  power  of  mind,  but  would 
adapt  itself  t«  the  mind  of  every  individual,)  it  would  coat  leas 
labour  in  the  learning  and  the  observance  than  people  must 
necessarily  undergo  in  consequence  of  the  want  of  it,  and  not  only 
40,  but  the  life  of  man  would  in  point  of  efficiency  be  greatly 
lengthened.  As  things  ore  manned  at  present,  a  large  portion 
of  the  time  of  most  people  is  occupied  in  returning  from  the 
wanderings,  and  rectifying  the  blunders  of  the  rest  of  it ;  and  it 
is  petfectly  evident  that,  if  they  could  be  spared  this  useless 
labour,  they  would  have  all  the  time  it  occupies  as  leisure, 
during  which  they  might  increaae  their  gains,  or  improve  their 
minds,  or  enjoy  themselves,  just  as  suited  their  fancies ;  and 
thus,  while  there  would  be  an  end  of  much  needless  labour  and 
real  suffering,  there  would  be  a  corresponding  increase  of  effi- 
cient labour  and  real  enjoyment ;  for  it  must  be  remembered 
that  the  value  of  labour  is  not  measured  by  time,  but  by  pro~ 
ductive  power ;  and  that  the  enjoyment  of  labour  is  never  su 
sweet  and  so  satisfactory  as  when  we  feel  that  we  have  earned 
it  by  doing  onr  duty  to  ourselves  and  our  country  in  the  most 
perfect  and  effective  manner. 

This  mental  power,  in  the  extended  sense  in  which  we  have 
viewed  it,  cannot  be  said  to  be  mathematics  or  ma&ematical ; 
tiecause  it  applies  to  all  subjects,  while  the  snbjects  of  mathe- 
matics ore  limited.  But  the  difference  Is  one  of  snbject  rather 
han  of  principle,  and  the  conduct  of  the  mind  in  the  cases 
alluded  to  is  in  strict  aecordanoe  with  its  conduct  in  mathema-  . 
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tical  inve8t%ationa.  Indeed,  there  is  to  mnch  of  BmOarity,  that 
if  we  take  out  those  portions  of  any  pariiciilBr  caae  which  ai« 
contingent,  all  that  remaina  is  strictiy  mathematical.  The  con- 
tingent ports  are  the  data  obtained  &om  without — the  Ksultg  of 
experience  and  of  testimony ;  and  though  these,  taken  in  the 
general  sense,  are  not  mathematical,  yet  that  keen  scrutiny  into 
the  truth  or  the  falHehood  of  everything  which  a  mathematical 
habit  producee,  is  of  great  use  in  estimating  the  worth  both  of 
observation  ajid  of  that  which  rests  upon  evidence.  Thus  we 
are  to  condder  the  strictly  mathematical  habit  in  the  mind, 
which  is  the  moat  valuable  part  of  the  science,  to  consist  in 
arranging  according  to  their  proper  relations  all  deductions  which 
the  mind  itself  is  capable  of  drawing  from  self-evident  principles, 
and  in  discovering  truth  and  detectii^  error  in  every  possible 
combination  which  can  thus  be  formed.  In  the  doing  of  this, 
therb  can  be  no  half  measures;  for  to  what  extent  soever  we 
may  arrive  in  the  combination,  we  must  be  able  at  eveiy  instant 
to  look  hack  to  the  very  outset  and  make  sure  that  every  single 
step,  whatever  may  be  the  number,  has  been  token  rightly. 
Thus,  for  instance,  if  the  subject  of  immediate  inqniry  is  the 
distance  of  the  sun,  we  must  be  able  to  see  our  way  backward 
from  this  great  distance  to  the  measuring  of  a  straight  hoard 
with  a  foot  rule,  and  how  we  have  been  able  to  find  our  way 
from  so  short  a  meaHore  to  one  which  is  so  vast.  In  like  man- 
ner, if  the  qnestion  be  to  what  height  the  attraction  of  the  moon 
shall  ndse  the  tide  of  the  ocean,  we  must  be  able  to  connect  this 
with  the  weighing  of  a  pound  or  on  ounce  by  the  means  of  a 
common  balance.  Generally,  whenever  we  are  to  apply  our 
mathematics  to  the  ascertaining  of  anything  which  we  wifdt  to 
know,  however  great  or  however  complicated,  we  must  see  our 
way  not  only  from  some  operation  which  we  ourselves  could 
actually  perform,  but  from  some  principle  so  umple  and  so  clear 
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that  nobody  who  imdentood  the  words  conld  refuse  to  give  their 
assent  to  the  truth. 

These  are  great  adrantagea — advant^its  which,  iu  a  mental 
point  of  view,  we  seek  for  in  vun  in  any  other  deputaient  of 
human  knowledge;  and  it  will  readily  be  admitted  that  if  we  are 
trained  and  habituated  to  this  extent  and  transparency  of  mental 
vision  upon  a  number  of  subjects,  we  wiU  endeavonr  as  a  matter 
of  comae  to  exercise  the  same,  as  &r  as  it  may  be  practical,  upon 
every  subject.  Then  in  addition  to  this  there  are  the  practical 
^■plications,  which  include  all  calculating,  and  weighing  and 
measuring,  and  comparing,  and  estimating,  and  detenuiiiiiig 
value  of  every  kind.  Jn  a  word,  if  we  take  mathematics  from 
all  the  practical  knowledge  which  we  find  of  so  much  use  to  us 
in  the  occupation  and  business  of  lift,  we  should  leave  nothing 
behind  but  uncertcun  guesses  and  conjectures,  and  coold  not  by 
possibility  be  either  a  successftil  or  civilised  people.  Thus  we 
cannot,  and  whether  we  know  it  or  not  we  do  not,  manage  mat- 
ters without  the  virtual  aid  of  mathematics ;  and  why  should 
we  not  get  the  retd  aid  ?  There  ore  no  doubt  a  great  many 
technicalities,  and  mathematical  writing  has  the  appearance  of 
being  in  a  strange  tongue.  But  this  isamistake ;  the  difficult 
is  not  so  formidable  as  it  seems,  and  the  lai^^uage  is  not  only 
our  langu^,  but  the  language  of  all  nations  who  will  give 
themselves  the  trouble  of  leomii^  that  which  every  child  leams 
first,  namely,  an  alphabet. 
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Quantity  is  the  sabject  of  all  mathematictd  investigatioiis 
and  piwce«dmge,  whether  theorttieal  or  praetieai,  that  is,  whether 
relating  to  the  diacoveiy  of  geneml  principles  and  relations,  or 
to  the  application  of  these  to  particular  cases.  Therefore,  before 
we  can  enter  upon  the  science  with  anj  chance  of  snccess,  it  is 
xteoesBSiry  that  we  should  clearly  and  perfectly  understand  what 
is  meant  by  quantity. 

Quantity,  from  the  Latin  qwmtiu,  literally  means  "as  murA 
as  there  is ;"  and  it  is  easy  to  see  that  the  words  "  many,  large, 
great,  loi^,  quick,"  and  an  endleBa  variety  of  othera,  may  be 
used  instead  of  the  word  "much,"  or  that  the  word  "much" 
may  be  retuned,  and  the  other  word  added  to  it,  being  at  the 
some  time  changed  to  a  noun.  Thus,  "  as  much  of  laigeneas  as 
there  is,"  and  bo  in  all  cSBea.  But  we  camiot  thus  turn  the 
word  "  mudi "  into  a  noun,  and  use  any  of  the  other  words  that 
satisfy  the  meaning  of  the  sentence  when  alone  aa  an  adjective 
before  it.  Thus  we  can  see  thai  the  word  "much"  is  a  moro 
general  one  than  any  of  the  others,  and  can  be  applied  to  every 
kind  of  quantity,  while  the  reet  ap^y  to  particular  Idnds  or 
particular  modifications. 

We  could  with  equal  propriety  use  the  word  "  little,"  which 
refers  to  quantity  in  the  same  general  sense  as  "much"  does, 
and  the  difference  between  them  is  a  matter  of  relation  and  not 
of  reality.  This  will  readily  be  perceived  when  we  consider 
that  the  very  same  quantity  can  and  would  be  con^dered  as 
mnch  by  one  party  and  littie  by  another.  Thns  five  pounds  in 
money  would  be  much  to  a  poor  labourer  for  a  week  or  even  a 
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month  at  hard  toil ;  but  a  lawyer  in  fiist-rat«  practice  would 
consider  it  little  for  speaking  some  hundred  words  which  coet 
Tiim  no  labour  at  all.  A  wagon  and  horses  would  not  only  b« 
much  for  a  man  to  carry,  hut  too  mncb  for  being  carried  by  a 
score  of  the  atrongeet  men  in  any  parish.  Bnt  all  the  wagons 
and  horaea,  and  all  other  things,  moreable  and  immoreable,  on 
the  3ur&c«  of  the  earth,  are  so  veiy  little  for  the  earth  to  cony, 
that  they  do  not  in  the  least  hinder  its  motion  round  the  sun, 
which  is  at  the  rat«  ot  more  than  seventy  thousand  miles  in  the 

As  the  words  much  and  little  are  thus  equally  expresuve  of 
quantity,  the  simplest  and  most  general  definition  of  quantity 
which  we  can  obtain  is,  that  which  we  can  call  either  much  or 
little. 

It  will  follow  from  this  definition  Ih&t  there  is  alnust  an  end- 
less variety  of  quantities,  not  only  of  individual  quantities  but 
of  kinds  of  quantities ;  and  thcee  quantities  conMst,  not  only 
of  things,  but  of  the  relations  of  things,  and  (^  all  sorts  of 
changes  and  succes^ODS,  whenever  we  can  call  them  either 
much  or  little.  Thus  time  is  a  quantity,  mere  distance  fi«m 
place  to  place  is  a  quantity,  motion  is  a  quantity,  and  even  the 
change  of  motion  is  a  quantity :  for,  in  respect  of  time  we  can 
say,  "  It  is  much  longer;"  of  distance,  "  It  is  much  greater;" 
of  motion,  "  It  is  much  quicker ;"  and  of  chai^  of  motion,  "  It 
is  much  quicker  now  than  it  was  before."  We  can  also  apply 
the  word  "  little,"  or  some  word  having  a  dmilai  meaning,  in 
ea4^  of  these  cases,  and  therefore  they  answer  the  whole  defiiti- 
tjou  of  the  word  quantity. 

In  order  to  be  able  t«  use  quantities  in  practice,  it  is  neces- 
sary that  we  should  have  the  means  of  answering  the  question, 
"How  much!"  or"How  little?"  with  regard  to  them;  and 
thus  the  next  condderation  is,  how  this  is  to  be  done.     In  the. 


bf  Google 


KINM  OF  4VAI«TniE&  10 

ninpleat  view  of  the  matter,  we  may  vappoee  tlie  quantity 
respecting  which  we  wish  to  answer  the  question  to  be  known 
as  A  whole ;  bb,  for  instance,  how  much  money  is  in  the  purse, 
how  mnch  measnre  is  in  the  table,  and  so  of  other  coaea.  Now 
it  will  be  immediately'  felt  that  in  order  to  answer  these  qnes- 
tiooB,  nmple  as  they  are,  there  ia  an  element  wanting ;  for  when 
we  put  the  question,  "How  much  money  is  is  the  purse}* 
another  queation  immediately  riaes  to  the  mind,  and  demands 
an  answer  beibre  the  first  one;  "  What  kind  of  money  ? — 
sovereigns?  fdiillingsf  or  what?"  If  we  took  any  quantity 
whatever,  a  simil&r  qnestion  wonld  aiiae ;  ao  that  in  sH  eaaea 
where  we  asked,  "how  much?"  we  would  be  met  by  the  qUM- 
tion,  "of what!" 

The  answer  to  thia  question  must  be  made  in  something  that 
we  know  already ;  foi  if  not,  the  veiy  some  qnestion  would 
arise  a  second  time.  Let  us  take  an  instance  :  "  How  much 
money  is  in  the  purse?"  "Of  what  money?"  "British: 
money."  And  then  comea  the  question,  "What  kind  of  British 
money?"  and  if  the  answer  be,  "sovereigns,'  or  "shillingH,"  or 
anything  else  that  we  name,  and  know  as  a  kind  or  denomina- 
tion of  Britid  money,  we  are  in  a  condition  for  getting  an 
answer  to  the  fiist  question,  but  not  till  then. 

The  shilling  or  sovereign,  or  whatever  else  the  denomination 
may  he,  is  the  standard  or  metuure  which  we  are  to  apply  to 
the  money  in  the  purse ;  and  in  the  case  of  every  quantity,  we 
most  bare  a  standard  or  measure  before  we  can  find  bow  much 
the  quantify  is,  and  this  measure  must  be  known  to  us,  and 
most  be  of  exactly  the  same  kind  as  the  quantity.  This,  though 
a  mmple  condderation,  is  an  important  one,  and  it  may  not  be 
amiss  to  see  what  would  be  the  effect  of  referring  to  a  standard 
not  of  the  same  kind  with  the  quantity  we  intended  to  measure, 
perh^  jtaus  is  better  than  the  traveller's  ironical  question  to 
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the  Irish  ditcher,  and  the  dit^eiB  reply.  The  trareller  was 
going  toward  the  town  of  Mullingai,  and  aaked  a  ditcher  by  the 
road-side,  "  Pray,  my  good  fellow,  how  far  is  it  from  Mullingar 
to  MartimnaB?"  "Plase  you,  yer  honour,  and  it's  jnst  as  &r 
aa  from  ChiistmaB  to  the  ace  of  spades." 

But  we  have  not  only  to  deterraine  how  large  single  quanti- 
ties are  in  terms  of  some  known  measure,  for  we  often  have 
occasion  to  compare  the  whole  of  one  quantity  with  the  whole 
of  another,  without  any  reference  to  the  particular  measDriug 
of  either  of  them,  and  therefore  it  becomes  necessary  to  have 
some  general  means  of  determining  when  quantities  are  of  die 
Btime  kind  with  each  other  and  when  they  are  not.  In  the  case 
of  quantities  which  really  exist  and  are  palpable  to  the  senses, 
we  are  never  at  much  loss  to  find  out,  at  least  in  a  general  way, 
which  are  of  the  same  kind  with  each  other  and  which  not ; 
but  in  our  mathematical  inquiries,  we  make  use  only  of  the 
relations  of  quandtiee  and  not  of  the  actual  quantities  them- 
selves, and  therefore  it  becomes  necessary  that  we  should  have 
a  standard  whereby  to  determine  generally  when  they  are  of 
the  same  kind  and  when  they  are  not.  Now  the  simplest  test 
of  Bameneea  that  we  can  have  is  that  of  being  able  to  say  that 
the  quantilicB  are  either  equal,  or  that  the  one  of  them  is  greater 
than  the  other ;  and  simple  as  this  seems,  it  is  all  which  we 
require,  only  we  must  be  careful  to  view  each  of  them  in  ita 
whole  character,  sod  not  to  estimate  both  in  any  one  quaUty 
which  is  common  to  the  two.  Thusif  the  comparison  were  one 
hour  of  time  and  four  miles  of  a  road,  and  it  were  asked  whe- 
ther these  were  of  equal  length,  or  which  were  the  Itmger,  no 
answer  could  be  given,  and  the  quantities  are  clearly  not  of  the 
same  Idnd.  If^  however,  we  referred  the  hour  and  the  four 
miles  to  something  travelling  along  the  road,  they  might  be  equal, 
or  either  of  them  might  be  the  greater.     For  iuelance,  to  a  man 
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waUdng  four  miles  an  hour,  the  hour  of  time  and  tiie  fata  miles 
«f  road  would  be  of  exactly  the  same  length;  toacoachnumingf 
twelve  miles  an  hour,  the  honr  would  be  three  timeB  as  long  M 
the  four  mileB  of  road ;  and  to  a  pig  gettii^  on  at  the  rate  of  4 
mile  an  hour,  the  four  miles  of  road  would  be  four  tjmea  as  long 
tia  the  hour.  Thus  when  we  speak  of  quantities,  as  being  of 
tile  same  kind  or  of  different  kinds,  it  must  always  be  nnder- 
•tood  that  we  spe^  of  them  as  independent  quantities  and  not 
t»  relations  of  other  quantities,  eTen  though  they  can  exist  only 
in  the  latter  sense.  Thus  the  strength  of  a  man,  the  strength 
<tf  a  hoise,  tiie  motion  of  the  wind,  the  weight  of  felling  water, 
•nd  the  elastic  force  of  steam,  are  in  one  sense  all  quantities  of 
the  same  kind,  and  the  efiects  t4  them,  and  consequentiy  they 
themselves,  admit  of  bong  measured  by  the'veiy  same  standard, 
tiiongh  tile  substantive  existences  are  aS  different,  and  no  two 
vS  them  admit  of  any  comparison. 

All  quantities,  which  can  exist,  or  of  which  we  can  fbrm  any 
notion  as  being  either  much  or  litUe,  whether  we  can  exprra* 
them  exacUy  in  t«nn8  of  any  standard  or  not,  can  become  sub- 
jects 1^  mathematics,  and  so  can  all  those  relations  of  quantities 
to  each  other  which  we  can  in  any  way  nndeistond  or  expreeS'; 
and  when  we  speak  precisely  of  a  quantity,  or  name  that  iriiich 
we  call  the  vaiue  of  it,  we  ^ways  name  a  relation — the  relation 
which  it  bean  to  &e  known  standard  in  which  we  estimate  that 
kind  «f  quantity.  In  quantities  of  daily  occurrence,  we  generally 
have  a  comdderable  number  of  standards  or  denominations,  aa 
we  terin  them ;  as  in  money  we  have  pounds,  shillings,  pence, 
and  fartbings,  and  any  one  quantity  of  money  we  can  express 
in  any  one  of  those  denominationB  with  equal  accuracy,  thoi^h 
for  eonvenience  we  express  large  quantities  in  the  laiger  ones, 
and  small  quantities  in  the  smaller,  and  the  relation  of  aAy 
known  or  measured  quantity  to  the  standard  iu  which  it  is 
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meaftnred  is  expressed  by  a  nunii«r.  Thns  fire  pomtdB  expreeset 
tbe  relation  of  a  known  quantity  of  money  to  a  pound,  conmdeied 
as  tbe  slandaid ;  and  it  is  of  no  consequence  as  to  mathematical 
Talue,  whether  this  five  pounds  be  five  pieces  of  gold  coin,  each 
eqnal  to  a  pound,  or  anything  else  which  would  at  the  public 
market  readily  and  always  eschange  for  ihoae  five  pieces. 

In  the  case  of  two  Hucb  standards,  as,  for  instance,  one  pound 
and  one  shilling,  it  is  evident  that  we  can  express  the  value  in 
terms  of  either  of  tbem,  provided  we  know  the  relation  between 
them ;  and  ftvm  tbe  common  way  of  measunng  by  means  of  a 
standard,  with  which  everybody  is  acqnmnted,  it  will  be  per- 
ceived that  the  relation  of  any  qnantity  to  any  other  of  the 
same  kind  is  the  number  of  timee  that  the  first  is  contained  in 
the  second.  Thus  the  relation  of  a  shilling  to  a  ponnd  is  one  to 
tvrenty,  and  tbe  relation  lA  a.  pound  to  a  dulling  is  twenty  to 
one ;  and  it  must  be  understood  lu  all  cases  tbat  the  number 
which  results  fiom  this  comparisoii  is  the  measure  or  valne  of 
the  second,  in  terms  of  the  first  or  standard,  considered  as  ooe 
whole.  So  also,  upon  the  same  principle,  it  is  evident  that  if 
any  two  qnantMee  of  the  same  kind  are  in  this  way  compared 
with  a  standard,  which  is  the  same  in  the  case  of  both,  the 
results  of  the  comparisons  with  this  standArd  would  accurately 
>^  expnsB  the  relatioii  of  the  two  quantities  to  each  other.    This 

\,  is  called  the  jwwNMtaHr  raiia of  the  two  quantities,  and  though 

umple  when  viewed  in  this  light,  it  is,  in  a  practical  point  of  view, 
one  of  the  most  important  priudples  in  the  whole  range  of 
mathematical  science.  We  must  readily  admit  this,  when  w« 
consider  that  we  can  obtain  no  knowle^  of  the  value  of  any 
thing  but  by  referring  it  to  some  standard  which  vre  already 
know;  and  not  only  this,  but  that  we  can  get  no  knowledge  of 
anything  whatever  but  by  comparing  it  with  what  we  already 
know.    This  comparison,  this  finding  of  the  ratio,  or  rdatie^ 
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M  pypiitiim,  between  one  thing  and  another,  b  therefore  Um     ' 
moat  Talnable  of  all  operatioiu;  the  onlj  means  which  we  1iat«      . 
of  nnderBtandiDg  it  folly  is  the  atndy  of  mathematics,  and  did 
that  study  kad  to  nothing  else,  it  would  be  worthy  (^  all  the     I 
sttent*(»i  we  can  hestow  npon  it.  J^ 

Bnt  we  have  not  only  to  examine  and  understand  qiuntitiea 
and  the  reUtiona  of  quantities  which  can  or  which  do  eziat ; 
we  have  to  consider  those  that  have  no  existence,  and  even  thoM 
tt  whidi  the  esstence  b  ntteriy  impoaBibte.  Every  plan  or 
scheme  which  we  form  is  a  quantity  which  does  not  exist  until 
we  have  put  it  in  execution;  and,  e-rea  vrith  every  desire  and 
every  efibrt  ononr  part  to  carry  those  plans  into  execution,  they 
▼ery  beqaently  &il  beeanae  they  involve  impoesible  qnanliliea 
of  which  we  were  not  aware  when  we  formed  them.  In  the 
common  bnaineas  of  life,  where  we  have  not  all  the  elements 
nnder  our  controul — within  ourselves  as  it  were,  but  mnst  be 
cODtroUed  by  other  people  and  by  the  general  events  of  the 
wodd,  which  never  give  us  full  warning  <it  their  CMning,  ws 
cannot  in  the  nature  of  thii^  avoid  all  these  impoeabU  ele- 
ments; but  still  it  is  of  the  utmost  advantage  to  be  "in  the 
way'  of  doing  it,  and  there  is  nothing  which  puts  ns  w  mndi 
in  this  way  as  a  mathematical  hd>it — that  at  csitimating  the 
v^ue  of  every  circnmstaDce  and  every  probaluUty  in  terms  ot 
some  known  standard. 

Even  when  we  ouiselvea  have  or  should  have  perfect  contnml 
over  all  the  elements  which  enter  into  our  scheme,  there  ia  often 
some  lurking  impossihle  quantity  which  insinnates  itself  into  the 
chain, and  mois  the  pnipaseirfthe  whole  ;  and  we  may  be  tore 
that  when  any  scheme  fails,  without  n^ligence  on  our  part  or 
pievention  from  any  external  cause,  there  has  been  on  impossible 
dement  in  that  scheme  at  its  formation.  Of  the  vast  nnrofaer 
«f  inyen&ms  and  projects  irtiich  are  erety  day  brongJU  before 
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the  public,  hot  as  mere  bubbles  or  impostureB,  biit  with  perfect 
honesty  and  zeal  on  the  part  of  the  projectors,  we  spesk  with 
most  charitable  liber^ty  when  we  say  that  not  one  m  the  hun- 
dred proves  to  he  of  any  use,  and  nine  out  of  every  ten  are  alto- 
gether impracticable.  The  reason  elearly  is,  that  neither  the 
projectors,  nor  those  by  whom  they  are  encour^^  are  able  to 
see  the  impossible  elements  which  their  schemes  involve ;  that 
they  look  at  the  possible  and  promising  ones  only ;  and  thtu  a 
large  quantity  of  well-meant  labonr  and  ingenuity  is  instantly 
wasted. 

It  may  be  worth  while  to  mention  one  case  by  way  of  illus- 
tration; but  before  we  do  this,  we  may  mention  that  every 
scheme,  process  in  reasoning,  and  other  plan  oc  project,  whatever 
it  may  be,  is  like  a  machine,  no  strongec  than  its  weakest  part, 
or  like  a  d^ain,  of  which  if  one  link  is  broken  the  whole  is 
broken.  This  consideration  is  as  universal  as  it  is  important, 
and  it  is  the  want  of  attention  to  this  which  causes  so  many  sad 
failures  after  long  and  arduous  labour  with  every  prospect  of 
success.  If  the  study  of  mathematics  (we  speak  of  the  mode  of 
mathematical  reasoning,  and  not  of  any  one  branch  or  applica- 
tion of  the  science)  had  no  other  value  than  that  of  enabling  us 
to  detect  the  one  cause  of  fmlure  amid  the  thousand  pn^tects 
and  promises  of  success,  the  time  and  labour  bestowed  upon  the 
study  woidd  be  amply  repaid ;  but  this,  though  a  great  and 
perhaps  the  greatest  advantage,  is  an  indirect  one,  and  accom- 
panies the  others  without  our  pursuing  it  as  one  of  our  spedfic 
purposes,  at  least  if  we  go  to  the  general  principles  of  the  sdence, 
and  do  not  confine  ourselves  to  the  mere  detuls  and  mechanical 
operations. 

Now  for  our  case  in  illustration : — Perhaps  we  cannot  select  a 
better  one  than,  that  of  the  ''  Perpetual  Motion,"  that  is,  a  self- 
moving  nuchine  which  shall  not  involve  any  cause  of  steppe 
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Bav«  the  wearing  oat  of  the  materiali  of  wliich  it  is  compoaed. 
We  believe  that  the  fonder  votoriea  <^  this  vigionaiy  project  do 
not  take  even  the  wearing  out  of  the  materials  into  the  account  { 
but  it  is  neceseoiy  to  do  this;  and  even  tbia  neceaaity,  when 
ukalyaed,  involvea  the  oecewity  of  the  machine  stoppng  befon 
the  parts  are  worn  out. 

It  may  be  useful  to  those  who  are  not  acqnamted  with  the 
method  of  analysis,  or  of  separating  die  parts  of  compotmd  mib> 
jects  and  estimating  their  values  singly,  and  not  taking  them 
simply  in  the  mass,  when  the  tavouiable  onM  aie  sure  to  hide 
the  unbvourable,  to  point  out  by  how  little  either  of  thought 
or  of  trouble  we  arrive  at  the  truth  of  this  case.  Every  thing 
on  or  near  the  aur&ce  of  the  earth  gravitates  towards  the  earth's 
centre,  and  this  gntvitatioD,  which  depends  on  the  mass  or 
quantity  of  matter  «f  the  earth,  is  a,  power  acting  eraistaatly  and 
uniformly,  sotiiot  the  tendency  of  it  ie  to  bring  every  piece  and 
combination  of  pieces  of  matter  to  a  state  ttf  rest.  Thus  if  an 
wiimal  walks  or  a  wheel  rolls  along,  this  gravitation  is  continn. 
ally  attempting  to  stop  it,  ia  the  proportion  of  the  wcd^t  of 
the  animal  or  the  wheel.  It  is  this  gravitation  which  causes 
animals  to  make  hoof-piinis  and  wheeb  to  make  ruts  in  soft 
ground;  and  thot^h  we  make  the  aui&ces  ever  so  hard  or  so 
smooth,  though  we  could  get  rid  of  the  mere  friction  or  rubbing 
as  not  ariong  from  weight,  yet  the  weight  ii  not  tbeieby  les^ 
tened,  that  is,  the  gravitation  toward  the  earth  is  not  one  jot  the 
less.  Thus  in  the  case  of  a  iwl-road,  the  same  power  can  poll 
for  more  upon  a  level  than  where  the  surface  is  rongh  or  soft, 
or  both ;  and  if  there  is  even  a  very  amall  declivity,  the  weight 
alone  will  bring  down  the  load  without  any  pull,  and  bring  it 
down  the  bster  the  smoother  that  both  the  rails  and  the  wheels 
are.  But  when  we  come  to  an  ascent,  tvtai  a  very  trifling  one, 
the  disadvantage  is  just  as  great,  and  mm  hone  would  pull 
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more  up  the  natural  slope  of  &  hill,  than  a  steam  engine  of  a 
thousand  horse'  powei  could  do  upon  wheels  amd  reHa  up  the 

The  power  which  tends  to  stop  the  motion  of  all  nuuJiineH 
\npim  the  earth's  surface  is,  then,  a  power  which  acts  constantly 
and  uniformly,  never  paumng  an  instant,  nor  abating  a  jot ;  and 
therefore,  in  order  to  get  the  better  of  this  gravitation,  we  must 
have  a  counteracting  power  aa  continually  new  as  itself;  and 
we  ai«  not  acquainted  with  any  such  power,  or  any  hind  of 
matt«r  in  which  such  a  power  could  redde.  It  is  not  difficult 
to  calculate  (upon  mathematical  principles),  that  if  we  could 
gjve  any  juece  of  matter  a  motion  round  the  earth  at  the  rate 
t£  about  five  miles  in  a  second,  or  one  thousand  eight  hnndied 
miles  in  an  hour,  and  keep  up  the  motion  at  this  rate,  we  should 
overcome  the  gravitation  of  that  [^ece  of  matt«r.  This  is  ndiat 
may  be  regarded  as  the  possible  case  of  the  perpetual  motion ; 
in  this  case,  the  piece  of  matter  mnst  move  round  the  earth, 
and  in  no  other  direction,  and  it  mnst  move  unconnected  with 
anything  else ;  and,  taking  all  these  dicumstancca  into  the 
account,  it  will  be  admitted  that  the  accomplishment  is  hope- 
less, and  would  be  useless  if  it  were  not. 

In  the  case  of  a  fixed  machine, — and  the  mora  complicated 
that  the  machine  is,  it  is  the  less  likely  to  succeed, — the  impoa- 
nble  element,  in  the  most  simple  view  we  can  take  of  it,  is 
this : — to  find  a  piece  of  matter  which,  of  itself  shall  be  alter- 
nately greater  and  less  than  itself,  and  which  shall  also  remain 
equal  to  itself  til  the  time ;  and  if  this  is  not  an  impoasbili^, 
it  is  not  easy  to  see  where  imposdbility  is  to  be  found. 

The  knowledge  of  impossible  or  absurd  quantities,  and  the 
method  of  readily  discovering  them,  are  often  <tf  great  use  tons, 
not  only  in  preventing  vB  fiom  wasting  our  time  in  attempting 
to  do  that  whicli  caimot  in  the  nature  at  things  be  done,  but  in 
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enabling  as  to  prove  or  demouBtrate  tmtli  in  caset  where  thrt 
cannot  be  done  directly ;  fbr  it  is  easy  to  gee,  that  if  an  impo^ 
sibility  or  an  absurdity  would  be  the  necBBaeiy  consequence  of 
anything  else  than  one  particular  state  of  things,  then  that  par- 
ticular state  is  the  tnie  one.  This  method  of  proof  is,  of  course, 
not  so  mmple  as  the  direct  method,  but  it  is  often  not  less  con- 
vincbig ;  and  we  shall  see  afterwards  that,  in  many  cases,  it  is 
the  only  species  of  proof  which  we  can  obtain. 

The  use  of  Mathematics,  as  a  general  exercise  for  the  mind, 
and  a  general  guide  to  the  art  of  thinlring  correctly,  may  be  in 
part  seen  ftom  what  has  been  stated  in  this  section ;  and  the 
more  direct  and  immediate  uses  of  the  diflerent  parts  can  be 
better  explained  when  we  notice  those  parts  themselTes;  thcre- 
£ire  we  shall  close  Gtis  section  with  the  names  and  very  Aart 
definitions  of  the  principal  branches  into  iriiich  mathematical 
science  is  divided.  Of  these,  la  the  very  mmpleat  Tiew  of  tha 
matter,  there  are  tliree : — 

First,  ALOEDit  A,  or  the  science  of  quanti^  in  its  movt  general 
sense,  ^plying  equally  to  every  quantity,  whatever  may  be  ita 
nature,  and  whether  possible  or  impossible ;  and  also  to  all  rela- 
tions of  one  qnantity  to  another;  and  being,  on  this  account,  the 
proper  foundation  of  the  whole. 

Secondly,  Gbonetbv,  or  the  science  of  extended  quantity 
or  magnitude ;  that  is,  quantity  conridered  as  existing  in  and 
occupying  sfotx.  Geometry  is  thus  a  particular  branch  «f  that 
general  science  which  Algebta  comprises ;  and  thou^,  so  fitf  a* 
Geometry  extends,  both  it  and  Algebra  may  be  qiplied  to  tba 
^ery  same  quantities,  yet  geometrical  quantities  are  always 
such,  that  we  can  imagine  them  to  exist  and  be  viable,  which 
is  not  the  case  with  all  quantities  to  which  Algebra  applies. 
It  very  often  happens,  however,  that  the  veiy  some  mode  of 
g;  applies  to  quantities  which  have  a  gecHiMtrical  form 
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and  existence,  and  to  those  which  have  not.  Thna,  for  instance, 
the  globe  of  the  earth,  considered  as  a  piece  of  matter  of  a  cer- 
tain form  and  magnitude,  is  not  only  »  geometrical  quantity, 
but  the  very  name.  Geometry,  means  "  measuring  the  earth  " 
(it  originally  meant  what  we  now  catl  land-measuring) ;  but 
the  attraction  of  gravitation,  by  means  of  which  bodies  iall  to 
the  earth,  and  are  retained  on  its  surface,  is  not  in  itself  a 
geometiical  quantity,  because  we  cannot  say  that  it  has  eithei* 
nie  or  shape,  and  yet  the  law  according  to  which  it  acts  is  a 
geometrical  law.  Thus  all  geometrical  quantities  must  be  sacb 
as  that  we  can  imagine  them  to  exist  in  space ;  but  it  is  not 
necessary  that  they  should  actually  fill  any  portion  of  that 
Bpaoe.  Thus,  the  surface  of  the  table  is  a  geometrical  quantity, 
and  90  is  the  lei^th  or  the  breadth  of  the  table ;  and  these  quan- 
tities are  so  related,  that  we  can  find  the  extent  of  the  surface 
if  we  know  the  length  and  the  breadth.  But  none  of  these 
quantities  occupies  any  space,  fbr  the  surface  of  the  table 
merely  separates  the  table  from  the  ait  over  it,  and  the  length 
and  breadth  aie  mere  expressions  for  how  for  it  extends  in  two 


Thirdly,  AnrraiiBTtc,  or  the  science  of  quantities  expressed 
in  nnmbeis,  either  exactly  or  as  nearly  so  as  may  be  possible. 
This  is  the  practical  application  of  both  Algebra  and  Geometry ; 
and  while  those  sciences  express  quantities  in  a  geneial  manner, 
and  in  such  a  way  as  that  any  conclusion  at  which  we  arrive 
concerning  them,  is  equally  applicable  to  all  quantities  of  the 
same  kind,  Arithmetic  takes  with  it  the  portjcnlor  values  of 
quantities ;  and  thus  arithmetical  conclusions  have  not  that 
general  character  which  belongs  to  Algebra  and  Geometry. 

Each  of  those  great  branches  ot  mathematical  science  admits 
of  many  subdiviaions,  according  to  the  nature  <rf  the  quantities, 
aod  the  relotiDos  in  wbicb  they  are  viewed ;  and  it  may  be  said. 
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genentlly,  that  the  grand  object  of  Algebra  and  of  Geometry, 
besides  their  great  use  in  teacliing  the  art  of  accurate  thinking, 
is  the  preparation  of  all  subjects  of  which  the  values  can  bo 
expressed  in  numberB,  in  such  a  manner  as  that  we  can  apply 
Arithmetic  to  them,  and  thus  ascertam  their  real  values  in 
terms  of  that  known  standard  by  which  we  are  accnslomed  Ut 
measure  the  kind  of  quantities  to  which  they  belong. 

In  a  civilised  country,  there  is  nobody  so  humble  or  so  illite- 
rate as  not  to  have  occa^on  for  a  little  arithmetic;  that  is,  to 
be  able  to  express  the  values  of  a  few  quantities  in  terms  of 
some  standard,  and  therefore  a  little  of  the  practice  of  Arith- 
metic forms  a  necessary  part  of  every  body's  education,  whether 
it  is  acquired  at  school,  or  picked  up  by  ourselves  in  the  some 
way  as  we  learn  to  speak,  and  whether  it  is  or  is  not  accom- 
panied by  the  capacity  of  reading  and  writing.  Such  arithme- 
ticians do  not,  however,  understand  any  of  the  principles  of  that 
■cience  of  which  they  can  thus  make  a  little  use ;  neither  are 
they  aware  of  the  advantages  which  they  derive  from  the 
science,  even  in  their  humble  way.  It  is  a  fact,  however,  that 
the  inhabitants  of  countries  in  which  there  never  has  been  any 
science,  or  any  scientific  men,  find  counting,  even  to  a  very 
limited  amount,  an  operation  altogether  beyond  their  power.  It  is 
generally  said,  that  many  tribes  of  the  North  American  Indians, 
when  they  were  first  known  to  Europeans,  were  quite  incapable 
of  counting  beyond  the  number  three ;  and  yet  it  is  admitted 
that  these  tribes  were  exceedingly  shrewd  people,  and  much 
more  dexterous  in  the  use  of  thdr  senses  than  the  peasantry  of 
civilised  countries.  Indeed,  even  if  we  take  those  beginnings 
which  are  obtained  in  our  own  schools,  and  in  consequence  of 
which  the  possessor  is  conMdered  qualified  for  being  a  counting- 
house  calculator,  we  should  fmd  it  to  he  exceedingly  difiicult  tO 
arrive,  by  means  of  them,  at  the  establishment  of  any  one  arith~ 
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metical  truth,  iii  say  nothing  of  truths  of  a  more  general  nature ; 
and  therefore,  in  order  to  imdersland  the  principles,  we  must 
nuke  another  and  a  more  general  beginning. 

But,  in  order  to  do  this  properly,  it  is  necessary  that  we 
flhonld.  underataad  die  simpler  operations  of  Arithmetic — the 
way  of  expresrang  qnantitieB  arithmetically,  and  of  perfbnning 
cm  them  those  few  general  changes  of  which  Arithmetic  admits. 
This  is  necessaiy,  for  the  very  some  reason  that  it  ia  necessary 
to  le&m  the  alphabet,  the  spelling,  and  the  words  of  a  language, 
before  we  h^in  to  study  the  grammar  of  that  language,  so  as  to 
nnderstutd  its  structure,  its  power,  its  beauty,  and  its  deficien- 
ciea,  and  make  ourselves  master  of  its  spirit  and  its  extent,  so  as 
to  express  what  we  wish  to  say  or  writ*  in  the  clearest,  most 
forcible,  and  most  impressive  manner ;  and  p^haps  it  is  as 
dedrable  that  we  should  not  attempt  to  mix  up  any  of  the 
piindples  with  the  learning  of  this  first  and  simplest  alphabet 
of  Mathematics,  as  it  is  to  avoid  confounding  the  infant  which 
is  drudging  at  its  Christ-cross  row,  with  lectures  about  adverbs 
and  pronouns.  We  shall  assume  that  the  least  informed  reader 
whose  attenticn  is  drawn  to  this  volume,  is  in  possession  of  this 
arithmetical  alphabet,  and  of  a  good  deal  more,  and  c«Dsequeiitly 
we  shall  pass  very  lightly  over  this  part  of  the  subject. 


SECTION  III. 

AMTBHETIOAL   NOTATION,    AND   SCALE    AND   DISTINCTIONS 


Little  as  we  are  accustomed  to  think  of  our  common  arith- 
meljcal  notation,  and  lightly  as  we  esteem  the  value  of  that 
classification  of  numbers  which  it  represents,  it  is  really,  (second 


bf  Google 


Awtratatio.  St 

vaiy  to  the  alphabet  of  liuigaage,  and  second  to  that  only  be- 
came  it  ia  more  confined  in  iU  application,)  among  the  most 
wonderful  contrivances  of  human  ingenuity.  Let  us  take  an 
instance,  and  consider  in  what  Bituati<m  we  should  hare  been 
placed,  if  we  had  beenwithontonr  arithmetical  scale  of  anange- 
ment,  and  onr  corresponding  method  cf  notation,  or  expTCwuig 
numbeiB  by  a  limited  number  of  characters  qtplicable  to  that 
purpose,  and  tliat  purpose  only.  From  what  has  been  said  of 
the  state  of  the  American  Indiana,  it  is  not  at  all  probable  that 
we  could  have  had  any  means  of  arriving,  not  at  the  knowlei^ 
only,  bat  even  at  the  name  of  any  such  number  as  we  are  to 
instance ;  but,  for  the  sake  of  the  aignment,  let  us  snppoee  the 
thing  possible.  WeU,  the  average  distance  of  the  sun  from  the 
earth,  expressed  in  words  according  to  our  scale  of  numbers,  is, 
ninety-five  millions  of  miles ;  and  the  same  in  the  notation  ^ 
Arithmetic  is,  96,000,000.  Both  of  these  expressions  are  very 
short ;  but  if  we  had  had  no  system,  and  so  had  been  obliged  to 
express  this  distance  by  a  repetition  of  a  separate  name  fi>r 
every  individual  number,  from  1  to  99,000,000,  these  names 
alone  would  have  filled  neariy  four  hundred  volumes  of  about 
the  same  size  and  style  of  printing  as  the  present  one ;  and 
therefore,  to  have  made  any  use  of  the  number,  or  even  to  have 
formed  any  guess  respecting  its  nature  or  amount,  would  have 
been  wholly  out  of  the  question. 

It  is  worthy  of  remark,  as  a  proof  of  the  value  of  Mathematics, 
even  in  the  very  alphabet  of  Arithmetic,  that  we  are  enabled  to 
get  the  better  of  the  difiGcidty  by  means  of  what  we  may  strictly 
call  a  geometrical  principle.    Thus,  in  the  ex^ressoa 

111111111, 

each  of  the  characters  has  a  different  value ;  this  value  is  smallest 
in  the  character  nearest  our  right  hand,  and  it  increases  at  a 
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regulAT  series  of  ten  («ne»  in  all  the  others.  The  second  from 
the  right  is  ten  times  the  first,  the  third  ten  timea  the  second, 
the  fourth  ten  times  the  third,  and  bo  of  the  others,  whatever 
may  he  their  number;  for  as  there  is  nothing  to  limit  it  except 
space  to  write  the  characters  on,  we  may  make  it  as  extended 
as  we  jiease.  This  character,  while  it  preserves  the  same  form, 
and  always  means  one  of  somethii^,  may  thus  have  an  endless 
variety  of  meanings,  according  to  the  characters  that  are  on  the 
right  of  it ;  and  it  is  evident  that  it  Is  the  number  of  those  cha- 
racters only,  and  not  their  particular  values  considered  in  them- 
selves, upon  which  this  second  element  of  the  value  of  the 
character  depends.  Thus,  if  we  take  a  character  which  in 
itself  stands  for  no  number,  and  thus  marks  place  in  the  expres- 
sion, but  not  value,  we  shall  be  enabled  to  express  any  one  of 
the  above  characters  singly,  with  exactly  the  same  value  as  it 
has  in  the  combination.  What  character  we  use  for  this  pur- 
pose is  of  no  consequence,  provided  it  be  one  to  which  we  never 
attach  value  as  a  number ;  and  thus  0  has  been  used,  probably 
because  it  is  a  character  which  can  be  very  easily  written.  By 
means  of  0,  we  can  express  the  above  nine  repetitions  of  the 
character  1,  by  the  following  nine  expressions,  all  of  which  taken 
together  would  have  exactly  the  some  value  as  the  expression 
from  which  they  were  all  derived.     Thus : — 

100000000,10000000,  lODOOOO,  100000,  10000,  1000, 100, 10, 1. 

This  is  what  we  may  term  the  system  or  series  of  the  scale 
of  numbers,  and  the  root,  or  ratio ;  that  is,  the  relation  of  any 
term,  or  place,  to  the  one  next  it,  is  ten.  But  we  must 
understand  that  it  is  not  the  number  ten  counted  in  individual 
ones,  as  we  count  when  we  widi  to  know  "  how  many ;'  it  is 
ten  lime»  greater,  if  the  place  is  next  on  the  left  huid,  and 
ten  timet  less  if  it  is  next  on  the  right. 
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But  aa  all  numbers,  considered  merely  as  rach,  and  without 
taty  reference  to  real  quantitiee  or  things  wliich  actnaUj  exiit, 
most  be  considered  asquantilieeof  die  same  kind;  and  aasnch 
we  require  to  hare  one  commim  messnre,  or  standard,  to  ajpply 
to  them  all,  and  in  lennB  of  which  ve  may  understand  them  all 
to  be  expreflged.  The  nmnber  1  is  si  once  the  simplest  and  the 
beat  which  we  can  nse  for  this  purpose ;  and  we  apply  other 
names  expresdve  of  the  other  places,  or  terms,  of  the  scale,  as 
measured  by  the  number  1.  Thus,  10  is  ten,  100  is  one  hnn~ 
dred,  1000  is  one  thousand,  10000  is  ten  thonsand,  100000  one 
himdied  thousand,  1000000  one  million,  10000000  ten  milliona, 
100000000  one  hundred  millions,  and  so  on  till  we  come  to 
1000000000000,  which  is  one  billion,  it  being  nnderstood  that 
the  words  "of  I'e,"  or  "of  times  1,"  may  be  added  to  the  name 
of  each  number. 

From  this  structure  of  the  scale,  it  is  evident  that,  beddes  0, 
which  marks  place  only,  we  require  but  nine  charoctera,  and 
nine  ori^nal  words,  in  order  to  be  able  to  note,  «r  mu-lc  down, 
and  to  name,  all  muubera  whatever.  These  chamctera  are,  in 
their  order  from  1  to  9  inclusive, 

1,2,3,4,6,6,7,8,9; 

and  erery  character  in  a  number  expressed  by  more  than  one 
character,  is  understood  to  express  as  many  dmes  the  value  ot 
1  in  the  place  which  it  occupies,  as  it  stands  for  whm  original 
and  alone.  Thus,  in  the  expres^n  366,  3  ie  three  times  100, 
6  is  six  times  10,  and  S  is  five  timea  1 ;  and  so  in  all  other  cases. 
The  number  1  may  be  called  a  unit  or  mtSip,  because  it  repre- 
sente  that  which  is  entire,  ample,  and  not,  in  our  oonunon 
notion  of  it,  in  any  way  aiede  up  of  parts ;  and  from  this,  the 
light  hand  figure  of  every  number  may  be  called  the  unUV 
phce,  and  is  the  beginning,  or  rather,  as  we  shall  Bee  afterwarcb^ 
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the  middle  of  the  aiithmetical  scale ;  and,  for  a  reaBoa  after- 
wards  to  be  mentioned,  it  were  perhaps  as  well  that  we  should 
affix  a  point  (.)  on  the  right  of  eTeiy  nmnber  ending  at  thia 
place,  independently  altogether  of  the  common  use  «f  the  same 
maik  fi>r  diriding  language  into  sentences. 

From  what  has  been  said,  it  necessarQy  followa  that  it  is 
only  thoae  figtues  or  characters,  in  numben,  which  are  equally 
distant  &om  the  unites  place,  which  con  be  considered  as  qnait- 
titiea  arithmetically  of  the  same  kind,  or  having  1  in  the  me  of 
them  exactly  equal  to  1  in  the  other.  It  is  necessary  to  attoid 
carefully  to  this  in  all  arithmetical  operations,  because,  when 
we  come  to  Arithmetic,  we  are  always  understood  to  deal  with 
the  exact  Talnes  of  things ;  and  we  cannot  strictly  call  one  thing 
and  another  by  the  common  name  two,  unless  they  are  precisely 
of  the  same  kind.  Thus,  though  a  bird  and  a  quadruped  ate 
two  beings,  and  even  two  animated  beings,  they  are  not  two  of 
any  ime  kind  of  beings. 

As  each  place  or  term  in  the  scale  of  numbers  is  obtained  by 
taking  ten  times  the  place  or  term  on  the  right  of  it,  or,  which 
is  the  same  thing,  multiplying  the  term  next  on  the  right  by 
t«n ;  so  convereely  we  may  obtain  the  next  term  to  the  right 
by  taking  a  tenth  part  of  any  term,  that  is,  by  dividing  it  by 
ten.  When  we  take  tins  view  of  the  matter,  it  immediately 
becomes  apparent  that  there  is  no  necessity  for  stepping  our 
scale  of  numbers  at  the  unit's  place;  but  that  we  may  extend 
it  downwuds  without  limit,  as  well  as  upwards,  and  stiU  pie- 
serve  the  same  ratio,  or  relation,  of  ten  times  as  taken  upward, 
and  one-t^ith  as  taken  downward,  between  teim  and  term; 
and  this  is  what  is  called  the  complete  Dbcihal  Scale  of  Num- 
ben, or  of  Arithmetic,  from  the  Latin,  decern,  ten.  An  intimate 
acquaintance  with  this  scale  is  of  the  utmost  consequence  to 
every  one  irtio  wishes  to  use  Arithmetic  readily,  easily,  and 
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correctly,  even  in  tlie  most  common  biuiitesB  of  life;  we  dull, 
therefore,  make  one  or  two  farther  remail^  on  it. 

On  looking  back  to  the  tmalyas  of  the  number  111111111, 
into  the  nine  nnmbeiB  of  which  it  ia  compoaed,  it  will  be  per- 
ceived thnt  every  tenfold  increase,  or  multiplication  by  ten,  ta 
expieaeed  by  the  addii^  of  one  0  to  the  next  lower  term ;  and 
if  we  b^in  with  the  highest,  we  perceive  tliat  every  term  is 
reduced  to  one-tenth  of  what  it  was,  by  taking  away  or  snb- 
tiacting  one  0  from  it.  We  nay  mention,  in  Uie  meantime 
(for  we  Bhall  explain  afterwards),  that  when  the  operation  of 
adding  is  expreraed,  bnt  not  performed,  diis  is  done  by  prefixing 
to  whatever  is  to  be  added  the  aga  +,  which  is  called  plu*, 
and  may  be  read  "  more ; "  and  that  when  subtraction  is  ex- 
pieaaed,  but  not  performed,  it  is  done  by  prefixing  to  whatever 
is  to  be  Bubtracted,  the  sign  — ,  which  is  called  mtniM,  and  may 
be  read  "lesa."  Thus,  £  +  2,  is  5  and  2  more,  oi  ?;  and  fi— 2, 
is  5  and  2  less,  or  3. 

Wlien  we  represent  the  terms  of  the  scale  of  numbers,  and 
use  the  number  10  for  each  of  them,  we  bring  it  into  shorter 
compass,  with  still  the  same  meaning,  if  we  use  the  common 
figures  or  numerals  instead  of  the  numbers  of  0*8;  but  we  must 
write  them  in  a  difierent  form,  so  that  they  may  not  be  con- 
founded with  the  common  figures  of  Arithmetic.  They  are 
usually  written,  in  mncb  smaller  charactere,  over  the  right  hand 
of  the  other  figures ;  and,  for  a  reason  which  will  presently 
^pear,  they  are  called  tndfoM,  acponentf,  or  exponential  num- 
ber».  Thus,  instead  of  1  eight  l/s,  we  may  write  10';  instead 
of  1  seven  (fs,  we  may  write  10^,  and  so«f  all  the  others,  aa 
follows:— 

10",  10',  10*,  10*,  10«,  10*,  10«,  10',  lO*. 

It  must  be  carefully  home  in  mind,  that  these  exponei^iol 
n2 
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chamct»n  whicli  are  jJaeed  over  the  right  of  the  othera,  do  not 
mean  numbers,  either  as  added  to  or  as  multiplying  the  others 
or  as  in  anj  yny  connected  nith  them.  They  mean  nnmbera 
of  times  multiplied  by  10 ;  the  right  hand  one,  10°,  not  mnlti- 
plied  by  10  at  all ;  the  second,  10  >,  once  multiplied  by  10 ;  the 
third,  10*,  twice  multiplied  by  10;  and  so  of  the  others.  If  we 
take  them  from  right  to  left,  we  find  that  the  exponents  increase 
bytheconstant  addition  of  1;  and  if  we  take  them  from  left  to 
light,  we  find  they  diminish  by  the  const&nt  subtraction  of  1 ; 
the  addition  of  1  in  the  oneca0e,bdngequiTB]ent  toamnltiplica- 
tioQ  by  10 ;  and  the  subtracti<m  of  1,  in  the  other  case,  eqntJ  to 
a  division  by  10.  We  may,  therefore,  continue  our  subtraction 
of  1,  and  our  series,  as  faiaswepleasejoulyaflerl"  we  can  only 
intlkaie  the  divimon  by  the  toga  — .    Thnti, 

10-',  10-*,  V}-»,  10-*,  10-",  10-",  &c. ; 

and  the  point  (.)  which  is  pnt  afier  the  unit's  place  of  the 
former  part  of  the  series,  mnst  be  put  before  the  whole  of  this 
one.    The  above,  collected  into  one  expression,  ia, 


and  resolving  it  into  as  many  parts  as  there  are  terms  or  places 
in  it,  as  we  did  in  the  case  of  the  other,  it  becomes — 

.1,  .01,  .001,  .0001,  ,00001,  .000001,  &c 

10'^  is  the  number  1,  or  it  is  1  neither moltiplied  nor  divided; 
10-'  is  one-tenth  of  1,  or  1  divided  by  10;  10"'  is  one  hun- 
dredth part  c^  1,  or  1  divided  by  100 ;  and  so  of  the  others. 

We  thus  obtain,  by  means  of  the  decimal  scale,  three  kinds 
of  numbers,  which  are  still  all  ^mple  or  abstract  numbers, 
equally  applicable  to  all  quantities,  of  whatever  kind  the^ 
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Fiist,  iNTBOER  mTHBEiu,  oT  wAofe  numben,  &e  imalleet  tf 
which  is  1 ;  and  wliich,  in  the  scale,  Tcad,  from  right  to  left, 
naits,  t«ns,  hundreds,  thoosands,  and  so  on.  The  dilferent 
plaoee  in  these  numbers  are  found  by  multiplying  the  unit  h 
^ton  by  ten  as  the  number  expressed  by  the  exponent,  they 
Uierefore  exprera  I  and  all  nnmbers  greater  than,  whatever  may 
be  their  amount. 

Secondly,  dbcihal  NuvBEtia,  the  largest  of  which  is  never 
exactly  as  much  as  the  integer  number  1,  though  it  may  ^proach 
nearer  to  this  than  aay  difference  which  we  can  name.  These 
numbers  have,  that  is,  require  to  hare,  the  distingnieliing  point 
on  the  left  of  them;  they  are  read  from  the  left  to  the  righti 
tenths,  hundredthsi  thousandths,  and  Bo  <hi  ;  and  the  values  of 
the  plaoes  or  terms  are  found  by  dividing  1  by  10  as  often  as 
the  ntunber  of  the  exponent.  By  means  of  these  decimal  nnm- 
bers we  can  express  all  values  which  aie  less  than  1 ;  and 
though,  as  we  can  better  explun  in  a  future  sectimi,  we  cannot  do 
this  with  perfect  exBctnesa  except  in  particnlitT  cases,  yet  we  cut 
in  all  cases  iq>proBch  or  approxiniate  the  value  so  neariy  as  that 
the  difierence  shall  be  less  thtm  any  thing  that  can  be  named. 

It  may  be  proper  t«  give  an  exmnple  in  iUustration  here. 
Wdl,  the  earth  which  we  inhabit  is  a  very  large  piece  of 
matter;  but  if  we  take  a  tenth  part  of.  it,  a  tenth  of  that,  a 
tenth  of  the  result  t^^in,  and  continue  this  dividing  by  10 
for  a  sufficient  number  of  times,  we  shall  at  last  arrive  at  a 
quantity  not  only  less  than  the  smallest  grain  of  sand,  but  less 
than  any  quantity  which  can  result  from  the  continued  division 
of  this  grain  by  10;  fol-,  if  we  name  any  quantity  we  must  stop 
at  some  number  of  times  dividing  by  10;  and  there  is  nothing 
to  prevent  us  from  taking  this  quantity  and  dividing  it  again  by 
10  as  often  as  we  please.  It  is  true  that,  in  the  case  of  the 
earth,  we  cannot  perform  even  one  of  these  divimons,  but  it  is 
the  beauty  and  advantage  of  arithmetic  that  we  can  count  by 
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meoiu  of  the  repieBentatioDS  of  mimliers,  instead  of  the  things 
which  we  have  occaaon  actnallj  to  number. 

That  this  is  a  very  great  odvant^e  we  may  see  hy  the  fol' 
lowing  case: — sappooe  that  we  had  no  arithmetic  hejond 
nmply  counting  one,  two,  three,  and  so  on  (and  even  this,  as 
we  have  already  seen,  is  not  attainaUe  without  science),  and 
that  it  were  required  to  find  the  whole  price  of  any  num- 
ber of  pounds  of  goods  at  one  shilling,  one  pemiy,  and  one 
farthing  foreacb  pound.  The  only  my  that  we  could  go  about 
even  this  rery  simple  case  wotdd  be  to  lay  out  the  goods  in 
single  pounds  in  a  row,  place  one  shilling,  one  penny,  and  one 
brthing  against  every  angle  pound,  and  then  count  the  money 
thus  placed. 

Decimal  numbers,  or,  as  they  are  shortly  named,  "dedmsls,' 
are  merely  a  continuation  of  the  very  same  scale  as  int^er 
numbers ;  and  by  merely  shifdng  the  dedmal  point  we  may 
express  the  multiplicatioa  or  the  divi^on  of  any  number  by  10  sa 
often  as  may  be  necessaiy.  Thus,  in  the  following  numbers, 
though  each  contwns  the  very  same  figures  or  characteiB,  in 
the  same  order,  yet  if  we  take  them  &om  the  first  to  the  last, 
each  is  one-tenth  port  of  the  one  above  it ;  and  if  we  take  them 
in  the  opposite  order,  or  from  the  last  to  the  fiiat,  each  is  ten 
timea  the  one  below  it  ;— 

879466321. 
87945632.1 
8794568.21 
879456.321 
87945.6321 


87.9456321 
a7»4fi6321 
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rhe  fint  of  theM  nnmbeiB  ia  read  eight  hundred  and  seventjr- 
nine  miUiona,  four  hundred  and  fifty-six  thonsukl,  three  hun- 
dred and  twenty-one ;  its  exponent  is ',  becan«e  there  are  eig^t 
figures  betddes  the  units.  There  are  nine  divisons  by  10  in  the 
succeeding  lines,  and  therefore  the  exponent  of  the  last  line  is 
9  lew  than  8,  or  ~ '.  The  last  tine  is  read  eight  hundred  and 
seventy-nine  millions,  four  hundred  and  fifty-six  thousand, 
three  hundred  and  twenty-one,  thousand  millionth  parts.  The 
exponent  of  the  last  figure  of  the  first  line  is  *,  that  of  the  last 
figure  is";  the  exponent  of  the  fiist  figure  of  the  last  line  ia  ~', 
and  that  of  the  first  figure  of  the  same  is  ~';  thus  there  are  18 
difierent  exponents,  answering  to  the  18  different  places  of 

We  may  farther  remark,  that  every  number  expressed  by  the 
common  figures  or  diameters  of  arithmetic,  may  be  conadeied 
as  expresdng  a  number  of  times  1  of  Us  right  hand  figure ;  and 
that  any  number  of  Os  on  the  left  of  an  int^er,  or  on  the  right 
of  a  dedmal  number,  do  not  in  the  least  afl«ct  the  value  of  the 
figures,  or  that  of  the  number  itself. 

Thirdly,  exponentiaii  itumbbiis. — These  are  altogether 
difierent  in  their  nature  from  integer  and  dedmal  numbeis ; 
for,  while  both  of  these  stand  for  numbers,  or  numbers  of 
Umigt,  accordihg  as  they  are  ^iplied,  exponential  numbeiv 
■tand  for  numbers  <^  Hmtf  multiplying  or  dividing,  and  never 
can  be  made  to  stand  for  numbers  of  things,  or  to  be  in  any 
way  expressive  of  the  value  of  real  quantities  or  ejdsteneea. 
They  are  thus  not  nnmbers,  hut  expresoons  fi>r  the  relations 
of  numbers  to  some  one  particular  number;  and  this  number, 
in  our  scale  of  arithmetic,  is  the  number  10.  If  the  exponent 
has  not  the  rign  —  before  it,  the  number  of  which  it  is  the 
exponent  always  cont^ns  int^ers,  and  always  one  place  more 
ef  them  tiutn  Ibe  number  <^  times  I  in  the  exponent.    If  the 
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exponent  has  the  siga  —  the  con«spoiidu)g  number  never  c(m~ 
tahiB  any  integers^  bat  is  wholly  decimal,  and  there  ate  always 
as  many  Og  on  the  left,  oi  between  It  and  tbe  decinial  point,  as 
the  nvimber  of  times  1  in  the  exponent,  wanting  one.  Thus,  if 
we  take  the  eighteen  places  of  the  first  and  last  lines  of  nam- 
bers  in  the  preceding  example,  with  1  in  place  of  each  of  the 
figures,  and  niark  the  exponent  of  each,  we  shall  have  the  fol- 
lowing expresMon : — 

10«,  10  ',  10',  10>,  10',  10',  10»,  10',  10".  10-',  10-',  io-», 
10-',  10-*,  10-",  10-',  10-»,  lO-f. 

It  will  be  seen,  from  this  expression, — which  goes  as  far  both 
nays  as  there  is  ever  much  occasion  for  in  practice,  but  which 
iMay  be  ext«nded  at  pleasure  both  ways,  by  adding  1  to  every 
succeeding  exponent  both  on  the  left  and  the  right,  and  taking 
care  to  continue  the  sign  —  before  thoee  on  the  right;  that, 
read  from  right  t«  left,  this  is  a  regular  series  of  multiplicationB 
by  10 ;  but  that  if  we  read  it  from  left  to  right,  it  is  a  regular 
series  of  dividons  by  10 ;  and,  as  1  in  the  exponent  when  it  has 
not  the  dgn  —  answers  to  one  multiplication  by  10,  and  when 
it  has  the  dgn  —  to  one  diviinon  by  10,  it  follows  that  there  is 
no  common  addition  or  subtraction  of  thoee  exponential  num-- 
bers,  for  the  addition  of  them  is  evidently  the  same  as  the  mul- 
tiphcatlon  of  the  numbers  of  which  they  are  the  exponents, 
and  the  subtraction  of  them  is  the  same  as  the  division  of  those 
numbers. 

Farther,  0  in  these  exponential  numbers  means  1,  and  not 
nothing,  as  it  means  in  common  numbers;  and  the  exponents 
which  have  the  sign  —  before  them  do  not  mean  imaginary 
numbers,  that  is,  numbeis  less  than  nothing,  they  mean  num- 
beis  of  limes  divided  by  10. 
.   It  is  necessary  to  pay  particular  attention  to  the  diferencQ 
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in  meaning  between  those  exponential  nnmben  and  conunon 
oninbers,  as  need  in  OTdinarj  arithmetic ;  becauae,  though  they 
have  exactly  the  same  forma,  their  meanings  are  altogether 
diffeient.  Exponential  numbers  are  called  Logaritbmb,  which 
ineans  "  the  voices  of  numbers,"  that  is,  what  they  express,  oi 
the  acconnt  which  they  can  give  of  themselves ;  and  this  ex- 
presmon  is  always  the  number  of  times  which  10  requires  to  be 
multiplied  by  itself,  or  divided  by  itself,  in  order  to  produce  the 
common  or  natural  nninber  answering  to  the  logarithm. 

Those  logarithms,  or  voices  of  numbera,  are  of  vast  use  in 
many  of  the  more  elaborate  parte  of  mathematical  science,  bo& 
in  the  investigation  of  principles  and  in  the  application  of  those 
principles  to  practical  cbbcs.  But  it  requires  more  general 
views  than  any  upon  which  we  have  hitherto  entered,  fully  to 
explain  even  as  much  of  their  nature  as  is  necessary  for  popnlar 
purposes ;  and  therefore  we  shall  need  to  Kvert  to  them  in  a 
foture  section,  after  we  are  in  possesion  of  the  other  elements 
which  are  necessary.  We  shall  only  add  here,  that  by  means 
of  logarithms,  calculations  which  required  days  before  this 
invention,  can  be  performed  in  minutes  in  consequence  of  it, 
and  that  they  have  enabled  us  to  perform  many  calculations 
with  ease  which  without  their  aid  were  altogether  impossible. 
We  have  deemed  it  necessary  to  give  the  general  definition,  and 
also  some  short  explanation  of  the  nature  of  those  exponential 
or  logarithmic  numbers  along  with  the  explanation  of  the 
notation  and  scale  of  the  natural  numbers ;  because  when  tha 
meanings  of  the  natural  numbers  are  once  rooted  in  the  mind 
mthout  any  explanation,  it  becomes  somewhat  diffictdt  to 
convey  a  clear  and  distinct  notion  of  the  same  tJiaraders  naed 
as  exponents. 
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SECTION  IV. 


COMMON   OPERATIONS   L 


Thb  use  of  arithmetic,  and  indeed  of  all  brancbeB  of  mathe- 
matics, consists  in  enahling  us  to  find  that  which  we  wish  to 
know  hut  do  not,  and  to  do  this  hy  means  of  that  which  is 
already  known  to  us ;  and  the  process  by  which  this  is  obtained 
is  called  an  operation.  Or  we  may  say  that  an  operation  is  any 
process  by  which  we  are  enabled,  firom  known  quantities,  to 
arrive  at  the  knowledge  of  quantities  which  ate  not  known. 
In  order  to  do  this  in  any  case  we  must  hare  always  one  known 
quantity  of  the  same  kind  with  that  unknown  one  whioh  we 
are  to  find  by  the  operation ;  and  in  orithmetica]  operationa  we 
must  hare  this  known  quantity  expressed  in  the  very  same 
unit  of  measure,  or  denomination,  as  the  one  whose  value  we 
seek.  Thus  if  our  object  is  to  ascertain  how  many  pounds  will 
require  to  be  paid  under  conditions  which  are  given,  we  must 
have  a  pound,  or  sometbing  expreeuble  in  terms  of  a  pound, 
among  the  data  which  we  are  to  use  in  our  operation ;  and  in 
like  manner,  if  we  seek  for  tiie  value  of  any  quantity  whatever, 
we  must  have  either  the  unit  in  which  that  quantity  is  to  be 
expressed,  or  something  convertible  into  this  unit,  among  the 
data.  Thus  if  length  of  time  were  the  quantity  sought,  we 
could  not  find  it  unless  a  quantity  expreesiug  time  were  given ; 
and  the  same  in  all  other  cases.  It  is  not  neceasoiy,  however, 
that  the  given  quantity  should  be  in  the  same  denomination 
with  that  which  is  sought,  provided  we  know  the  relation 
between  them.  For  instance,  if  a  certain  number  of  pounds 
sterling  were  the  given  quantity,  and  a  number  of  French 
franca  the  quantity  sought,  we  could  find  it  with  little  less 
labour  tiian  if  franca  had  been  given,  provided  we  knew  the 


bfGoogli 


VKCBKARV  DATA.  43 

relation  l>etweeD  a  pound  and  a  &anc,  or  tlte  number  of  anjr 
one  of  the  two  spedea  of  coin  which  is  equal  to  a  known 
nmnher  of  the  other  epedes. 

In  the  rimple  operations  of  common  arithmetic  this  neceantjr 
for  having  among  the  data  a  repreeentatiTe  of  the  qoantitf 
tought,  seemB  m  obvious  a  matter,  as  not  to  require  being 
stated.  But  when  we  come  to  the  more  intricate  parts  of  ma- 
thematica,  and  especially  when  we  come  to  mixed  problems— or 
things  to  be  done — in  which  mathematics  form  only  a  part,  it 
becomes  a  consideration  of  consideiBble  dif&colty  as  well  a> 
importance.  The  difficulty  increasea,  too,  in  proportion  as  the 
mathematical  part  becomes  smaller  in  respect  of  the  whole 
case ;  sad  thus  it  is  of  great  importance  not  in  matters  of  calcu- 
lation only,  but  in  all  matters  generally,  to  make  onrselves  biit« 
at  the  onlset,  that  the  data,  or  terms  and  conditiona,  by  means 
of  which  we  attempt  to  arrive  at  any  result,  contain  elements  snffi- 
dent  for  determining  that  resnlt.  We  must  beat  in  mind  that  any 
one  of  the  conditiona  which  are  involved  in  the  data  by  means  of 
which  we  endeavour  to  find  an  unknown  quantity  may  become  the 
unknown  quantity  in  a  problem  of  another  description;  and  that 
thus  not  only  all  sorts  of  quantities,  but  all  sorts  of  relations  of 
quantity  to  quantity,  may  become  that  element  among  the  data, 
which  is  the  virtual  repreaeutative  of  the  result;  and  wemayodd, 
that  there  are  many  cases  in  which  the  relations  of  quantities  an 
Hot  only  all  that  we  can  obtain,  but  that  those  relations  are 
often  indeterminate,  or  inexpTeasible  by  our  ordinary  means  of 
notation.  This  is  not  the  place  for  entering  into  any  particular 
explanation  of  when  we  have  or  have  not  data  sulGdent  for  the 
obtaining  of  the  leenJt  which  we  seek ;  but  we  mention  the 
subject  at  the  outset,  because  it  is  one  of  great  importance,  and 
one  which  everybody  who  wishes  to  study  mathematics  eaoly 
•nd  profitably  must  bear  constantly  in  mind,    To  use  a  homelf 
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expression,  the  representatiTe  of  the  qnantity  sought  among  the 
datA  is  of  nearly  the  same  unportance  bb  money  in  the  purse  is 
tD  a  man  who  would  buy  a  horse  at  a  ready  money  market. 
The  man  may  know  exactly  the  place  and  hour  of  the  sole, 
may  haVe  the  means  of  arriving  there  in  peifect  time,  may 
know  who  has  got  to  sell  exactly  the  horse  which  he  wishes, 
he  may  have  the  blacksmith  ready  to  put  new  shoes  on  the 
horse,  and  saddle,  bridle,  and  portmanteau  all  in  perfect  order 
Jbr  a  journey ;  hut  not  one  ntile  of  that  journey  shall  he  ride  if 
be  is  without  the  cash,  the  real  element  which  represents  the 
home :  and  it  is  even  so  in  all  cases,  whether  niatbematical  or 
not 

In  the  arithmetic  of  simple  or  abstract  numbers,  viewed  in 
its  most  elementary  form,  there  are  only  four  general  pro- 
blems, or  kinds  of  results.  The  first  is  to  find  the  sum  of  two 
or  more  numbers,  and  that  is  nothing  more  than  finding  one 
number  which  shall  cont^n  the  number  I,  the  standard  by 
which  we  measure  all  ample  numbers,  as  often  as  it  is  con- 
tuned  in  all  the  numbers  whose  sum  is  sought.  The  second  is 
to  find  the  difference  between  two  numbers ;  and  this  difference 
is  nothing  more  than  a  number  which  added  to  the  less  of  the 
two  ^ven  ones  would  make  a  sum  equal  to  the  greater,  or 
which  taken  away  from  the  greater  would  leave  a  remainder 
equal  to  the  leas. 

The  process  by  which  we  find  a  sum  is  called  a 
that  by  which  we  find  a  difference  is  called  si 
shell  very  shortly  notice  the  leading  principles  of  these  opera- 
tions^ befoK  we  proceed  to  the  two  remaining  ones ;  hecauBO 
addition  and  subtroction  are  in  some  respects,  thoi^h  not  alto- 
gether, the  converse,  or  opposite  each  other.  The  operation  of 
adding,  and  that  of  subtracting,  are  exactly  the  reverse  of  each 
Other;  but  the  lesult  of  addition  is  not  exactly  the  opposite  of 
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that  of  BDbtraction  in  all  cases,  tor  the  resnlt  of  an  odditioii 
most  be  eqnal  to  the  whole  of  all  the  given  qtuntities,  and 
therefbre  it  must  be  greater  or  less  accordii^  as  they,  taken  in 
Gmr  whole  amount,  are  greater  or  less;  whereas  the  result  of 
a  subtraction  expresses  merely  the  diflerence  of  the  quantities^ 
and  thus  it  has  no  necessary  reference  to  the  entire  value  of  the 
one  or  the  other,  or  of  both,  but  merely  to  the  diflerence,  or 
how  mnch  the  one  is  greater  and  the  other  less.  This  consi- 
deration  ia  worthy  of  some  attention,  urople  as  it  is,  and  it  will 
readily  be  understood  when  we  con^der  that  the  difference  of 
any  two  numbers,  however  lai^,  that  have  all  their  figures  the 
same  with  each  other  except  the  units,  is  exactly  the  aame  as 
the  diflerenee  of  these  unit  figures,  and  that  if  their  difference 
is  I,  then  the  difFerence  between  the  numbers  is  exactly  ths 
same  as  that  between  0  and  1.  Thus  the  difference  between 
31fi87926  and  31587925  is  equal  to  the  difference  between  0 
and  1,  that  is,  it  ia  1. 

From  this  it  follows  that,  when  our  object  ia  to  discover  the 
difference  of  two  quantities,  we  may  take  away  as  mnch  of  them 
as  ever  we  please,  if  we  take  exactly  the  same  from  each ;  and 
that  we  may  add  as  much  to  them  as  ever  we  please,  if  we  add 
exactly  the  same  to  each.  The  first  part  of  this  very  obvious 
power  that  we  have  over  them  is  often  of  great  use  when  we 
seek  the  difference  of  complicated  quantities  which  contain 
many  elements ;  and  the  second  is  the  foundation  of  that 
borrowing  and  paying  in  common  subtraclion  which  is  not 
im&equently  an  nnezplained  puzzle  to  beginners  in  the  arith- 
metical  art. 

The  simple  process  of  adding  can  hardly  be  made  plainer  by 
any  explanation,  and  taken  in  detail  it  is  not  a  difficult  one,  aa 
we  never  have  to  add  more  than  9  at  any  one  step ;  and  there-. 
fore  the  only  conadeiations  in  simple  addition  are,  to  take  can 
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that  we  do  not  coll  quaotitiea  equal,  which  are  not  so  according 
to  our  scale  of  nnmbera,  and  then  to  express  the  sum  in  tenna 
of  the  scale;  or  it  may  simply  be  expressed  thus: — figures 
equally  distant  from  the  unit's  place,  or  &om  the  decimal  point, 
wheUier  in  integers  or  in  decimals,  are  qoantitieB  of  the  same 
kind,  and  can  be  directly  added  together;  but  figures  situated  at 
diderent  distances  from  the  unit's  place  or  the  deomal  point,  am 
not  quantities  of  the  some  kind,  and  consequently  cannot  be 
directiy  added  together.  Farther,  when  the  sum  of  any  column 
of  figures,  that  is,  any  row  of  them,  equally  distant  from  the 
unit's  place,  amounts  to  two  figures  in  the  common  way  of 
expreeung  numbers,  the  right  hand  one,  or  unit's  figure  of 
these,  considered  as  a  separate  number,  belongs  to  the  same 
place  as  the  column  added,  while  the  ten's  figure  belongs  to  the 
next  place  on  the  left,  and  must  be  carried  there,  and  added  in 
with  whatever  figures  may  be,  or  written  down  there  if  there  are 
none.  This  is  so  simple  as  hardly  to  admit  of  explanation,  for 
we  have  only  to  recollect  that  tens  of  units  are  tens,  tens  of 
tens  are  hundreds,  and  generaUy  that  10  in  any  one  place  rf 
the  scale  is  always  exactly  equal  to  1  in  the  place  next  on  the 
left.  It  is  usual  to  arrange  the  numbers  with  like  places  under 
each  other,  before  proceeding  to  sum  them ;  but  this  is  a  matter 
^  convenience,  not  of  necesuty ;  and  it  gives  considerable  facility 
in  calculation  to  practice  the  adding  cf  uombetB,  when  written 
the  one  after  the  other  in  the  usual  manner  of  writing. 

The  simple  act  of  subtracting,  like  that  of  adding,  can  hardly 
be  made  plainer  by  words :  the  rationak  of  it  consists  in  either 
tx^inning  at  the  larger  number,  and  counting  downward  to  the 
leas,  or  beginning  at  the  less  number,  and  counting  upward  to 
the  greater;  and  the  number  counted,  which  would  be  the 
same  both  ways  in  the  case  of  the  same  numbers,  will  be  the 
difference.     Thus,  the  difference  between  16  and  9  ia  1;  iot 
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if  we  begin  at  the  end  of  16,  and  c«nnt  down  to  fl,  we  have 
7  to  count ;  and  if  we  b^in  at  0,  and  count  np  to  16,  we  hare 
also  7  to  count. 

In  subtraclang  simple  or  alistract  nnmbeiB,  we  can  actnalli^ 
subtract  only  the  less  from  the  greater ;  and  if  they  conaiat  of 
aevetal  %iiKe,  we  must  subtract  from  each  other  those  placM 
which  are  equally  diglaut  &mu  the  unit's  place  or  the  decamol 
point.  Of  coutse,  in  int^r  numben,  or  numbeis  conrastii^ 
partly  of  integers,  or  partly  of  decimals,  the  greater  number  is 
always  that  which  contains  the  greater  number  of  integer 
places;  and  of  two  nnmbers  which  have  the  same  number  of 
int^er  places,  that  which  has  the  greater  left-hand  figore  is 
the  greater.  If  the  numbers  consist  of  decimals  as  well  as 
integers,  the  greater  is  determined  by  the  integer  places,  exactly 
as  above  stated ;  and  if  they  consist  wholly  of  decimal  places, 
the  greater  is  that  of  which  the  significant  figures  begin  nearest 
the  point ;  and  if  they  begin  at  the  same  distance  &om  the 
point,  the  greater  is  that  which  has  the  greater  first  figure. 
This  depends  upon  the  necessary  and  obvious  conclusion  from 
the  nature  of  the  scale  of  numbers,  that  1,  in  any  place  of  the 
scale,  is  greater  than  all  figures  which  can  poadbly  be  written 
to  the  light  of  that  place. 

But  although  the  whole  of  the  greater  number  and  the  whole 
of  the  less  are  thus  easily  discovered,  that  is,  though  it  is  easily 
seen  which  is  greatest  and  which  least  as  a  whole,  it  may  happen 
that  all  the  figures  of  the  gnsater  nnmber,  except  the  left  hand 
one,  are  less  than  the  corresponding  figures  of  the  smaller 
number;  and  that  thus,  though  the  whole  of  the  one  will, 
when  taken  Avm  the  whole  of  the  other,  leave  a  remainder, 
yet  that  the  difierencea  of  the  individual  iignres  appear  to  be 
the  other  way.  Thus  1000  is  a  greater  number  than  789, 
because  it  contains  a  figure  more;  but  9,  3,  and  7  ate  all 
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K^ectivelf  greater  than  the  figutes  which  occupy  the  same 
places  in  1000.  But  it  will  be  recollected,  that,  if  we  add  10 
to  any  figute  of  a  number,  and  one  to  the  next  left-hand  figure 
of  any  other  number,  we  add  the  same  thing  to  both  numbers, 
and  consequently  do  not  alter  their  difference.  Hence,  when- 
ever the  figure  in  the  larger  number  is  the  less  of  the  two,  we 
call  it  10  more  than  it  really  is ;  and  when  we  come  to  the 
next  on  the  left  of  the  smaller  number,  we  call  it  1  more  than 
it  really  is,  and  thus  we  obtain  the  dijference  with  pertect 
accuracy.  The  difference  of  the  above  numbers,  taken  this 
way,  is  211. 

In  the  subtracting  of  one  number  from  another,  or,  wliich  is 
the  same  thing,  finding  the  difference  of  two  numbers,  we  nerer, 
however  lai^  the  numbers  may  be,  have  occasion  at  any  one 
step  of  the  operation,  to  subtract  a  number  larger  than  10,  or 
to  subtract  it  &om  a  mmiber  larger  ihaa  19 ;  so  that  the-  laigest 
diflerence  we  have  to  count  at  any  one  time  is  9,  and  the  average 
is  about  5,  which  is  a  very  simple  matter.  But  we  may  sub- 
tract a  considerable  number  of  lines  of  numbers,  with  neariy 
the  same  &ciUty  as  one  line ;  and  in  doii^  this  we  may  have 
occasion  to  add  several  ID'S  to  the  figure  of  the  larger  number. 
It  is  of  no  oonseqneuce,  however,  how  many  there  may  be,  if 
we  compensate  them  by  the  adding  of  the  same  number  of  I's 
to  the  next  place  to  the  left  of  the  numbers  which  we  are 
subtracting. 

When  numbeis  which  are  added  or  subtracted  contain  deei- 
mals,  there  are  always  as  many  places  of  decimab  in  the  sum 
or  the  difference,  as  there  are  in  that  one  of  the  given  numbera 
which  has  the  most,  except  in  cases  in  which  the  adding  or  the 
subtracting  changes  some  of  the  figures  on  the  right  hand  of  the 
sum  or  the  difference  into  0*8,  and  then  the  result  is  shortened 
by  as  many  figures  as  there  are  of  these  Vb. 


bfGoogk 


Hvi/npuoAnoit.  49 

There  still  remain  two  nmple  operatioiu  in  AritiiiBetic,  of 
which  we  shall  now  vet;  shortly  conuder  the  priunples ;  and 
these,  of  coutae,  fonu  the  third  and  foorth  in  the  order  in  which 
we  have  taken  them. 

MuLTiPUOATiON  (literally,  "many-feidtng")  is  the  proceee  by 
which  we  find  the  product  of  two  numbeis,  that  is,  the  resnlt 
which  arisea  from  repeating  the  one  of  them  aa  irften  aa  is  ex-r 
piessed  by  the  otlier.  If  both  are  simple  numbers,  that  is,  mffa- 
bers  to  which  no  partacnlar  raluea,  expresuTeof  real  existences, 
are  attached,  it  is  of  no  consequence  in  what  order  they  an 
taken ;  but  in  the  case  of  real  quantities  there  is  a  distindi<m,  and 
a  veij  important  one.  In  all  cases  the  two  numbers  are  called 
liie  factori  (the  woiiers  or  producers)  of  the  result  or  product  j 
and  in  the  proper  nnderstandiog  of  them,  the  one  &ctor,  whidi 
is  called  the  multiplicand,  is  a  number,  and  the  other,  which  is 
called  the  muJlipli^,  is  a  number  qf  timet.  As  we  hare  already 
said,  the  distinctioa  between  these  is  of  no  practical  importance 
in  the  case  of  simple  or  abstract  numbers,  because  they  do  not,' 
in  any  case,  expr^s  uiything  which  has  a  real  existence ;  bat 
still  the  difference  between  a  vmltipiieaTid  and  a  fnutfqriier  is 
worthy  of  being  borne  in  mind,  even  in  them,  because,  if  we  do 
bot  attend  to  the  distinctions  of  things  in  the  most  dmple  cases, 
they  are  sure  to  embarrass  us  in  the  more  complicated  ones. 

We  are,  therefore,  to  understand,  in  all  cases  of  multiplica- 
tion, either  that  the  multiplier  is  (amply  an  espresmon  for  a 
number  of  times,  and  the  product,  after  it  is  obtained,  is  of 
the  same  kind,  and  in  the  some  denomination,  or  equal,  unit  for 
unit,  with  the  multiplicand;  or  that  the  factors  are  both  real 
quantities,  and  that  the  product  is  not  any  number  of  times  either 
of  them,  but  a  new  quantity,  of  a  kind  different  from  both. 

There  are  only  two  oonmion  cases  applicable  to  real  quanti- 
ties in  which  tiie  product  thus  becomes  a  new  quantity,  altor 
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gether  differant  in  its  nature  from  either  of  the  &ctoTs ;  bnt 
those  cases  are  bo  important,  that  we  require  to  bear  them  in 
mind  in  aU  onr  reaaoningH  about  multiplications  and  products  ; 
we  ahaJl,  therefore,  very  flhortly  advert  to  them  here. 

In  the  first  place,  erery  body  who  has  at  all  thought  on  the 
subject  ia  aware  that,  if  we  wish  to  know  how  much  measure 
is  in  the  Burfiice  of  anythii^, — say  of  a  rectangular  table,  that 
is,  a  fouT-mded  table,  the  opposite  sides  of  which  are  equal  in 
length,  and  which  also  meosares  the  same  both  ways  &om  comer 
to  comer  in  the  di^onal  direction— one  takes  the  length  and 
the  breadth,  both  in  the  same  measure,  and  multiplies  them 
together ;  the  result  of  which  multiplication  is  the  surfece  of 
the  table  in  sqnarea  of  that  measure  in  which  the  length  and 
breadth  were  taken.  Thus,  if  the  table  in  question  were  five 
feet  long,  and  four  feet  brmtd,  it  is  easy  to  see  that  the  sui&ce  of 
it  would  contain  twenty  square  feet,  and  that  it  would  be  of  no 
consequence  whether  we  called  this  twenty  square  feet,  four 
times  five,  or  five  times  four.  But  nobody  will  pretend  to  say 
tiiat  this  twenty  square  feet  ia  either  four  times  the  length,  or 
five  times  the  breadth  of  the  table ;  for  let^h  and  breadth  are 
merely  lines,  and  though  we  were  to  multiply  either  of  them  by 
the  largest  number  that  could  be  imagined,  the  product  would 
still  be  a  line ;  for  there  is  no  more  surface  in  a  mile,  or  a  thou- 
sand millions  of  miles  of  m»e  line,  in  what  direction  soever  it 
may  lie,  than  there  is  in  the  ten  thousandth  part  of  an  inch,  or 
in  any  other  line,  however  short. 

The  product,  in  this  case,is  not,  therefore,  of  the  same  kind  with 
dther  of  the  factors ;  for  neither  of  these,  however  it  might  be 
multiplied,  would  produce  the  prodnct,  or  anything  which  could 
be  apartofit,  however  small.  Neither  are  the  two  &ctors  quan- 
tities  of  the  same  kind,  though  they  are  expressed  in  the  same 
denomination,  and  obt^ned  by  the  same  kind  of  measurement. 
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Et  istme  tliat  eecli  of  tltein,  taken  mnglf  and  vittumt  referenoe  t« 
the  other,  is  s  meware  of  length,  that  is,  dte  meason  of  a  line ; 
but  in  this  senae  neither  of  them  can  be  a  multipUeT,  in  as  much 
aa  theie  is  no  meaning  whatever  in  any  such  expression  aa  "a  foot 
times,"  or  "an  inch  times.'  If  we  were  to  anppose  that  both  the 
four  feet  and  tlie  five  feet,  to  which  we  have  aUnded  ia  tlua 
instance,  mean  ^Iher  lei^th  or  breadth,  both  meaning  the  some, 
we  conld  not,  in  terms  of  them,  find  tiie  content  or  area  of  aaj 
aui&ce  whatever;  for  if  it  were  said  that  the  table  is  five  feet 
long,  and  also  other  fonr  feet  long,  or  that  it  is  five  feet  broad, 
and  also  fonr  feet  broad,  all  the  conclusion  to  which  we  could 
posdbly  come  from  such  data  would  be,  that  the  length  of  the 
table  was  nine  fbet  in  the  one  ease,  and  the  breadth  of  it  nine 
feet  in  the  other.  That  the  product  of  these  two  numbers  of 
fbet  represents  a  quantity  having  any  meaning  at  all,  is,  there- 
tOK,  owing  to  the  feet  of  the  two  lines  of  whioh  the  measures 
are  given  standing  to  each  other  in  the  geometrical  relation  of 
length  and  breadth ;  and  the  product  of  no  two  measures  rf 
lines  ever  actually  expresses  a  sut&ce,  or  otherwise  has  a 
definite  meaning  as  a  real  quantity,  unless  the  Uqm  stand  to 
each  other  in  this  geometrical  relation. 

If  two  measures  of  lines  whioh  stand  in  the  relation  of  Icaiglh 
and  breadth,  are  both  expressed  in  the  same  unit  or  denomina- 
taott,  the  product  always  represents  squares  having  all  their  sides 
equal  to  that  denomination ;  but  if  they  are  in  different  denomi- 
nations, the  product  expresses  rectangles  as  long  as  the  greater 
denomination,  and  as  broad  as  the  less. 

The  other  case  requiring  particular  notice  is  that  in  which 
tiiere  aie  three  measures  of  lines  which  stand  to  each  other  in 
the  geometrical  relations  of  length,  bieadth,  and  thickness.  The 
product  of  any  two  of  those  represents  asur&ce  of  which  these 
two  are  die  length  and  breadth.  Thus,  for  instance,  if  a  brick 
e2 
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ia  9  inches  long,  4  incites  broad,  and  2  inches  thick,  the  content 
or  solidity  is  the  product  of  9,  4,  and  2,  or  72  solid  inches. 
Such  a  solid,  which  has  its  opposite  &ces  and  edges  all  equal  to 
each  other,  and  all  its  angles  or  comers  equal,  is  called  a 
parallelopiped,  or  rectai^olar  prism.  If  the  length,  breadth, 
and  thickness,  which  are  called  the  three  dimenHoiu^  are  all 
different,  aa  we  have  supposed  them  to  be  in  the  case  of  the 
brick ;  the  six  faces  consist  of  three  pairs,  which  are  all  dif- 
ferent, but  the  two  that  form  each  pair  ai«  equal,  and  oppo- 
site to  each  other.  Thus,  if  the  brick  is  laid  on  one  of  its 
largest  faces,  as  it  usually  is  in  building,  the  top  and  bottom 
are  rectangles,  expreaaible  by  the  product  of  the  length  and 
breadth,  or  they  contain  each  36  square  inches  in  the  ezam^e 
which  we  luive  taken ;  the  two  sides  are  each  the  rectangle  of 
the  length  and  thicknesB,  or  18  square  inches  in  our  example ; 
and  the  two  ends  aie  each  the  rectangle  of  the  breadth  and 
thickness,  or  8  square  inches  in  our  example.    . 

Thus,  in  arriTing  at  the  content  of  the  solid,  we  have  three  dis- 
tinct kinds  of  quantities  in  succession ;  first,  the  original  multipU- 
csnd,  which  is  a  line,  and  it  is  of  no  consequence  to  the  oltimate  - 
result  which  of  the  three  dimensionB  we  use  for  this  original 
multiplicand ;  secondly,  we  have  a  surface,  as  the  result  of  the 
multiplication  of  this  by  another  of  tlie  lines,  and  it  is  of  no  con- 
sequence which  of  the  remtuning  two  we  use  for  this  fint 
multiplier ;  thirdly,  we  have  the  sohd  as  the  nwult  of  the 
second  multiplication,  and  in  the  multiplier  for  it  we  have  no 
choice,  aa  the  other  two  dimensions  hare  been  used  in  the 
previous  port  of  the  operation.  I^  however,  these  three  mea- 
sures of  lines  did  not  stand  to  each  other  in  the  geometrical 
relations  of  length,  breadth,  and  thickness,  the  product  would 
not  be  a  solid,  or  a  quantity  having  any  meaning. 

The  numbeis,  of  which  the  product  representing  the  solid  it 
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compoeed,  msj  have  Uiree  distinct  forms  or  values :  first,  if  all 
the  lines  an  taken  in  the  same  unit  or  denomination,  the  pro- 
duct will  be  cubes  of  that  denomination ;  secondly,  if  two  of 
them  ai«  in  the  same,  but  the  third  difierent,  every  1  in  the 
product  will  be  a  squaie  of  that  denomination  which  occurs  twice, 
the  one  way,  and  the  third  or  difierent  denomination,  the  other 
way ;  and,  thirdly,  if  all  the  measuies  are  in  different  denomi- 
nations, tlw  product  will  consist  of  solids  which  have  their  thre« 
dimensiiHis  respeddvely  equal  to  their  three  denominations. 

Though  these  correspondences  between  the  product  of  two  di- 
mensions and  a  surboe,  and  betwieentiie  product  of  three  dimen- 
sions and  a  solid,  are  very  simple,  and  also  very  obvious  matters, 
yet  il  is  of  importance  to  attend  carefully  to  diem,  and  notice 
the  difference  which  there  is  between  the  lEsnlt  in  the  case  of 
either  of  than,  and,  in  any  case  of  common  multiplication  con- 
sidered in  merely  an  arithmetical  point  of  view.  A  clear 
understanding  of  this  becomes  of  the  more  importance  when 
we  consid»  that  this  a  the  means  by  which  Geometiy  and 
Arithmetic  are  connected  together ;  and  also,  that  the  truths  of 
Geometiy,  how  beautiful  soever  they  may  be  in  themselves,  are 
of  no  practical  nse,  unless  we  can  apply  Arithmetic  to  them. 

We  have  here  three  distinct  kinds  of  arithmetical  numbers, 
answering  to  three  equally  distinct  kinds  of  geometrical  quanti- 
ties. Fint,  we  have  umple  or  original  numbers,  which  are  not 
ibe  results  of  any  arithmetical  operation,  and  they  answer  to 
lines ;  secondly,  we  have  prodncts  of  two  factors,  which  answer 
Ip  sot&ces ;  and,  thirdly,  we  have  products  of  three  factory 
which  answer  to  solids.  Though  the  fact  of  these  products, 
being  really  surfaces  or  solids,  depends  on  the  geometrical  rela- 
tion of  the  lines  which  the  factors  express,  yet  the  products 
themselves  hare  cmctly  the  same  relations  to  the  hctoie,  and 
ato  found  in  exactly  the  same  manner,  whether  the  factors 
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have  the  geometrical  relation  to  each  other  or  not.  Therefore, 
we  may  consider  every  product  of  two  &ctorB  as  rt^>reBenting  n 
auifaoe,  and  every  product  ot  three  factors  as  repiesentiiig  a 

It  only  remains  to  be  diowii  how  the  prodact  of  two  foctom 
is  obtained,  and  what  advuitege  we  derive  from  the  scale  of 
numbete  in  the  performing  of  this  operation.  Here  it  ia  not 
difficult  to  perceive  and  to  nnderstand  that,  on  account  of  the 
analogy  or  resemblance  which  there  is  between  a  product  and  a 
geometrical  relation,  the  geometrical  element  of  the  scale  of 
numbers — the  exponents  or  indices  of  the  difierent  terms  or 
places — most  be  of  &r  more  use  m  muhiplkation,  than  it  i» 
either  in  addition  or  in  subtraction ;  and  upon  thn  principle  we 
may  resolve  the  operation  of  multiplying  into  two  porta — th« 
parttcnlar  product  of  the  figures,  and  ttie  expon«it  of  that  pro- 
duct, or  the  place  which  it  should  have  in  the  scale  of  nnmbeni 
Both  of  these  ore  neceasory  for  determining  die  value  of  the 
product ;  and  we  ahall  aee  that  it  is  of  conraderabk  use  t«  us  ta 
be  able  to  consider  them  separately. 

If  we  had  no  way  of  considering  the  fectors  but  as  wholes 
the  mnltiplicatJon  of  even  small  numbers  would  be  a  very 
laborious  matter.  To  multiply  628fi  by  1000,  would,  in  this 
way,  consiBt  of  oountbg  6285  a  thousand  times  over;  and  this, 
simple  as  it  appears  to  be,  would  take  a  men  just  about  four 
years,  counting  12  hours  every  day,  at  the  rat«  of  one  number 
per  secfmd;  but  by  Arithmetic  it  i»  done  as  fest  as  seven 
chaiacteis  can  be  written ;  for  we  have,  according  to  the  ex- 
planation given  of  the  scale,  only  to  nwke  the  6286  thousands 
instead  of  imits;  and  this  is  done  by  adding  three  Os  on  the 
right,  thus,  6285000.  We  ore  much  accustomed  to  hear  boast- 
ings of  the  extent  to  which  labour  has  been  abridged  by  many 
•f  ihe  mechanical  contrivaiioeB  of  modem  times,  and  in  most 
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CMea  iheae  Itoaats  ara  well  foonded;  but  even  the  best  of  them 
— the  steam  engiDe  itself,  whidi  ia  "  the  Lun "  by  way  of 
eminence — ia  ^bsolntely  nothing  in  power  of  abridgment  to 
the  scale  i^  nnmbeis  in  Arithmetic ;  and  when  we  coiuider 
that  eakvlatmt  ia  one  of  the  essential  elements,  withont  which 
not  one  of  tiiooe  mechanical  contriTancee  conld  by  poembUi^ 
have  been  aniTed  at,  we  moat  be  caieftil  not  to  lavish  all  tb&t 
praise  and  wonder  upon  the  fruit,  the  greater  part  of  which  is, 
in  trath,  dne  to  the  tree. 

FrtHU  the  natuie  of  the  scale  of  nmnbera,  every  number 
greater  than  9  con^sls,  in  reality,  of  two  or  more  numbers ; 
and  every  nnmber  consists  of  as  many  distinct  nnmbers  aa  there 
are  figures  in  it.  It  is  of  no  consequence  though  some  of  the 
right  hand  or  the  intermediate  places  ahonld  be  occupied  by  0 ; 
fcr  0,  when  there  are  figures  to  the  left  of  it  in  an  integer 
nnmber,  is  an  espresnon  toi  ten  timee;  and  when  there  are 
figures  to  the  right  of  it  in  a  dedmal  number,  it  is  an  exprcs- 
rion  for  one-tenfli,  or  division  by  ten. 

In  consequence  of  the  advantages  which  we  derive  from  the 
scale  of  nnmbera,  the  largest  single  product  that  we  need  ever 
to  make  use  of,  is  9  times  9 ;  and  this  and  all  products  of 
smaller  numbers  are  usually  committed  to  memory  &om  tables 
in  which  tiiey  ate  inserted.  But  in  this  elementary  part  of  the 
bnriness  it  is  much  better  to  leam  these  products  by  actual 
counting,  because  it  b  more  satisfoctoiy,  more  convincing,  and 
more  l&ely  to  be  remembered  with  little  trouble.  Matters 
which  are  committed  to  memory  by  mere  drudgery,  are  rarely, 
if  ever,  understood;  and  therefore  it  would  be  an  excellent 
rule  for  die  elementary  schools,  ix>  confine  this  labour  to  thosti 
■ubjects  which  ue  not  worth  understanding,  or  not  intended  to 
be  understood. 
-    When  all  the  products  of  numbers  under  10  have  been 
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learned,  the  nest  step  of  the  husmess  is  to  apply  the  principle 
of  the  expouenis ;  and  this  pi^iciple  ia  atnmdaatl;  easy,  because 
tiie  addition  of  the  exponents,  as  has  been  already  ahonn, 
answers  to  the  multiplication  of  the  numbets ;  thetefore,  if 
both  fignrea  axe  integers,  or  both  decimals,  the  distance  of  the 
product,  01  of  its  right-hand  %ure  if  it  consists  (^  two,  from 
the  unit's  place,  must  be  equal  to  the  sum  of  thoee  of  the  figures 
from  which  it  arises ;  but  if  the  one  figure  is  an  int^er,  and 
the  other  a  decimal,  then  the  distance  of  the  right-hand  figure 
of  the  product  fnnn  the  unit'd  place  will  be  the  difierenoe  of 
their  distances,  and  on  the  same  ude  with  the  greater,  the  ntt^ 
merical  product  being  exactly  the  same,  whether  the  figures 
multipUed  are  both  integcn,  both  decimals,  or  the  one  an 
integer  and  the  other  a  decimal. 

Also,  each  partdculai  product  of  two  figured  is  perfect  in  itself 
and  independent  of  the  others.  As  the  whole  of  any  qnsntity 
Is  equal  to  all  the  parts,  it  of  coarse  fbllowB,  that,  when  all  the 
figures  of  the  one  of  two  &ctarB  hare  been  multiplied  by  all  the 
figures  of  the  other,  and  the  results  coUeded  into  <me  sum  by 
addition,  this  sum  is  the  true  product  of  the  whole  of  the  one 
{actor  by  the  whole  of  the  other,  in  the  sune  way  as  if  it  were 
obt^ed  in  one  original  amount  by  the  process  of  counting, 
without  the  ud  of  any  scale  of  numbers,  which,  as  has  been 
already  mentioned,  would  be  so  exceedingly  tedious  even  in 
the  case  of  numbers  which  are  not  rery  large. 

If  the  factors  in  multiplication  consist  wholly  of  integers^ 
then  tiie  product  also  is  wholly  int^^rs,  and  the  right  hand 
figure  of  it,  whether  it  happens  to  be  0  or  anything  else,  is 
units ;  but  if  there  are  decimals  in  either  or  both  of  the  factors^ 
the  product  must  obviously  cmttain  as  many  places  of  decimala 
as  there  are  in  them  both,  though  it  may  happ^  that  one  <m 
more  (tf  the  right  hand  figures  are  changed  into  Os  by  Ibe  mnt- 
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tiplicatum.  If  both  niiinbeis,  or  any  of  Uiem,  be  wholly  deci- 
mal, it  Bometimes  happens  that  iJie  whole  product  does  not 
contam  so  manj  figures  as  there  are  decimal  places  in  the 
fodors ;  and  when  this  happens  to  be  the  case,  the  deficiency 
moat  be  supplied  by  prefixing  between  the  product  and  the 
decimal  point  as  many  (fa  as  shall  make  the  number  of  decimal 
places  equal  to  that  in  both  fiictors. 

As  our  present  object  is  not  to  toach  the  practice  of  arith- 
metio,  but  to  explain  the  mmpket  elementaiy  ptindplea,  and  to 
ex[Jain  these  only  so  far  as  that  &e  advantage  <f  the  scale  of 
numbers  in  the  simplest  operatimu  may  be  seen,  we  shall  only 
further  remark  on  the  operation  of  mnltiplfing,  that  that  opera- 
tion may  make  the  product  greatCT  than  the  multiplicand,  or  equal 
to  it,  or  len,  according  to  cinMunstaneca.  If  the  multiplier  is 
greater  than  1 ,  the  product  must  be  greater  than  the  maltipticand ; 
if  the  multiplier  is  less  than  1,  the  product  muri  be  less  than 
the  multiplicand ;  and  if  the  multiplieT  b  equal  to  1,  the  fm- 
dnct  must  be  equal  to  the  multiplicand.  This  follows  from  tlw 
definition  of  mnltiplyiag,  whidi  means  nfwating  a  quantity  as 
often  as  is  expressed  by  another.  From  this  it  will  be  seen 
that  in  every  case  of  multi[dication  the  product  must  bear  the 
same  r^T  J" '  ■ ''  "r*""  tatio,  or  relation  (for  in  mathematfaa  all  these 
words  hare  nearly  the  same  meaning,)  to  the  multiplicand  that 
the  multiplier  bears  to  the  number  1.  This  principle  is  one  (^ 
very  extensive  and  importuit  application ;  but  we  shall  be  better 
able  to  e:q>Iain  it  and  understand  its  use  when  we  come  to  the 
conmd^ation  of  quantities  generally,  or  unfettered  by  arith- 
metical espresidans.  We  shall  therefoi«  proceed  very  shortly 
to  notice  the  fourth  arithmetical  operation. 

Division  (litetally  "teeing  tu  tao,  or,  (u  parted.") — The  com- 
m<m  notion  that  we  have  of  the  operation  of  dividii^,  is  that  of 
■epaiuting  a  quantity  into  two  or  more  parts ;  and  heneo  the 
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problem  of  which  arithmetical  division 'is  the  solation  is  often 
emmdated  in  words  simUu' in  meaniiig  t4>  these: — "Tofiitdany 
proposed  part  of  a  given  number."  But  this  defimd<ai  ia  not 
general  enough,  because  we  always  conmder  a  pari  as  being  lets 
Ihan  (Ae  v^lu^,  wliile  the  number  which  we  find  by  divimon  may 
be  lesB  than  the  given  number,  equal  to  it,  or  greater,  according 
to  circamstaDcea. 

The  real  problem  ia,  "  to  express  one  quantity  in  tenns  of 
another,  tliis  other  being  considered  as  one,  whether  it  be  arith- 
metically expressed  by  the  nnmber  1  or  by  any  other  number." 

All  simple  or  abstract  numbers,  whether  integers  or  dednuds, 
areexpreasedin  terms  of  the  number  I,  as  they  are  bH  bronght 
to  the  unit's  place,  by  adding  Os  to  integers  and  prefixing  them 
to  dedm«Js  when  necessaty.  The  nnmber  which  espreases  the 
oneof  two  numbers  in  terms  of  the  other  must  Edso  be  expressed 
in  teims  of  the  number  1,  otherwise  its  value  would  not  be 
known  according  to  that  standard  by  which  we  measure  the 
valuea  of  all  dmple  numbers.  Therefore  the  general  problem 
in  division  reaolves  itself  into  this:  "  To  find  a  numbw  which 
riiall  have  the  same  relation,  or  ratio,  or  p«0fMieB,  to  the  num- 
ber 1,  which  the  one  of  two  given  numbers  has  to  the  other.' 

The  number  in  terms  of  which  the  other  is  to  be  expreeaed 
is  mabled  the  tUtngor,  which  means  the  "divider,"  the  measure 
or  instrument  of  division ;  the  number  which  is  to  be  expressed 
in  terms  of  the  divisor  is  called  the  dividend,  which  means 
the  "  divided,"  the  subject  of  the  divi^on ;  and  the  resulting 
number,  ^lich  expresses  the  dividend  in  terms  of  the  divisor, 
ia  called  die  qiwtieiU,  which  meana  "  as  much,  or  as  many,  aa 
there  shall  be."  i 

This  last  is  a  vague  or  indeterminate  expresdon ;  and  that  it 
should  be  so  is  necessary  in  order  to  indude  all  cases.  The 
itaoQia  oi  this  wiU  become  appatent  when  we  consider  that  two 


bf  Google 


PRINCIPLE  OF  siruiaiT.  59 

conditioiu  sie  niqulred  in  thia  quotient,  and  tlwoe  two  condi- 
tione  maj  or  ma;  not  agree  exactly  vritiL  each  other,  acomding 
to  the  particiilar  case.  The  quotient  must  expicBB  the  diridend 
in  termsof  the  divisor;  and  this  is  the  quantity  actn^j  sought, 
so  that  no  deviatitm  from  it  can  be  admitted.  B&t  again,  the 
quotient  mntit  be  expressed  in  tenns  of  the  nomber  1,  in  order 
that  it  may  come  within  the  limits  <^commonarithmetic,  and  be 
of  use  in  practice.  Now,  thoim:h  these  two  modes  of  exprecBion 
ore  in  many  casee  periectiy  compatible ;  yet  any  one  will  nadily 
see  that  it  is  not  neceesary  they  should  be  so;  for,  the  number  1 
is  a  fixed  and  inyariable  standard  in  the  case  of  abstract  or 
(ample  nombeis, — though  it  does  not  represent  one  of  any  par- 
ticular kind  of  qaaBtUies,  bnt  stands  ready  to  express  off  one*, 
of  what  kind  soever  they  may  be,  and  whether  in  themselves  of 
greater  value  or  of  leas.  A  divisor,  on  the  other  hand,  may  be 
any  thing:  it  may  be  1,  a  number  of  times  I,  less  than  1,  ux  ex- 
presEdonwhidiisnotl,  oranameaUennmberof  tiinesorpartof 
1 ;  and  in  the  last  case  the  quotient  cannot  of  course  be  expressed 
in  t«nns  both  of  1  and  of  the  divisor. 

A  very  simple  instance  will  illustrate  tlus ;  the  nomber  10, 
as  it  is  written,  ia  e^ressed  in  terms  of  the  number  1  only, 
because,  according  to  our  common  notation,  it  eatresses  ten  I's. 
Now,  suppose  that  it  were  required  to  express  this  10  in  terms 
also  of  the  number  2,  it  is  evident  that  the  expresmon  would  be 
B,  because  S  times  2  and  10  times  1  are  exactly  the  same.  The 
number  10  is  therefore  capable  of  being  expressed  both  in  terms 
<f  2and  1.  But  let  us  endeavour  t«  express  it  in  termsof  the 
number  3,  and  we  find  that  the  quotient  is  not  expreedi^  in 
terms  of  (he  number  1 ;  the  nearest  expression  which  we  can 
find  is  3,  but  three  3*8  make  only  9,  and  we  want  a  number 
of  3*3  that  shall  make  10 ;  4  will  not  do,  because  four  3*8  make 
12,  which  is  2  more  than  10,    Thetefore,  in  integer  numbers, 
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all  that  we  can  arrive  at  is  three  So,  and  1  over  or  remaining. 
Bnt  we  can  get  some  more  of  the  eiqncsaioa  in  deumala,  for 
apiMt  the  same  principle  that  1  ten  is  10  ones,  1  unit  is  10 
tenths,  and  the  result  of  this  b  3  and  1  tenth  over :  1  tenth  is 
10  hmidredth  parts,  so  that  we  again  have  3  hundredth  parts 
and  1  OTer ;  and  if  we  continne  to  eyer  so  many  places  of  deci- 
mals we  shall  always  have  the  same  number  3  and  1  over ;  so 
that  the  number  which  expresses  10  in  terms  of  3  cannot  be 
exaotly  espieaaed  in  terms  also  of  the  number  1,  so  as  to  be 
brought  within  the  scale  of  arithmetic,  either  in  integers  or  in 
decimals.  To  whatever  length  we  cany  it,  it  is  3.33333  and  1 
of  tiie  last  place  or  term  divided  by  3,  or  10  of  another  plac« 
more  to  the  right,  remaining  to  be  expressed  in  terms  of  the 
number  3,  and  so  on — without  end. 

We  iJiall  have  occasion  afterwards  to  point  out  the  circum- 
stances which  determine  when  a  dividend  can  be  expressed  in 
terms  boUi  of  the  divisor  and  the  number  1,  and  when  it  can- 
Wt ;  and  all  that  ne  require  to  know  in  the  mean  time  is,  that 
this  exptesmon  is  sometimes  possible  and  sometimes  not. 

With  this  understanding,  that  the  dividend  is  sometimes  equal 
to  the  product  of  the  divisor  by  a  number  which  is  expressible 
by  common  notation  in  terms  of  the  number  1,  and  sometimes 
not,  we  may  considei  division  as  exactly  the  converse  or  vppo- 
site  of  multiplication ;  and  the  general  problem  into  whidi  it  is 
resolvable  to  be,  "  given  a  product  and  one  of  the  factors  to  find 
the  other  iactor." 

Simple  as  this  problem  appears  to  be,  there  is  no  way  of 
solving  it  directly,  with  the  consideration  that  both  divisor  and 
divident  ore  wholes,  but  by  trial ;  and  even  in  a  very  aimplQ 
case,  the  number  of  triab  before  the  quotient,  or  even  a  near 
approximation  to  it,  could  be  obtained,  would  be  very  great^-so 
great,  that  success  would  be  altogether  hopeless. 
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But,  as  this  is  the  moat  difficult  of  all  the  simple  or  ele- 
mentaiy  opetations  in  arithmetic,  bo  the  scale  of  mtmbers 
cornea  more  effectutdly  t«  our  ud  than  it  does  in  any  other. 
By  means  of  it  we  are  enabled  to  resolve  that  which  we  se^ 
into  two  parts ;  first,  the  nnmber  of  figures  or  places  <^  which 
the  quotient  or  nnmber  sought  shall  oonfflst ',  and  secondly, 
what  these  figures  shall  individnally  be.  As  no  indindnal 
figure  can  be  greater  than  9,  there  cannot  be  more  than  about  half 
that  nnmber  of  triab  necessaty,  even  formere  beginners;  and  a 
very  little  practice  enables  us  to  choose  the  proper  fignie  with- 
out any  trial.  The  rule  for  the  number  of  figures  in  the 
quotient  may  be  understood  with  equal  ease :  as  many  figures 
on  the  left  of  the  diTidend  as  will  contain  the  divisor  once  and 
not  moie  than  nine  times,  will  give  the  first  or  left  hand  figure 
of  the  quotient,  and  eveiy  additional  figure  which  remains  fiS 
the  dividend  will  give  one  figure  more.  If  there  is  a  remainder 
after  all  the  figures  of  the  dividend  have  been  used,  the  diviwm 
may  be  continued  decimally  by  adding  Cfs  to  the  successive  ra- 
mainders,  till  it  either  terminates  or  is  carried  as  for  as  may  be 
thou^t  necessary.  If  the  dividend  is  leas  than  the  divisor,  the 
qnotient  most  evidently  be  less  than  1,  or  coosist  wholly  of 
decimals ;  because  a  smaller  number  does  not  make  1,  in  t«rma 
of  a  greater,  as,  for  instance,  7  does  not  make  1  in  terms  of  8, 
and  therefore  the  quotient  of  7  divided  by  8  can  be  expreBsed 
in  the  scale  of  numbers,  or  in  terms  of  the  number  1,  only  by  a 
decimal  number,  the  whole  of  which,  of  how  many  figures 
soever  it  may  condst,  is  less  than  the  number  1.  When  the 
quotient  is  thus  wholly  dedmals,  the  first  or  left  hand  figure  of 
it  must  evidently  be  as  many  places  to  the  ri^t  of  the  decimal 
point  as  there  are  decimal  places  used  in  obtaining  that  figure. 

Beginners  sometimes  find  a  little  difficulty  in  the  division  of 
decimal  numbers,  not  in  obtaining  the  figures  of  the  quotient. 
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becauee  these  ai«  fbond  in  exactly  the  same  manner,  whether 
the  dividend  and  divisor  are  both  ints^re,  both  decimals,  or 
j^aitJy  the  one  and  partly  the  other,  hot  in  determining  rightly 
the  Bitaation  of  the  decimal  point.  This  difGcnlty  may  be 
eanly  got  rid  of  byattendii^  to  the  following  conaideTations : — 
Every  mimber,  whatever  it  may  be,  expresses  a  number  of  its 
right  band  figure ;  thus  3500  expresses  thirty-five  hundreds^ 
because  S,  the  right  hand  figure,  la  in  the  place  of  hundreds ; 
360  egresses  thirty-five  tens,  because  6,  the  right  hand  figure, 
is  in  the  place  of  tens ;  3.5  expresses  thirty-five  tenths,  because 
6,  tbe  right  hand  figure,  is  in  the  place  of  tenths;  .035  expresses 
thirty-five  thousandth  parts,  because  5,  the  right  hand  figure,  is 
in  the  place  of  thousandths ;  and  the  same  of  any  other  num- 
ber, whatever  number  of  figuieB  it  may  consist  of,  and  how  far 
soever  its  right  hand  figure  may  be,  integrally  to  the  left,  or 
decimally  to  the  right,  of  the  decimal  point,  always  expresses 
Ds  many  of  the  place  of  that  figure,  as  it  would  express  of  tmits, 
or  of  times  the  number  1,  if  its  right  hand  figure  were  in  the 
unit's  place. 

From  this,  it  evidently  follows  that  the  arithmetical  expies- 
u<»i  of  two  numbers  according  to  the  scale  does  not  express  the 
proportion  of  their  real  values  unless  their  right  hand  figures 
occupy  exactly  the  same  place  in  the  scale,  that  is,  be  at  exactly 
the  same  distance  &om  the  decimal  point,  whether  to  the  left 
hand  of  it  or  to  the  right. 

We  are  in  the  habit  of  expressiDg  all  integer  numbers  in 
terms  of  the  number  1,  which  is  accomplished  by  simply  sup- 
plying as  many  ffe  as  will  brii^  the  number  down  to  the  nnif  s 
place ;  thus  one  0,  if  the  number  is  wholly  tens,  two  Os  if  the 
number  is  wholly  biradreds,  three  O's  if  it  is  wholly  thousands, 
and  BO  on;  and  it  is  evident  that  every  0  which  we  tiius  add 
multiplies  the  numerical  expression  <^  the  number  by  10^  that 
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is,  makes  it  ten  tiroes  greater  in  number,  but  not  any  greater 
in  its  idiole  value ;  so  tltat  every  0  thus  added  makes  eMJL 
individnal  figure  of  the  number  only  one-tenth  part  of  what  it 
was  without  the  0,  or  we  have  t«i  times  as  many  as  we  had 
b^Te;hut  each  1  of  that  number  is  t«n  times  leea  than  it  was 
befine,  and  thus  the  entire  value  is  not  in  the  least  altered. 
Two  Ob  increase  the  nnmber  one  hundred  times,  and  mak« 
every  i  of  which  it  is  composed  only  one-hundredth  part  of 
Avh&t  it  ^aa ;  and  generally  whatever  nnmber  of  O's  we  annex 
to  the  r^ht  of  a  number,  without  altering  the  whole  value  of 
tliat  number,  we  divide  each  individnal  1  which  the  number 
contains  as  often  by  10  as  there  are  O's. 

By  the  application  of  this  principle  any  number  whateret 
may  be  expressed  in  terms  of  any  lower  pUce  in  the  scale, 
whether  integral  or  decimal,  by  annexing  as  many  dphers  te 
the  light  of  it  as  shall  bring  it  down  te  the  required  place ;  and 
therefore,  when  we  have  a  divisor  and  dividend  which  confadn 
different  numbers  of  decimal  places,  we  have  only  te  add  to  that 
which  has  fewest  as  many  O's  as  shall  make  its  number  equal 
to  that  in  the  other,  and  th«i  divide  the  one  by  the  other  in 
«sactly  the  same  manner  as  if  they  were  both  wholly  int^ers 
and  the  right  hand  figures  of  them  nnits.  Of  cooise,  whatever 
figures  of  the  quotient  ate  obtained  from  the  divisor  and  divi- 
dend so  prepared,  must  be  int^ers,  but  if  more  O's  be  annexed 
either  te  the  dividend  or  te  the  remainders,  there  must  be  a 
decimal  place  in  the  quotient  answering  to  each  of  them. 

The  principle  which  this  involves  is  the  most  important  one 
in  the  whole  science  of  arithmetic ;  because  it  enal^  us  to 
eeporatothe  absolute  values  even  (J  numbers  from  the  nnmerical 
vttlnes  of  them,  and  thus  to  consider  theii  relations  generally; 
and,  it  ia  the  application  of  those  general  relations  which  is  our 
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ehief  element  in  the  findii^;  of  unknown  quantities  by  means 
of  known  ones;  for,  if  we  liare  a  qoantity  of  the  same  kind 
'  with  that  which  we  seek,  and  know  the  relation  which  this 
quantity  bears  to  that  which  we  seek,  we  are  In  a  conditim  for 
finding  the  value  of  the  unknown  quanti^,  in  terms  of  tite 
known  one.  This  part  of  the  subject  is  called  the  doetrme  qf 
'  ^MPORTioN,  that  is,  the  doctrine  of  the  relation  which  the  mag- 
nitude, or  Talue,  of  one  quantity  taken  as  a  whole  bears  to  that  of 
another  quantity  taken  as  a  whole.  In  order  to  hare  this  rela- 
tion, the  quantitiea  must  be  such  that  we  can  at  once  say  that 
they  are  equal,  or  that  one  of  them  must  be  greater  than 
another;  and  if  they  are  expresaed  in  numbers,  those  nnmhers 
Inust  be  expressed  in  terms  of  the  same  place  in  the  scale  of 
numbers ;  for  if  the  arithmetical  espresmon  were  not  of  this 
description,  the  numbers  would  express  a  difierent  ratio  from 
the  quantities.  A  Tery  simple  instance  will  sen-e  to  iUnstiate 
this :  there  is  a  certain  ratio  or  [miUliiliiiii  between  7  sore- 
reigns  and  8  guineas ;  but  it  will  be  at  once  seen  that  this  ia 
not  the  ratio  of  the  numbers  7  and  8,  because  1  in  the  one  of 
them  is  not  equal  to  1  in  the  other  of  them,  for  a  sovereign  is 
equal  to  20  shillings  and  a  guinea  to  21  shillings ;  and  there- 
fore, before  we  can  find  two  simple  numbem  which  will  espreas 
the  ratio,  we  must  turn  both  into  their  values  in  shillii^is,  which 
is  evidently  done  by  multiplying  the  sorerdgns  by  20  and  the 
guineas  by  21,  which  numbers  are  140  and  168.  But  if  we 
look  at  the  numben  which  we  multiply,  we  find  there  is  7  on 
the  one  fflde,  and  21,  or  three  Te,  on  the  other ;  and  agun,  that 
there  is  20  or  fire  4's  on  the  one  fflde,  and  8  or  two  4's  on  the 
other.  We  may  therefore  throw  the  7  and  the  4  out  of  both 
mdes,  and  there  remain  1  and  G  answering  to  the  7  sovereigns, 
and  2  and  3  answering  to  the  8  guineas ;  and  if  we  take  the  pn>- 
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dacts  answering  to  each,  we  have  7  BOTereigiu  t«  8  guineas,  in 
the  ratio  of  5  to  6,  which  ia  really  a  more  simple  ratio  tluui  that 
of  thenombere. 

Before  proceeding  to  the  ei:planatioii  of  this  doctrine  in  such 
a  manner  as  to  hare  dear  notions  of  its  usefulness,  and  dne 
expertneas  in  the  application  at  it,  it  becomes  necewary  to  intro- 
iluce  principles  more  genetal  than  can  be  introduced  by  means 
of  the  commcra  arithmetical  figures ;  because  we  haye  seen  that 
the  numbers  in  iritich  quantities  are  presented  to  ns  do  not 
necessarily  express  the  ratios  of  those  quantities  of  wltich  they 
are  the  arithmetical  names ;  and  also  because,  as  we  have 
already  partially  seen,  from  the  imposgiblUty  of  dividing  Bome 
Dtunbers  exactly  by  some  others — as  we  shall  afterwards  Bee 
more  at  length — all  ratios  are  not  expressible  in  terms  of  1 
in  any  place  whatever  of  the  arithmetical  acsle.  We  shall 
therefore  only  mention  farther,  that  as  the  product  in  multi- 
plication, when  divided  by  any  one  of  the  two  &ctors,  must 
necessarily  give  the  other  laotor  as  quotient,  it  follows  that  the 
quotient  of  a  number  accurately  expressible  by  the  scale, 
divided  by  one  not  accnntely  expressible,  may  be  a  number 
accurately  expressible.  We  shall  now  proceed  to  the  conn~ 
deration  of  quantities  generally,  and  withont  any  reference  to 
whether  they  can  or  cannot  be  expressed  arithmetically  by 
numbers. 


SECTION  V. 

GENERAL   OB   ALQEBRAIGAL   BZPHB88HIN   OF    QUANTITIBS. 

It  is  a  general  rule  in  nature,  in  art,  and  in  science,  that 
everything  which  is  peculiarly  well  adapted  for  the  accom- 
plishment ti  some  one  particular  purpose,  is,  for  ihat  vei^ 
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reoMK,  the  worse  adapted  for  «veiy  other  pnrpoae.  This  is 
remarkably  the  case  with  the  scale  and  □□tatioQ  of  numbers 
in  onr  Arithmetic.  It  is  difficult  to  imagine  any  means  by 
which  individual  operations  in  nomben  could  be  perfbnned 
with  so  much  ease  and  certainty ;  but  the  great  foeility  and 
precision  with  which  we  are  able  to  manage  each  particulBr 
case,  become  obalacles  in  our  way  when  we  attempt  to  investi- 
gate general  principles.  The  whole  egression — all  the  chamo- 
ten  which  are  before  our  eyes,  apply  to  the  particular  case  only, 
and  each  number  tells  ns  nothing  but  its  relation  to  the  scale. 
There  is  no  trace  of  the  operation  in  the  result,  and  Tery  ofl^ 
there  is  not  a  vestige  of  the  original  or  given  numbers,  by  which 
the  result  has  been  obtained.  Thus,  for  instance,  49  is  the 
product  of  7  by  7 ;  and  the  product  of  no  other  two  iutegw 
numbers,  except  of  49  and  1,  which  is  not,  properly  speaking,  a 
product  at  all.  But  there  is  nothing  in  49,  as  it  appears  arilh- 
medcatly,  to  let  us  know  that  it  is  the  product  of  7  by  7,  or  of 
any  two  numbers  whatever ;  and  any  one  who  liad  not  learned 
by  rote  the  products  of  all  numbers  up  to  9  times  9,  or  81, 
would  be  jnst  as  likely  to  suppose  that  47  were  the  product  of 
two  numbers;  but  we  find  by  actnal  trial  that  47  is  not  the 
product  of  any  two  numbers,  each  greater  than  the  number  1. 
£ven  in  the  very  simplest  instances  which  we  can  take,  we  find 
no  trace  whatever  either  of  the  given  numben,  or  of  the  opera- 
tion, in  the  result.  S  is  the  sum  of  2  and  3 ;  but  there  is  no 
^pearance  in  it,  either  of  its  being  connected  with  2  and  3,  or 
of  its  being  a  sum  at  all.  It  is  one  simple  and  original  marie, 
and  leads  us  to  think  only  of  a  number  of  times  1 — of  a  short 

expreedon  for  the  same  number  of  dots  ( ). 

An  arithmetical  expression  does  not,  thus,  give  any  account  of 
itself  and  an  arithmetical  operation  has  no  stoiy  to  tell.  How- 
ever long  and  complicated,  however  short  and  plain,  however 
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t«dioQa  bom  want  of  the  knowledge  of  princiides,  or  ample  tmm 
the  poaeewiou  of  this  knowledge,  such  an  op^atkin  may  he,  it 
offers  BO  iaatruetion  to  the  ignorant ;  for  tliough  some  <^  the 
numbers  niay  a{^)ear  u  data,  or  as  bemg  origmally  giv^  and 
others  as  results ;  y^  all  that  is  done'  in  order  to  obtun  the 
results  from  die  data  is  ecmoealed ;  and,  in  oider  to  understand 
the  operation,  the  student  must  brii^  to  it  tiie  vei;  same  degree 
vS  knowledge  wfaidi  was  te([uired  for  the  original  performing  of 
it.  A  bo(A  might  be  filled  witi  such  operatitms,  but  it  would 
be  a  book  containing  no  knowledge ;  and  as  we  cannot  separate 
the  prindples  from  Uie  particular  numbers  contained  in  the 
example,  the  only  knowledge  that  we  con  obtun  is  a  set  of 
empirical  rules,  the  truth  <^  which  we  have  no  means  of 
bringing  to  the  test. 

It  is  for  these  reasons,  that  the  arithmetic  which  we  uenally 
learn  at  school  is  not  only  wholly  nielew  to  ua  aa  an  inatmment 
of  knowledge,  hut  acta  as  a  barrier  in  our  way  when  we  attempt 
to  understand  anything  of  the  other  fanmches  of  mathematics. 
It  ia  OB  if  we  were  to  bow  flowers,  and  espect  them  to  spring 
up,  and  grow,  and  produce  a  crop  of  plants.  The  principles  of 
v^ietahle  life  are  in  the  flowers,  bat  they  are  not  deyeloped: 
the  development  is  in  the  seed,  and  that  seed  we  cannot  obtain, 
if  we  separate  the  flower  bom  &te  parent  plant.  Just  so,  when 
we  are  conrersant  with  nnmbeTs  only  in  the  way  of  the  common 
arithmetical  operations,  we  are  without  the  principles  of  know- 
ledge in  such  a  state  as  that  Oioe  part  may  be  fruitful  of  other 
knowledge. 

There  is  this  farther  disadraatage  in  the  application  of  em- 
pirical rules  of  which  we  do  not  comprehend  the  meaning  and 
in  the  petfonning  of  operations  the  reason  of  which  is  a  mystery 
to  us,  that  we  never  enter  heartily  upon  such  subjects,  and 
never  at  all,  if  we  can  avoid  them.  Now,  as  this  icpoluve 
f2 
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matter  meets  ub  at  the  very  threshold  of  reaaooing,  the  mis- 
chief which  it  does  to  oar  powers  of  reasoning,  apon  all  auhjects, 
is  incalculable ;  and  as  the  investigation  of  mathematical  tmth 
is  the  only  means  by  which  the  mind  can  acquire  the  confidence 
of  truth  in  all  mattera  of  reasoning,  it  is  not  easy  to  calenlate 
how  much  of  the  intellect  of  the  world  is  condemned  to  lie 
nseless  hy  this  cruelly  absurd  practice,  which  gives  us  the  foil 
measure  of  the  labour  without  any  of  the  advantages.  We  at 
once  get  rid  <rf  all  these  difficultiea  if  we  have  recourse  to 
Alg(iyra,  and  so  make  ourselves  masters  of  the  principles,  befbre 
we  apply  them  arithmetically  to  particular  cases.  It  is  a  very 
general  opinion  that  there  is  something  mysterious  and  difficult 
in  Algebra,  but  no  opinion  can  be  more  erroneous ;  it  is  as 
natural  to  the  buoyancy  of  the  youthful  mind  as  running  is  to 
^e  vigour  of  young  limbs,  only  the  arithmetical  notions  (or 
rather  want  of  all  notions)  act  as  a  trammel  upon  us— our  fe«t 
are  tied  before  we  are  aQowed  to  run. 

Alobbra  literally  means  *'the  consolidation" — that  which 
sets  the  whole  matter  before  our  eyes  in  the  clearest  manner, 
and  in  the  smallest  possible  compass.  The  name  is  very  &ith- 
fully  desoriptjve  of  flie  science;  and  surely  being  complete, 
being  clear,  and  being  brief,  are  not  very  like  the  usual  causes 
of  difficulty  aad  mystery!  Every  quantity,  every  relation,  and 
every  operation,  is  fairly  marked  down ;  so  that  one  line,  of 
often  one  single  expression  consisting  of  only  a  few  letters  'and 
marks,  tells  a  longer  story,  ajtd  tells  it  more  clearly,  than  if  it 
occupied  a  whole  volume  in  the  common  words  of  language. 
The  end  is  thus  seen  from  the  beginning,  and  all  the  steps  of 
the  most  complicated  operation  are  shown  at  a  glance,  with  a 
satisfaction  to  the  mind  which  cannot  be  obtained  by  any  other 

As  this  is  accomplished  without  any  reference  to  the  numa. 
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rical  Talues  or  expreaHons  of  quantities,  all  reeults  which  are 
nnired  at  become  general,  and  are  applicable  to  all  quantities 
of  the  same  kind  which  have  the  same  relations  to  each  other. 
Thus  eveiy  algebraical  operation  is  the  inreatigstion  of  a  truth, 
and  every  result  of  such  an  operation  becomes  a  rule  for  the 
wlutian  of  all  arithmetical  questions  which  depend  on  the 
knowle^  of  that  truth. 

The  means  by  which  all  this  b  accomplished  are  so  exceed- 
ingly simple,  that  perhaps  nobody  ever  arrived  at  the  knowledge 
ni  the  more  ekmentar}'  ones,  unincumbered  by  arithmetical 
considerations,  without  wondering  why  he  should  have  required 
any  teaching.  There  is  only  an  alphabet  to  learn,  and  it  is  a 
very  short  one  ;  and  when  we  have  once  mast«red  this,  if  we 
understand  any  subject  in  itself  we  can  be  at  no  loss  in  ex- 
pressing and  treating  it  algebntkally.  This  alphabet  forms 
sdiat  we  may  call 


There  are  two  ways  of  viewing  the  same  quantity :  we  may 
consider  it  simply  as  one  whole,  or  we  may  consider  it  as  in 
some  way  made  up  of  parts,  or  as  the  result  of  some  operation ; 
and  though  the  quantity  may  be  in  both  cases  exactly  the 
Mune,  yet,  as  in  Algebra  we  must  express  all  that  we  mean 
and  all  that  we  do,  we  must  have  the  means  of  pointing  out 
whether  we  view  the  quantity  dmply  as  a  whole,  or  as  a 
compound  or  result. 

When,  we  consider  a  quantity  amply  as  a  whole,  we  express 
it  by  the  very  shortest  name  or  mark  which  we  can  poasibly 
■se,  namely,  a  ungle  letter  of  the  alphabet — one  of  the  letters 
near  the  beginning,  as  a,  6,  or  c,  if  the  quantity  is  a  known 
one ;  and  one  near  the  end,  as  x,  g,  or  x,  if  the  quantity  is 
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Tliis  nee  of  the  letten  U  ptuely  arbitrary ;  but  tbey  are  at 
least  aa  good  aa  any  other  marks,  being  dmple  and  fiuniliar  to 
eveiybody.  In  English,  tiie  letter  a  is  peculiariy  happy  as  a 
general  expression  for  qoantity,  because,  as  a  word,  it  is  the 
most  general  and  indetinite  in  the  langnage.  a  man,  or  a  book, 
is  the  ntost  general  expreaaon  that  we  have  for  one  man  or 
bo<J[ ;  and  if  we  leave  ont  the  name,  and  nse  a  alone,  then  it 
means  any  one  thii^  or  drcamstanoe,  or  t«Iation  whatsoever, 
which  we  dm  imagine  to  be  a  quantity. 

The  expresdng  of  unknown  quantities  as  well  as  known 
ante  in  Algebia,  is  a  very  great  advantAge,  because  it  enaUes  us 
to  slate  ot«npletely  those  relations  by  means  of  which  we  arrivs 
at  the  valne  of  the  unknown  qoantity  in  terms  of  known  ones. 
When  Algebra  was  first  introduced  into  Europe,  it  was  named, 
from  this  circumstance,  CoMict,  frmn  &e  Italian  word  toaa,  a 
thing — "  the  thing  sought,"  being  written  among  the  data,  as 
well  as  the  things  which  are  given. 

Though  the  letters  used  in  algebraical  notation  have  no  fixed 
numeral  values,  yet  the  same  letter  is  never  used  for  two  ^- 
fterent  values  in  the  same  operation,  but  is  understood  to  be  the 
aaane  at  every  step;  or  if  it  acquires  a  new  value,  which  cannot 
be  expressed  by  other  quantities  or  relations,  the  new  value 
must  be  expressed  by  an  accent,  or  some  other  mark :  thus,  a 
for  the  first  value,  a  for  the  second,  a"  for  the  third,  and  so  on. 
This  mode  of  expression  is  not  mquired  in  elementary  cases. 

When  a  quantity  is  considered  as  compound,  there  must  be  » 
letter,  or  other  expression,  for  each  part  of  which  it  is  com- 
posed ;  and,  in  addition  to  these,  there  must  be  some  means  of 
pointing  out  the  relations  in  which  the  parts  of  the  compound 
stand  to  each  other. 

The  umpleat  form  in  which  a  compound  quantity  can  exist, 
is  that  in  which  it  is  formed  of  two  simple  quantities;  and 
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there  are  four  leading  relations  in  which  the  very  same  two 
parts  of  a  compound  quantity  can  atand  to  each  other,  ali  of 
them  giving  difierent  values  to  the  compound  quantity  aa  a 
whole. 

The  two  parts  may,  in  all  these  cases,  be  represented  by  the 
same  two  letters,  as  a  and  b. 

The  Jira  general  relalton  is  that  of  the  addition  of  the  two 
qnantities,  which  is  expressed  by  putting  the  sign  +  (plut) 
between  the  two  letters,  thus,  a  +  6,  which  is  read,  "  a  plus 
A,"  and  means  the  sum  of  the  two  quantities  which  are  expressed 
by  a  and  b. 

The  first  quantity,  a,  which  has  no  ugn  before  it,  is  also 
onderstood  to  have  the  s^  +  ;  and  therefore  it  is  of  no  con- 
sequence to  the  value  ot  the  whole  expression  whether  we  write 
t  +  b,  ot  b  +  a;  foe  it  is  evidmt  tliat  the  sum  of  the  same 
quantities  is  the  same  in  whatever  order  we  take  the  individaal 
quantities.  A  poond,  a  crown,  and  s  shilling  make  twenty-six 
shillings,  whichever  of  them  we  take  fint,  or  second,  or  last. 

Here  it  may  not  be  improper  to  notice  the  method  of  repre^ 
aentitig  the  very  simplest  relation  which  the  whole  <d  one  quan- 
tity can  have  to  the  whole  of  another,  whether  they  be  both 
simple,  both  compound,  or  the  one  compound  and  the  other 
rimide — namely,  the  relation  of  perfect  equality.  This  is  done 
by  writjng  the  sign  =,  which  is  read  "  equal,"  or  "  equal  to," 
between  the  equal  quantities:  thus,  a  +  b  =  b  +  a,  expresses 
that  the  sum  of  a  and  b  is  equal  to  the  sum  of  b  and  a.  If 
we  were  to  consider  this  sum  as  one  whole  and  simple  quan- 
tity, and  repreaent  it  by  a  new  letter,  as  by  the  letter  »,  then 
we  might  vnite  a  +  ft  =£  #. 

The  Kcmtd  genenU  relaHan  of  the  two  parts  of  a  compound 
quantity  to  each  other,  as  afiecting  the  value  of  that  compound 
quantity,  is  that  in  which  the  one  of  them  is  subtracted  from  the 
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other.  This  is  eiqiteBged  by  prefixbg  the  sign  —  {minut)  to 
the  quantity  to  be  subtracted.  If  ft  is  the  snbtractihle  quantity, 
the  expression  is  a — ft ;  but  if  a  Is  the  snbtnctible  quantity, 
then  it  is  ft— a.  But  these  two  expressions  are  not  equal  to 
efidi  otiier,  except  in  one  particular  case,  that  in  which  a  =ft, 
and  then,  both  a— ft  and  ft— a  are  equal  to  0.  In  every  othef 
case,  the  value  of  the  one  expression  is  greater  than  0,  and  tihat 
of  the  other  less ;  and  the  one  is  juat  as  mudi  greater  than  0,  aa 
the  other  is  less.  If  the  smaller  of  the  two  quantities  has  the 
sign  — ,  the  value  of  the  two  will  he  greater  than  0;  and  if  the 
greater  hos  the  sign  — ,  the  value  of  the  two  will  be  aa  much 
less  than  0  as  it  is  greater  in  the  otlter  case. 

Here  it  is  necessary  to  mention  the  means  of  expresung- 
imother  relation  of  the  whole  value  <rf  one  quantity  to  the 
whole  value  of  another;  namely,  the  relation  of  ineqaaiity. 
But  mere  Inequality  u  not  a  definite  relation  from  which  any 
nsefol  conclunon  can  be  drawn :  for,  as  either  of  the  two  quan- 
tities m^  be  the  greater,  vre  are  left  with  two  opponte  mean- 
ings, both  equally  appUcable,  if  we  do  not  know  which  of  the 
qusDtities  is  the  greater ;  and  so,  if  we  have  not  the  means  cf 
detemumngthiB,the&ct  of  their  being  unequal  can  be  of  no  use 
to  us.  But  if  we  know  which  quantity  is  the  greater,  the  rela- 
tion of  inequality  becomes  useful,  whether  we  happen  to  know 
by  how  much  it  b  greater  or  not ;  for  the  simple  fact  of  being 
greater  or  less  is  aU  that  we  may  have  occasion  for  in  some 
cases.  Now  as  the  relation  of  equaUty  is,  as  already  tomsb.' 
tioned,  expressed  by  writing  between  the  quantities,  the 
contiating  of  two  lines,  equally  open  or  apart  from  each  Othei 
at  both  ends,  inequality  is  very  naturally  expressed  by  7 
which  con^sls  oi  two  lines,  opm  at  the  one  end  bat  meeting  a1 
the  other ;  and  the  open  end  is  tnined  to  the  greats  quanti^. 
Thus,  if  a  is  greater  than  ft,  we  may  egress  the  &ct  by  a  7ft, 
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which  is  read,  "  a  greater  than  b;"  or  we  may  turn  it  the  other 
way,AZii,  and  read,  "ft  leas  than  a,"  which  is  the  <reiy  same 
meaning  differently  espreaeed.  If  076,  then  it  follows  that 
0—676— a,  orft— nZfl— 6. 

Though  +  is  the  sign  of  Addition,  and  —  the  sign  of  Sub-^ 
traction,  they  have  a  much  more  extended  meaning  than  those 
operatione  hare.  The  sunt  of  two  quantities  may  always  be 
espieased  by  0  +  6,  and  the  difference  by  a — 6,  if  076,  or  by 
6—0,  if  67(1,'  but  we  can  use  the  expreaaioD  a-\-b,  or  (i-~fr, 
in  coaes  where  arithmetic  could  not  be  applied,  a  and  6  may 
be  any  two  quantitiea,  whether  of  the  game  kind  or  of  different 
kinds,  and  whether  it  be  or  be  not  possible  to  express  them 
arithmetically. 

We  must  be  caiefiil  also  not  to  confonsd  this  general  or 
algebraical  use  of  the  signs  +  and  — ,  with  the  partkular  use 
of  them  as  applied  to  esponents,  of  which  we  gave  some  account 
when  endeavouring  to  explain  the  scale  of  numbers.  Thus,  in 
the  two  expiesaions  a  +  b  and  a**,  the  »gn  +  has  very  different 
meanings.  We  may  remark,  that  in  the  expresdon  a**,  it 
Is  not  necessaiy  to  write  the  sign  +  before  the  exponent  *,  any- 
more than  before  the  quantity  a,  for  the  position  of  '  shows 
that  it  is  an  exponent  not  a  simple  quantity,  and  we  never 
write  +  before  the  first  character  of  any  expieseaon,  that  being 
almtys  understood  to  leave  + 1  nnlees  —  is  prefixed  to  it. 

Well,  let  OS  return  to  a+6  and  a  ^',  retaining  the  sign  in  the 
aecond  quantity,  which,  tiiough  not  necessary,  does  not  alter 
the  valne,  as  the  exponent  is  really  +  in  all  cases  where  it  has 
not  '~.  In  order  that  we  may  get  definite  valnes,  let  us  take 
aparticular  case,  by  usii^  numbers  for  the  letters;  and  as  a  and 
b  are  peiiectly  general,  we  may  use  any  numbers  for  them.  So 
letnscaU(i=fi,  and6=4.  Then  a +6  will  become  6+4,  and 
«+t  wHl  be  S  ',  or  without  the  mgn  fi*. 
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Let  ua  now  £nd  and  compare  the  values  of  these  expres- 
uona:  S+4iB  the  Bum  of  5  and  4,  which,  by  conntiDg,  wefind 
tobe9;  therefore,ifa  =  S  and  6=4,  then  a+b=4+fi=9. 

Now  for  the  other  quantity,  6  *'  or  S*.  The  4  here  is  an  expo- 
nent, and  means  the  number  of  times  that  1  b  to  be  mnltiplied 
by  6.  One  multiplication  gives  us  6 ;  a  second,  five  times  6,  or 
2fi ;  a  third,  five  times  M,  orl25 ;  and  the  fonrUi  or  last  one,  five 
times  126,  or  625.  So  that  if  a=6  and +'=4;  then  o+'=6+* 
or  5^^625,  which  is  a  very  difierent  valne  from  9. 

Let  US  now  examine  the  case  of  the  same  expreeaions,  in 
which  the  second  quantity,  h,  bae  the  sign  — ,  a — b,  and  a'*. 
In  Hob  caae  we  cannot  dispense  nith  the  sign  —  before  b  in 
either  expreswon  :  so  let  us  use  the  same  numbers  as  before, 
and  get  the  values.  Ifa^S  6^4,  then  a — 6=0 — 4^1.  So 
that  the  value  of  the  first  is  1. 

Then  ft«  the  second :  5~*,  tem  what  was  said  of  expo- 
nents, means  that  1  is  to  be  divided  four  times  by  6.  Once 
dividing  ^ves  us  two  t«nths,  or  .2;  a  second  time,  ,04;  a 
third,  .008;  and  a  fourth,  .0016;  so  that  if  a=B,  6=4,  then 
a~'^S~*^.0016=8ixteai  ten  thousandth  parts  of  the  number 
I.  If  we  express  1  and  this  number  both  in  terms  of  1  unit, 
we  have  1=10000  and  .0016=16;  and  if  we  divide  the  greater 
by  the  leas,  we  have  62S;  so  that  if  a=6,  6=4,  then  a— 6, 
though  eqoal  only  to  I,  is  626  times  as  much  as  tr~*.  There  is 
motiier  meaning  of  exponents,  in  which  the  ngn  —  indicates  a 
difierent  result ;  but  this  can  be  noticed  with  more  advantage 
afterwards. 

When  we  say  a— 6,  the  quantity  e^ressed  by  6  has  exactly 
the  same  nnnierical  amount,  if  it  be  such  as  that  we  can 
exhibit  it  in  numbers,  as  when  we  say  a  +  b;  but  it  has  a  very 
difierent  efiect  upon  the  whole  value  of  the  expression.  We 
have  seen  that  when  a:=6  and  6=4,  a-|-6=9,  audu— 6=1, 
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thedifiereiK«  of  which  values,  or  9 — 1,  is  =8;  and  8  iaeqml 
to  twice  b.  But  a  is  the  mme  in  both  expmnonB,  and  there- 
fore it  does  not  affect  the  difierence,  bo  we  tuny  leave  it  ont  in 
both  ;  and  we  have  this  general  ezpreadoa ;  the  difference 
which  the  same  quantity  with  the  sign  +  and  tl>e  ngn  — 
makes  on  the  total  value  ataay  cinnponnd  qoautitj  of  which  it 
fbnna  part,  is  equal  to  twice  that  quantity :  hence,  if  we  change 
the  sign  of  any  part  of  a  quantity  from  —  to  +,  we  add  twice 
that  quantity  to  the  whole ;  and  if  we  change  the  sign  frvtn  + 
to  — ,  we  take  sway  twice  that  quantity  from  the  whole. 

+  has,  thus,  always  an  increamng  or  a^gmentiI^'  efiect,  to 
the  fiill  extent  of  the  quantity  of  which  it  is  the  tdgn ;  and  ^ 
has  always  a  diminishing  effect,  to  the  full  amount  of  the  quan- 
tity of  which  it  is  the  sign.  They  are  thus  the  oppodtes  of  each 
other ;  and  whatever  is  done  by  the  writing  of  a  quantity  with 
the  one  sign  is  undone  by  writii^  the  oame  or  an  equal  quan- 
tity with  the  other.  Thus  +b  —  b  =  0;  and  a  +  b  —  b  =  a. 
Generally,  any  quantity,  relation,  or  anything  else  that  can  b« 
esqireesed  with  the  one  of  these  signs  (o  aa  to  have  a  meaning, 
tua  the  very  opposite  meaning  with  the  other  sign.  When  this 
meaning  is  a  real  value  which  can  be  expressed  by  means  of 
numbers,  the  two  dgns  ^plied  to  the  same  quantity  may  be 
considered  aa  lying  (m  opposite  sidea  of  0,  and  equally  distant 
from  it.  0  in  this  case,  must  not,  however,  be  confounded  with 
0  considered  as  an  exponent ;  for  the  exponential  0  meana  the 
quotient  arisiiig  from  the  division  of  a  quantity  by  itself,  which 
is  of  course  always  equal  to  Uie  integer  nnmber  1,  while  0  etm- 
sidered  with  regard  W  the  general  value  of  quantities,  really 
means  nothing  ;  and  upon  this  principle,  the  sum  of  two  equal 
quantities,  one  with  the  ugn  +,  and  the  other  with  the  rign 
n ,  is  always  equal  to  nothing. 
&vwy  part  of  a  componad  quantity  which  is  lepantted  fivnn 
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the  other  parts,  either  by  tlie  sign  +  '>f  the  s^  — ,  in  called 
a  term  of  the  quantity ;  an^  if  they  are  diffeTent  quantities, 
used  as  such,  expressed  by  different  letters,  each  has,  of  course, 
a  dtfiercnt  name  ;  and  the  words,  binomial,  trinomial,  and  bo  od, 
may  be  used,  according  as  the  quantity  is  made  up,  of  two,  of 
three,  or  of  more  terms :  a  +  ^ora  —  A  is  a  binomial ;  and  as 
quantities  are  of  considerable  use,  considered  in  this  point  of 
view,  it  is  necessary  to  bear  in  mind  what  is  meant  by  a 
binomial. 

Though  a  quantity  may  be  expressed  in  any  number  of 
terms,  with  the  signs  -|-  and  — ',  or  either  of  the  two  between 
them,  it  is  often  necessary  t«  consider  it  as  one  whole  or  umple 
quantity.  This  is  expressed  either  by  drawing  a  line  orer  the 
whole  of  it,  which  line  is  called  a  vinculum  or  band,  Or  by 
enclosing  it  within  parenthesis ; — thus  a+b,  or  (a+d)  means 
the  sum  of  a  and  b  considered  as  a  whole  quantity.  The  pa- 
rentheds  is  the  preferable  mode  of  exprcinon ;  because  these 
characters  mark  the  beginning  and  end  of  the  quantities  which, 
taken  altogether,  are  to  be  considered  as  one  whole.  This  is  a 
double  method  of  expression,  and  points  out  at  once  the  whole 
quantity,  and  the  parts  of  which  it  is  composed.  It  ia,  conse- 
qnently,  of  considerable  value  in  Algebraical  notation. 

It  is  necessary  that  every  one  who  wishes  to  understand  any 
thing  of  Algebra,  or  indeed  of  the  principles  of  any  kind  of  cal- 
cntatioD,  should  have  very  dear  notions  of  the  nature  and  differ- 
ence of  the  signs  -\-  and  —  ;  and  it  ia  for  this  reason  that  we 
have  examined  them  somewhat  more  in  detail  than  we  shall 
be  aUe  to  do  many  other  parts  of  the  science. 

The  IMrd  general  rdationoi  Qui  ^axtaoi  a  compound  quantity, 
is  that  in  which  they  are  factora,  and  the  expression  is  their 
product.  There  are  several  ways  of  doing  this :  if  the  factors 
are  single  lett«is,  their  podtict  may  be  expressed  by  writing 
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the  one  after  the  other,  without  anj  sign  between  them ;  thus, 
ttb  iB  the  product  of  the  quantities  a  and  b.  In  a  product,  one 
of  the  facton,  namely,  the  multiplier,  ia  always  a  number ;  for 
the  product  means  the  multiplicand  taken  as  many  times  as  is 
expieeeed  by  the  multiplier,  though  this  number  of  times  may 
or  may  not  be  expresuble  in  terms  of  the  number  1,  or  according^ 
to  the  common  scale  of  numbers.  But  every  thing,  whether 
expresdble  by  the  common  notation  of  arithmetic  or  not,  ia 
expressible  by  Algebra;  and  therefore  whOe  3  a  or  4  a,  ia  an 
arithmetical  expression  for  one  known  nnmber  of  times  the 
quantity  a,na  may  be  considered  as  a  general  expresdon  for 
any  imaginable  number  of  times  tiie  quantity  a,  whether  that 
number  can  or  cannot  he  expressed  arithmetically. 

But  a  quantity  which  is  compound  may  be  a  fector  in  mul- 
tiplication, as  well  as  a  quantity  which  is  simple  and  as  sneh 
expressed  by  one  letter.  Thus  a+b,  a—b,  or  o  6,  may  bo 
multiplied  by  any  quantity  whatever ;  and  we  require  to  have 
a  means  of  expressing  the  multiplication  in  this  cose,  without 
the  performing  of  any  operation.  If  we  are  to  multiply  a 
simple  product,  as  a  6,  by  another  factor,  for  instance,  c,  we 
have  only  to  Join  c  to  the  others,  without  any  sign,  thus  a6cia 
the  produet  of  a  b,  by  the  third  quantity  e.  If  the  multiplier 
were  also  a  product,  as  for  instance,  c  rf,  we  would  have  only 
to  joint  them  to  the  other  letters ;  thus  abed  expresses  the 
product  of  a  A  by  c  d.  From  this  we  can  draw  some  inferences 
which  are  not  unimportant  in  the  practice  of  calculation, — 
namely,  that,  if  we  have  to  find  the  product  of  any  nnmber  of 
(krtoTS,  we  may  take  them  in  any  order  that  we  please ;  and  that 
to  multiply  either  iactor  before  multiplying,  produces  exactly 
the  same  result  as  multiplying  the  product  after. 

H  one  of  the  Eactom  in  a  product  consisting  of  only  one 
term  is  a  number,  that  number  is  usually  called  the  nomeral 
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«»^fficient  of  the  leiten ;  that  ia,  of  the  &ctor  oi-  tadota  which 
ue  expressed  by  letters ;  and  even  though  all  Ae  factors  of  a 
■unpte  product  are  letters,  it  is  usual,  when  one  of  them  ex- 
presaea  an  unknown  qnaiititf  and  the  others  known  onea,  to 
consider  the  product  of  the  known  ones  as  the  ecefficiaU  of  the 
unknown.  Thus,  in  the  expression  3  a,  3  is  the  numeral  co- 
efficient of  a  i  and  in  a  b  x,  the  product  of  a  and  (  is  the  co- 
efficient of  a.  We  need  hardly  mention  that  a  numeral 
coeffideid  is  always  definite,  and  means  as  mai^  times  the 
other  part  of  the  term  as  the  number  expresses ;  but  that  a 
coefficient  consisting  of  letters  is  general,  and  does  not  mean 
any  definite  number  of  times,  unless  die  tetters  stand  for 
quantities  of  which  the  numeral  values  aie  known.  Thus 
a  b  x,  without  further  explaaation,  means  any  nnmber  of 
times  whatever,  the  quantity  represented  by  j?;  but  if  a =5, 
and  6=4,  then  their  product  ia  20,  and  a6x=20x.  The 
doctrine  of  coefficients,  as  diatinguiahed  from  the  quantities  of 
which  they  ore  the  coefficients,  ia  one  of  considerable  import- 
ance; for,  although  the  name  "coefficient"  means  merely  a 
"  worker  together "  with  the  other  factor  or  fiictors  of  the 
product,  yet  the  coefficient  always  means  a  multiplier,  or 
*'  number  of  times ; "  and  the  other  factor,  or  their  product, 
if  there  are  more  than  one,  means  a  tnuU^)iieanii,  or  that 
which  is  multiplied ;  and  when  the  term  means  a  real  quantity, 
that  quantity  is  always  of  the  same  kind  with  the  part  which 
ia  not  the  coeffident,  and  of  the  same  number  with  that  which  ia. 
There  are  other  two  conaiderations  in  the  case  of  terms  which 
are  simple  products,  that  is,  which  are  affected  only  by  one 
ugQ  ~f-  or  — ,  to  which  it  is  neceasaiy  to  pay  attention.  Theae 
are,  firat,  when  the  factors  are  all  the  same  with  each  other,  or 
are  or  may  be  expressed  by  the  aame  letter;  and  secondly,  the 
toga  which  the  product  shall  have. 
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Wben  Uie  same  letter  occhtb  moie  dun  once  aa  a  betat  m  a 
term,  the  nnmber  of  tiroes  that  it  occiin  may  be  e^icwed  by 
■a  exponent ;  a  nuinerol  ezp<»tent,  if  the  nnmber  of  time* 
that  the  factor  ia  r^teated  is  known,  and  a  literal  exponent  if 
the  rnunber  is  not  known.  Thus  a  a  a,  may  be  expressed  by 
«*;  bbbbbyb*;  aabbb,i,y  a'^  b',aai  the  same  in  all  other 

The  sign  of  the  product  of  two  fitctors,  whether  those  factors 
are  oxpreased  by  the  same  letter,  or  by  difierent  letters,  depends 
upon  the  signs  which  the  foctors  have ;  but  the  algebraical 
e^reauon  of  the  product  by  letters,  or  the  arithmetical  ex* 
pieamon  of  it  if  it  admits  ot  being  arithmetically  ezprewed, 
is  the  same  for  the  some  factors  whatever  thmr  signs  may  be^ 
Thus,  the  product  of  a  by  i,  is  always  a  b;  and  if  they  boUi 
have  the  mgn  +  or,  which  is  the  same,  are  written  without 
any  sign,  the  product  will  have  the  ugn  +t  <"  ■^'^^i  >f  it 
stand  alone,  or  first  in  a  quantity  coousting  of  more  than  term, 
be  written  without  any  sign. 

The  reason  of  this  is  q^uite  obvious ;  for  the  product  of  a 
and  b,  that  is  of  +a  and  +b,  means  that  the  one  considered  as 
a  positive  or  real  quantity  is  to  be  taken  or  repeated  positively, 
as  many  times  as  the  other  expresses. 

If  the  one  has  the  sign  +  expressed  or  understood,  and  the 
other  the  sign  — ,  the  product  must  have  the  sign  — ;  because, 
if  we  are  to  consider  the  + ,  or  positive  quantity,  as  the  multi- 
plicand, and  the  — ,  or  negative  quantity,  as  the  multiplier, 
then  the  meaning  of  the  product  is,  that  the  positive  quantity 
tliall  be  taken  away  as  often  aa  is  expressed  by  the  multipUei ; 
and,  on  the  other  hand,  if  we  consider  the  — ,  or  negadve 
quantity,  as  the  multiplicand,  and  the  + ,  or  positive  one,  as 
the  multiplier,  then  the  negative  quantity  is  to  be  added  as 
often  aa  is  expressed  by  the  positive  multiplier ;  and  the  ad- 
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jditioa  of  a  nc^iatire  quantity  a  the  some  aa  the  nibtTaetioii  of 
an  equal  positive  quantity.  Thus,  the  product  of  a  and  —6, 
or  of  b  and  — a  is  always  —a  b,  whether  the  one  or  the  other 
be  the  multiplier.  • 

But  if  they  both  have  the  aign  — ,  the  product  will  have  the 
sign  4-,  and  will  be  exactly  the  same  as  if  they  both  had  the 
sign  +  ;  that  is,  the  product  of  — a  and  — h  is  exactly  the 
same  as  the  product  of  +0  and  +6,  or  of  a  and  6,  that  is, 
it  must  be  +a  b,  or  ab. 

This  case  appears  a  little  strange,  and  even  inconsistent,  to 
b^^nners;  because  the  fitctors  — a  and  — b  are  not  only  dif- 
ferent from  +a  and  +b,  or  from  a  and  b  without  any  iogns; 
bvt  each  of  dieni  with  the  ugn  —  is  twice  itself  less  than  it  is 
with  the  sign  +;  — a  bring  equal  to  n— 2  a,  and— 6  to  b— 26. 
Eadi  of  them  with  the  sign  —  is  just  as  much  less  thui  0,  or 
nothing,  as  it  is  greater  tlian  0,  or  nothing,  when  it  has  the 
sign  +. 

At  first  Bight  it  seems  rather  smgnlat  that  two  quandties, 
each  of  which  is  all  that  it  expresses  less  than  nothing,  should 
hare  exactly  the  same  real  and  positive  product  as  if  each  of 
them  were  all  that  it  expresses  greater  than  nothing ;  and  yet 
a  very  little  consideration  will  convince  us  that  such  must  be 
the  case.  If  the  multiplier  is  negative,  or  has  the  sign  — ,  the 
multiplicand  must  be  taken  away  as  often  aa  is  expressed  by 
the  multiplier ;  and  it  depends  on  the  nature  of  the  multipli- 
cand tubal  is  to  be  taken  away  this  number  of  times.  If  the 
multiplier  is  positive,  a  positive  quantity  equal  to  the  product 
must  be  taken  away,  that  is  the  value  must  be  diminished  to 
the  whole  extent  of  the  product;  and  if  there  is  nothing  besides 
this  product,  all  that  can  be  done  is  to  mark  it  with  the  dgn  — 
aa  being  its  whole  amount,  or  value,  less  than  0.  But  if  the 
multiplicand  is  negative  as  well  as  the  multiplier,  then  thtf 
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mullqilicaiid  has  to  be  taken  away  as  often  ash  expressed  by  the 
negative  multiplier ;  but  the  taking  away  of  a  native  qnantity 
is  just  the  same  astheadding  of  apositiTeone;  and  therefore  if 
there  is  nottiiug  but  ttte  product  of  the  two  n^atire  tactors, 
that  product  mnst  be  oflitly  what  it  expresses  greater  than  0, 
that  is,  it  must  be  the  same  as  if  both  (aetore  had  the  sign  +, 
or  weie  positive.  Thus,  the  product  of  —  a  by  —  o,  or  of  +  d 
by  +  a,  is  equally  +  a»,  or  without  the  ^gn,  o';  —  4  by  —  2, 
b  8,  in  the  some  manner  as  4  by  2 ;  and  the  same  in  all  cases. 

This  principle,  which  most  be  carefully  sttended  to,  is  usu- 
ally stated  empirically  in  the  books  "like  signs  ^ve  +,  unlike 
B^is  —  ;"  but  this,  though  true  in  the  caseof  two  factors,  or  of 
any  even  number,  as  of  four,  sis,  eight,  and  so  on,  is  not  true 
in  the  case  of  odd  factors,  oite,  three,  five,  seven,  and  so  on. 

We  most  adnut  one  fiictor  into  the  series  of  multiplicatioDs  ; 
for,  as  every  quantity  is  positively  once  iU^,  and  not  any  other 
quantity,  every  quantity  must  be  considered  as  itself  multiplied 
by  +  1,  that  is,  by  the  integer  number  1 ;  and  if  we  were  to 
multiply  it  by  —  1  we  should  chuige  the  ngu,  and  along  with 
that  tbe  value  of  the  quantity  by  double  <^  whatever  it  expicssed 
before  being  so  multiplied.  As  this  co-efficient  or  factor  +  1, 
or  1,  is  inseparable  from  tbe  very  nature  of  eveiy  quantity,  it  is 
never  writt«n ;  we  do  not  write  la  for  instance,  because  when 
ve  see  d  standing  alone,  we  see  at  once  that  there  is  one,  and 
no  more.  But  if  we  consider  it  as  multiplied  by  — 1,  it  is  qnit« 
another  matter ;  for  tbe  difference  between  1  and  —  I  ia  not 
only  2,  but  the  one  b  1  more  than  0,  and  the  other  is  1  less 
than  0;  and  dierefore  multiplying  by  —  1  changes  the  sign,  or 
turns  a  +  quantity  to  — ,  and  a  —  quantity  to  +.  By  sepa- 
rating a  into  the  factors  +  1  and  a,  or  —  1  and  — a,  and  6  into 
•\- 1  and  —  b,  or  —  1  and  +  ^i  it  would  be  easy  to  diow  the 
truth  of  the  rule  for  the  signs  in  a  mamier  diffeient  from  the 
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above ;  but  we  trust  that  which  we  Itave  aud  will  render  it 
abundantly  plain. 

When  a  bctor  conasts  of  more  than  one  term,  the  muldpli- 
cation  of  it  cannot  be  expressed  by  annexing  the  other  &ctor 
without  any  dgn.  Thus,  if  the  oMifcHor  were  a  +  b  and  the 
other  c,  then  neither  a  +  bc,  nor  ac  +  b,  would  express  the 
prodnct,  for  the  multiplication  applies  only  to  6  in  the  one  case, 
and  only  to  a  in  the  other.  We  mnat  therefore  mark  the  com- 
pound &ctor  as  a  whole,  by  the  vincoliun  g^  j  or  rother  by 
the  parenthetical  characters  (a  +  b);  and  then  (a+b)  c  ex- 
presses the  product.  If  two  fectors  are  compound  we  must 
inclose  each  in  parentheses,  and  then  it  is  usnal  to  indicate  the 
multiplication  by  a  dot  ( .  )>  •"■  rather  by  the  sign  x ,  the  last 
of  which  is  preferable,  a^  the  dot  is  apt  to  be  confounded  with 
tlie  full  stop  in  common  langu^e,  or  the  decimal  point  in 
arithmetic ;  thus  the  product  of  a  +  6  as  one  fector  by  c  +  d 
as  another  fector,  is  expressed  by  (a  +  b)  X  (c  +  d). 

As  these  parenthetical  characters  do  not  stand  for  quantities 
or  relations,  but  merely  point  out  that  which  is  expressed  in 
two  or  more  parts  separated  by  +  or  — ,  It  may  not  be  amiss 
to  point  out,  by  an  example  in  numbers,  the  necessity  of  attend- 
ing to  them.  For  this  purpose  let  o  =  6,  6  =  4,  c  =  8,  d  =  7, 
and  the  above  expression  will  be6  +  4x8  +  7  without  the 
parentheses,  and  (6  +  4)  x  (8  +  7)  wi*  tkem.  In  the  first, 
the  multiplication  extends  no  farther  than  4  and  8,  which  pro- 
duce 32,  and  there  is  6  and  7,  or  13  to  add,  making  in  all  45,  as  the 
whole  value.  In  the  second,  the  multiplication  extends  to 
the  two  sums  10  and  IS,  and  their  product,  which  is  150,  is  the 
value,  which  is  very  different  from  the  former. 

The/ourth  general  rdatUm  of  the  ports  of  a  compound  quan- 
tity is  that  in  which  the  one  part  is  a  dividend  and  the  other  a 
divisor,  the  value  being  a  quotient,  which  we  are  in  the  mean 
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time  merely  to  expiees,  not  actuaUy  to  find.  Indeed,  if  the 
expi«adon  bears  the  moat  simple  fonn,tbat  is,  if  the  divisor  and 
dJTidend  an  each  expressed  by  a  single  letter,  if  these  letten 
are  different,  and  if  nothing  &rtber  is  stated  than  that  the  one 
<^  them  is  to  be  divided  by  the  other,  there  are  not  data  suffix 
dent  for  finding  Uie  quotient  as  a  separate  quantity.  Thus,  if 
Ae  quotient  of  a  divided  by  6  is  sought;  and  if  we  merely 
know  that  a  stands  for  one  quantity  and  b  for  another,  but  do 
not  know  what  kind  ofquantitiea  they  are,  whether  of  the  same 
kind  with  each  other  or  of  different  kinds,  we  cannot  tell  whe- 
ther the  quotient  is  or  is  not  a  quantity  which  we  can  or  cannot . 
expiees  in  any  other  way  than  by  indicating  it ;  and,  even  if  we 
know  that  both  quantities  are  of  the  same  kind,  so  that  the 
quotient  must  be  a  number,  we  are  not  in  a  condition  for  stating 
whether  the  quotient  shall  be  greater  than  the  number  1,  equal 
to  it,  or  less,  unless  we  know  that  the  quantities  are  equal  or 
unequal,  and  in  the  case  of  inequality,  which  is  the  greater  and 
which  the  less.  Therefore,  all  that  we  can  do  in  such  cases  is 
to  indicate  that  there  is  a  division  to  be  performed ;  and  this  is 
done  generally  by  writing  &e  dividend  above  a  line,  and  the 

divisor  below  the  same.    Thus  -  indicates  the  quotient  of  a 

divided  by  A,  though  without  pointing  out  what  that  quotient 

The  quotients  of  all  quantities  may  be  indicated  in  the  same 

manner:  as, indicates  the  quotient  of  the  upper  quantity 

by  the  under,  whatever  may  be  the  forms  in  which  they  are 
expressed.      Division  may  also  be  indicated  by  writii^  the 

dividend,  then  the  sign  -r-,  and  lastly  the  divisor.    Thus  ~  and 

a  -i- 1>  have  die  same  meaning,  and  are  read  "  a  divided  by  b" 
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We  Bhall  point  ont  in  another  Beotion  how  the  diTiaon  is  to 
be  performed  so  aa  to  obtain  the  quotient  as  a  sepamte  quantity 
in  all  eases  where  that  is  possible ;  but  there  are  sMne  general 
principles  which  we  can  perhaps  better  explain  in  this  nnqile 
view  of  the  matter. 

We  may,  for  instance,  determine  the  dgn  of  the  quotient, 
whether  we  can  or  cannot  express  its  value  by  a  separate  quan- 
tity. Here  we  must  bear  in  mind  that  the  dividend  is  always 
equal  to  the  product  of  the  divisor  and  quotient,  so  that  the 
finding  of  a  quotient  resolves  itself  into  the  finding  of  a  quantity 
the  product  of  which  and  the  quotient  shall  be  equal  to  the 
dividend.  From  this  it  follows,  that  if  the  divisor  and  dividend 
have  the  same  sign,  the  sign  of  the  quotient  must  be  +  ;  and 
if  they  have  different  signs  it  must  be  —  ;  bnt  that  in  the  c«se 
of  the  same  quantities  as  divisor  and  dividend,  the  expxeeaoa 
for  the  quotient  will  be  the  same  quantities  whatever  may  be 
the  signs. 

Let  us  illustrate  this  by  the  simplest  case  that  can  occur,  the 

division  of  a  quantity  by  itself,  or  -  .     The  quotient  of  this,  in 

all  cases  of  the  signs,  will  be  expressed  by  the  number  1,  be- 
cause any  quantity  is,  of  course,  just  once  itself,  and  nothing 


will  be  1,  that  is,  -f  1 ;  but  if  it  is ,  or  - — -,  the  quotient 

—  a  +a 
will  be  —  1 ;  for  —  a,  the  divisor  in  the  first  case,  multiplied 
by  —  1,  the  quotient,  produces  +  a,  the  dividend  in  the  fint 
case ;  and  +  a,  the  divisor  in  the  second  case,  multiplied  by 
—  1,  the  quotient,  produces  — a,  the  dividend  in  that  case. 
Hence  the  quotient  of  quantities  which  have  the  same  sign  is 
always  a  podtive  quantity,  or  aa  much  greater  than  0  as  ita 
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whole  valne  exprenee ;  but  the  qnotient  of  two  qiuatities 
with  dUteient  dgmi  ie  always  as  much  lees  than  0  at  its 
whole  value  expresses.     Hence,  in  a  c«mponad  quantity,  the 

qaotient  of     -- ,  or  of  - — -,  may  always  be  expreased  by 

+  -;  and  the  quotient  of ,  or  of  — -,  by  —  -. 

If  the  dirisor  were  a,  and  the  dividend  3  a,  it  is  evident  thAt 
the  quotient  wonld  be  3,  +  3  if  the  signs  were  the  some,  and 

—  3  if  they  were  difleient ;  and  generally,  if  the  divisor  were 
a,  and  the  divideut  no,  that  is,  any  number  of  tiroes  a,  whether 
expresdble  in  terms  of  the  arithmetical  scale  or  not,  the  quo- 
tient wonld  be  n,  that  is,  the  same  number,  +  n  if  the  agns 
were  the  same,  and  —  n  if  they  were  different.  Now  3  is 
1x3,  and  n  is  1  X  n,  whatever  number  n  may  stand  for ; 
therefi>re,  multiplyii^  the  dividend  by  any  quantity  has  the 
same  effect  aa  multiplying  the  quotient  by  the  same  quantity. 

If  the  dividend  were  a,  and  the  divisor  So,  the  quotient 
would  be  one-third  part  of  1 ;  and  if  the  dividend  were  o,  uid 
ttie  divisor  no,  the  qiuXient  would  be  the  nth  part  of  1,  or 

— ;  therefore,  multiplyii^  the  divisor  produces  the  same  effect 

as  dividing  the  quotient. 

Now,  if  mnltiplyii^  the  dividend  multiplies  the  quotient,  and 
multiplying  the  divisor  divides  the  quotient,  multiplying  both 
by  the  same  quantity,  whether  that  quantity  be  one  single 
bctor  or  any  number  of  foctors,  will  not  alter  the  value  of  the 

quotient ;  or,  —  =  -,  whatever  n  may  be,  whether  laige  or 

small,  simple  or  compound,  provided  it  is  the  same  in  both 
cases. 

-  This  principle,  which  is  so  simple  that  it  u  nearly  lelf- 
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evident,  is  a  Tery  important  one  in  practice;  and  so  is  the 
oonven«  of  it,  namely,  that  if  both  divisor  and  dividend  are 
flivided  hy  the  same  quantity  the  quotient  is  not  alteied.  This 
last  is,  in  feet,  the  principle  upon  vrhlch  we  proceed  in  the 
common  arithmetical  division  of  one  number  by  another;  we 
consider  the  dinsor  as  divided  by  itself  and  thus  reduced  to 
the  number  1 ;  and  we  divide  the  dividend  also  by  the  divisor, 
in  order  to  have  it  expressed  in  tenna  of  the  divisor,  conmdered 

We  shall  be  better  able  to  see  the  value  of  these  principles 
afterwards,  and  shall  discover  other  means  of  perceiving  their 
truth  ;  eo  we  shall  now  proceed  to  show  how  the  elementary 

operations  are  performed  algebraically. 


SECTION  VI. 


Ab  arithmetic  is  merely  the  q>plication  of  the  general  prin- 
dples  of  algebra  to  those  particular  cases  of  quantities  which 
can  be  expressed  by  numbers  according  to  the  scale  and  nota- 
tion of  arithmetic,  h  follows  that  the  elementary  operations  in 
the  one  must  be  the  same  as  they  are  in  the  other,  namely, 
addition,  subtraction,  mnltipUcation,  and  dividon.  fint  if  the 
notation  of  algebra,  as  we  have  attempted  t«  explain  it  in  the 
preceding  section,  is  pn^rly  auderstood,  these  operations  are 
for  more  easily  performed  by  means  of  the  algebrucal  symbols 
than  the  arithmetical  ones.  If  we  write  down  the  given  quan- 
tities with  the  proper  signs,  used  in  the  form  which  indicatea 
the  operation,  we  have  an  expresMon  for  the  result  of  that  opera- 
tion at  once;  and  all  that  we  have  to  dofitrther  is-to  fiudout 


bf  Google 


whether  the  exprewdon  thos  obtwned  can  be  redaeed  to  fewer 
or  more  smple  terma.  In  this,  every  case  must  be  considered 
in  itaelf ;  and  thus  every  operation  in  algetwa  ia  the  discovery 
of  something  new,  instead  of  the  performing  of  the  some  sort  of 
drudgery  over  and  over,  as  is  the  case  in  aiithmetic. 

The  first  and  most  general  oonaideratioD  is,  whether  the  case 
before  us  can  or  cannot  be  simplified ;  and  bb  it  would  be  rain 
to  try  the  cases  which  cannot  be  lomplified,  the  knowledge  of 
titem  is  the  firet  point  to  which  we  mmt  direct  our  attention. 
Now,  the  prindple  here  is  a  very  simple  and  self-evident  one ; 
if  the  quantities  are  all  of  different  kinds,  that  is,  all  expressed 
by  different  letters,  or  by  diKrent  letters  combiHed  with  dif- 
ferent numben  as  co-efficienta,  we  cannot  shorten  or  simplify 
the  expresfflon. 

ThoB,  in  AnittTioy,  if  the  snm  is  that  of  a,  b,  and  c,  there  is 
no  simpler  ezpresaion  for  it  than  a  +  b  -i-  c.  Also,  if  it  is  So, 
SA,  and4c,  there  is  no  simpler  expression  than  Ba  +  3b  +  4c. 
But  if  it  is  fi  a,  S  6,  and  5  c,  we  can  make  it  C  times  the  snm  i^ 
a,  b,  and  c,  that  is  (a  +  A  +  c)  X  S.  If  tiu  letters  ar«  the 
same,  we  can  bring  them  into  (me  expreaaioa;  thns  6a  +  3a 
+  4a  is  =  12a.  Also,  if  the  letters  are  the  seme,  and  some 
of  them  +  uid  others  — ,  we  can  get  (me  expression  for  the 
whole  by  taking  tJie  +  into  one  sum  and  the  —  into  another; 
■abtracting  the  co-effidents  and  prefixii^  the  sign  of  the  greater 
eo-effident  to  the  differraice.  Thus  5a—  5a  =0;  5a  -~ 
4a  =  a;  5a  —  10a  =  —  5a;  and  so  in  other  cases. 

Also,  if  we  have  a  +  quantity  to  add  to  any  expression,  and 
there  is  a  —  quantity  of  the  same  kind,  that  ia,  expressed  1^ 
the  some  letter  or  letters  in  the  e^resdon,  we  get  rid  of  as 
mvcix  of  the  —  quantity  as  is  equal  to  the  +  one.  Thus,  if 
we  have  to  add  cb,  that  is  +  t'^i  toa  —  cb,  the  sum  becomes 
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a  ,-  if  we  have  to  add  46  to  a— '66,  the  sum  becomes  a  —  26,- 
and  if  we  have  to  add  36  to  a  —  2b,  the  sum  becomes  a  +  6, 

When  we  have  mentioned  that  all  the  quantitieH  of  which  the 
Slim  is  required,  express  that  smn  when  they  are  written  one 
after  anothei  with  their  pniper  ngns;  that  the  orHj  caeea  In 
which  that  expression  can  be  shortened  are  Hwae  in  which  the 
lame  quantity  occurs  more  than  once ;  that  quantities  which 
do  occur  more  dian  once  in  the  expression  may  be  reduced  to 
(me  occorr^ce  by  taking  their  sum ;  that  this  sum  is  the  snni 
of  the  co-efGdente  if  the  signs  are  the  same,  but  the  difference, 
and  having  the  same  sign  with  the  greater,  if  some  have  +  and 

Any  instmctions  more  minute  than  these,  and  especially  any 
formal  or  empirical  rules  for  the  adding  of  quantities,  are  not 
only  superfluous  but  injurious  to  those  who  wish  to  under- 
stand algebra.  Algebra  is  the  art  of  finding  out  how  things  are 
to  be  done ;  and  thus,  if  there  are  rules  and  formuln  to  be 
learned,  as  a  child  cons  by  rote  a  catechism  without  under- 
standing one  word  of  the  reason  or  truth  of  the  di^ma  (it  is  in 
the  manner  not  the  matter  that  the  dogma  consists),  that  idiich 
is  worked  at  (we  will  not  say  learned)  is  not  algebra,  it  is  the 
practice  of  arithmetic  in  mi  algebraical  dress,  more  difficult,  and 
therefore  leas  useM  than  simple  arithmetiu,  just  as  the  common 
calculations  of  the  schools  are  more  difficult  and  less  nsefiil 
than  the  ready-reckoner. 

In  suBTnAcnoN,  we  have  only  to  write  the  quantity  to  be  sub- 
tracted after  the  other  quantity,  connecting  them  by  the  sign 
— ;  and  the  expression  thus  obt^ned  Is  the  difference,  which 
may  or  may  not  be  shortened  according  to  drcumstances,  as  is 
the  case  with  the  sum  in  addition. 

We  must  attend,  howwer,  to  what  is  meant  by  prefixing  the 
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dgn  —  ;  for,  in  order  that  we  may  Euriy  vxpttm  the  anbtrac- 
tion,  this  ngn  must  affect  every  term  which  has  to  be  mb- 
traded.     An  example  will  peibape  show  this  more  clearly  than 

Let  it  be  required  to  subtract  fia  +  3li  —  ed,trom  7a+  36; 
and  the  espteauoo  will  be 

(7a +  36)  —  (6  o  + 36— erf). 
The  dgu  —  affects  all  the  three  terms  of  the  last  expieeedcm 
within  tbe  parentheaes ;  that  is,  it  makes  each  of  them  —  1 
times  itself:  —  1  must  thus  be  conndered  as  a  factor  or  mnl> 
tiplier  of  all  the  terms ;  and  we  already  know  that  the  effect  of 
—  1  as  a  multiplier  is  to  change  the  ngns.  Thus,  one  expre»- 
mon  in  the  example  becomes 

7a  +  3b  —  5a  —36  +  ed; 
and,  as  this  expreaaon  is  perfectly  general,  for  a,  6,  e,  and  rf 
may  stand  for  any  or  for  all  possible  quantities,  we  have  at  tbe 
same  time  found  this  ^neral  principle :  the  aubtnction  of 
quantities  is  expreesed  by  writing  them  down  with  their  sign* 
changed. 

Let  us  now  look  back  at  Uie  expression,  and  see  whether  w* 
can  shorten  it.  There  are  +  7a  and  — 6a,  which  taken  toge- 
ther make  +  So,  +  6  a  and  —  5  a  being  s  0.  Again,  there 
are +36  and —36,  which  tcf«iher  are  equal  towO.  Therefore 
2a +  crfis  the  difference  between  71  +  86  and  aa  +  36— erf. 

Let  us  try  by  addition  if  the  quantity  subtracted  and  the 
difl«ience  make  the  other  quantity,  that  is,  if 

fia  +86  —erf +  2o  + erf  =  7a +  36. 

Lookii^  at  the  quantity  to  the  left  of  the  sign  =  we  find  3  6, 
and  there  is  3  6  in  that  to  the  right ;  thus  one  term  in  each 
^leee.  Again,  we  have  6a  +  2a  on  the  left,  and  7a  on  the 
right,  all  with  tbe  sign +,  therefore  there  is  in  effect  7  a  on  both 
Bidefl,aiid  these  ifw>  agree.    Farther,  we. have  —  erf  on  th« 
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left,  and  iS>  ed  with  any  sign  on  the  i^ht,  but  when  we  look 
ftrther  at  the  left  side  of  the  sign  we  find  +  edte  well  as 
~ed;  aad  +  ed  —  cd  =  0.  Thus  we  have  in  effect  7a  + 
3b  ^  7a  •{■  3b,  which  are  not  only  equal  but  the  same  iden- 
tical quantity. 

We  may  mention  that  we  can  never  nse  the  rign  =  tinlem 
the  quantities  to  the  left  of  it,  taken  altogether  or  as  one  whole, 
are  exactly  equal  to  those  on  the  right,  token  as  one  whole ; 
and  that  when  we  can  bring  them  to  an  identity  of  expression 
without  changjug  their  values  in  respect  of  each  other,  we  prove 
this  equality. 

An  expicsnon  of  this  kind  ia  called  an  EftUATioN ;  and  it  la 
the  general  mode  of  proceeding  in  algebra,  whether  the  object 
be  the  establishment  of  a  tmtii,  the  inyestigation  of  a  prindple, 
oc  the  finding  of  an  unknown  quantity.  Indeed,  it  ia  the  uni- 
versal fonnula  in  the  acquiring  ef  all  knowledge,  of  whatever 
kind  it  may  be ;  for  it  is  by  a  perception  of  the  equality  either 
in  thinga  themselves  or  th«r  relations,  and  by  that  alone,  that 
we  can  pass  from  the  known  to  the  unknown.  We  are  on  the 
known  bank  of  the  river,  and  the  unknown  ia  the  other  bank, 
relation,  the  foundation  and  standard  of  which  ia  equality,  is 
the  means  by  which  we  are  to  paas  the  river.  We  have  the 
boat  in  some  oases  and  only  "  inflated  bladders"  in  others ;  but 
in  algebra  we  have  the  bridge  always  open,  and  "no  pcmtage  " 
tffter  vie  huxD  it. 

Even  in  the  most  common  case  of  arithmetic,  that  of  the 
addition  of  two  or  tnoie  simple  numbers,  there  is  an  equation 
involved;  and  if  we  msh  lo  undcratand  even  that  dmple 
case  well,  it  wonld  be  bietter  to  state  thia  equation  at  the  b^;ii)> 
niug.  The  stating  of  the  equation  ia,  as  we  shall  be  better  able 
to  explain  afterwards,  nothing  more  than  notii^  down  what 
we  have  to  do  before  we  begin  the  dcNUg  of  it;  and  everybody 
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loMws  that  thia  is  not  only  the  best  way  to  eiuure  mcccsa,  but 
the  way  cf  finding  out  whether  whAt  we  iatend  to  do  be  or  be 
not  posoble. 

Let  the  arithmetical  problem  be  to  find  the  gam  of  S,  3,  and 
Q  ;  call  the  mm  «,  then  we  bare  this  eqiiatian 

»  ^  2  +  3  +  S  ;  and  ahortening,  we  h&ve  »  se  10. 

In  an  equation,  the  quantities  which  stand  to  the  light  and 
left  of  the  mgn  =  ate  caUed  the  Hides  of  the  equation:  if  th«y 
are  identical,  that  is,  if  they  ore  exactly  the  same  expTcsslons, 
the  equation  is  of  no  nae ;  for  we  need  no  algebra  to  tell  as  that 
anything  ia  equal  to  itaelf.  But  if  the  two  sid^  are  differently 
expressed  at  first,  and  we  can  bring  them  to  an  identity  of 
expression,  keeping  the  equality  all  the  time,  we  thereby  prove 
the  equality  of  the  first  statement. 

Hence,  an  equation  would  be  of  no  use  to  us  if  we  could  not 
alter  the  expreseion  <^it  without  altering  the  equality  of  the  side*. 
Now  it  is  almost  a  truism  to  say  that  eqoal  quantities  an  equal, 
equal  additions  aie  equal,  equal  subtractions  are  eqnal,eqQal  mul- 
tiplicationBareeqiial,andeqna]dirisionsareeqDaI;  and therefon. 
we  may  generalise  them  all  into  thia  one  statement,  the  truth  of 
which  nobody  who  nnderstands  the  woids  can  doubt :  if  two  qnao- 
tities  are  originally  equal,  and  if  whatever  is  done  to  the  one  of 
them  be  also  done  to  the  other,  they  must  remain  equal  during 
any  aac«esaion  of  changes,  however  many,  and  be  equal  at  the 
end.  Simple  and  self-evident  as  this  aeema,  it  is  the  geoeral 
principle  of  algebra,  and  it .  is  quite  sufficient  for  the  purpose. 
It  also  has  the  advantage  of  being  imderstood  the  instant  it  is 
stated,  and  remembered  as  soon  as  it  is  nnderstood.  We  have 
introduced  it  thus  early,  because  it  is  of  importance  that  we 
diould  take  it  with  us  from  the  b^pnning,  as  a  means  of  satisfy- 
ing ourselves  of  the  truth  of  even  the  most  elementary  operA- 
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To  return  to  subtraction : — bs  aubtracting  is  peiftinoed  by' 
merely  changing  the  signs  of  the  quantities  subtracted,  from  + 
to  — ,  or  from  —  to  +,  it  follows  that  a — b  is  the  renuunder 
after  -\-b  is  taken  from  -f-n,  and  that  a  +  b  is  the  remainder 
after — bia  subtracted  from  +a,  or,  which  is  the  same  thing,  it 
is  the  remainder  when  —  6  is  subtracted  from  a.  In  allcases,  the 
flxpteaaion  a  +  biati  po^tive  quantity,  or  greater  than  0 ;  but 
a — b  is  greater  than  0  only  when  a  ia  great«T  than  6,  or  by  th« 
sign,  when  a  76;  and  when  a  Z.^  then  a — 618  n^^ve,  or  lew 
thanO. 

a  and  b  may  be  any  two  quantities  whatever,  pnmded  that 
they  are  so  far  of  the  same  kind  as  that  they  can  be  sud  to  be 
equal,  or  the  one  greater  than  the  other.  Hence  a  +  b  ia  the 
Bom,  and  a — b  the  difference  of  any  two  quantities  whatever. 
Let  us  add  them  together,  and  see  if  we  con  leam  anything 
from  their  sum.  To  add  them  we  have  mly  to  connect  them 
by  the  sign  + ,  which,  as  we  have  already  seen,  does  not  alter  the 
tagtm;  80  we  have,  withont  any  shortening,  a+b  +  a  —  b.  In 
order  to  shorten  this,  we  find  that  we  have  a  twice  over  whh 
the  agn  +,  which  may  be  expressed  by  2a ;  and  we  have  +6 
and  —A,  which  together  are  ^  0.  Therefore,  the  sum  of  a+b 
and  a— 6  is  ^  2a;  but  a+biB  the  sum  of  any  two  quantitieB, 
and  a — b  is  the  difference  of  the  some.  Therefore,  in  words, 
the  sum  and  difiference  of  any  two  quantities  are  together 
equal  to  twice  the  greater  quantity ;  and  oonsequently,  half  the 
sum  and  half  the  difference  are  together  equal  to  the  greater 
quantity.  But  if  a  were  the  less  quantity,  a — b  would  be  a 
mituu  quantity,  and  the  sum  of  a+b  and  a — b  would  be  that 
mintu  quantity  less  than  a+b;  bat  that  quantity  would  be  the 
diOerence,  the  same  as  in  the  other  case ;  and  thus  we  have  the 
di6erence  between  the  sum  and  difierence  of  any  two  quantities 
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equal  to  the  Uea  qnantity,  or,  the  lew  quantity  is  equal  to 
lialf  the  stun  —  half  the  difference. 

We  may  state  the  problem  formally  thtis.  Give  the  Bum  and 
difference  of  two  quantities  to  find  the  quantities  thenMelves ; 
and  the  answer  according  to  the  aboTe  inveatigation  is,  to  half, 
the  fnim  add  half  the  difference  for  the  greater,  and  from  half 
the  sum  take  haif  the  difference  for  the  less. 

Simple  as  it  must  seem  when  thus  investigated,  this  is  both 
»  general  and  an  important  principle.  Let  us  tty  it  by  an 
example :  a  man  has  40  shillings  in  both  pocketa,  and  6  more 
in  the  right  than  in  the  left,  how  many  are  in  each  ?  40  is 
the  sum,  6  the  diKrence,  20  the  half  sum,  3  the  half  di%r- 
ence;  therefore  20+3,  or  23  in  the  right  pocket,  and  20— 3,  ot 
IT  in  the  left  pocket,  and  23+17=40,  and  23-17=6,  which 
wisweis  the  conditions. 

There  is  another  point  connected  with  subtraction  whidi  ii 
worth  knowii^  and  keeping  in  mind,  and  that  ia,  what  open* 
tions,  performed  equally  to  each  of  two  unequal  qnantitiea, 
alter,  or  do  not  alter,  the  diflerence  of  those  quantities.  In 
compound  qnantitiea,  tbis  often  enables  us  to  see  the  differraice 
at  once,  and  without  any  labour. 

In  order  to  understand  this,  let  us  suppose  a  greater  than-Ei, 
and  that  the  difference  is  d,  which  will  include  all  quantities 
vhatever,  and  consequenUy  all  differences ;  the  greater  ia  equal 
to  the  less  and  the  di^erence,  or  a=b+d;  consequently  a  7  A^ 
orb+d  7b,  and  d  ia  the  difference;  for,  take  away  (i,and  we 
have  b=b,  which  is  self-evident.  Now  if  we  add  to  6,  in  both 
easM,  any  quantity  whatever,  ample  or  componnd,  which  for 
ihortneas  we  may  coll  7,  we  have  6  +  7+  dVb+q,  and  the  difr 
ferraice  d,  as  before ;  so  also,  if  we  inibtract  any  quantity,  g,  we 
have  b—q+d  yb—q,  and  the  difference  ij,  as  before;  for,  if  we 
take  from  theequalquantities  on  bothsideBofthesign  7  in  each. 
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i  in  the  fint  instance,  b  -f  ;  in  the  second,  and  b-^q  in  the  third, 
we  hare  in  each  O+ttyO,  which  is  saying,  in  other  words,  that 
all  tiiat  remains  is  d7  0,  or  simply  d.  Hence  we  may  state 
generally  that,  if  we  add  equally  to,  or  subtract  equally  ^m 
each  of  two  unequal  qnantities,  we  do  not  alter  their  difierence ; 
or,  that  the  difierence  of  two  quaatitiea  must  remun  the  same, 
if  we  do  not  add  or  subttact  a  difference. 

But,  on  the  other  hand,  if  we  apply  a  difierence  to  the  two 
quantities,  dther  hy  adding  more  t4»  the  one  of  them  than  to  the 
otiier,  or  by  subtractiug  more  &om  the  one  of  them  than  &om 
the  other,  the  original  difierence  must  be  alteied  to  the  foU 
amount  of  the  difference  bo  applied.  Thus,  if  a^b+d,  and 
consequently  b  +  d  7  b,  and  e^/+g,  and  consequently /-f^ 
9  7/ 

First,  if  we  add  the  greater  to  the  greater,  and  the  less  to  the 
less,  wehavei+rf+/+3y6+/y  and,  taking  away  the  equals, 
we  have  d+370,  or  the  sum  of  the  differences. 

Again,  if  we  subtract  the  greater  from  the  greater,  and  the 
less  from  the  leas,  we  have  b+d—/—gyb—/;  and  taking 
away  the  equals,  b—/,  we  have  d—gyO,  that  is,  the  difference 
of  the  diflerences ;  and  this  will  be  greater  than  0,  equal  to  it, 
or  less,  according  as  tf  is  greater  than  g,  equ^  to  it,  or  less. 

Thirdly,  if  we  add  the  less  to  the  greater,  and  the  greater  to 
the  less,  we  have  6+rf+/and  b+f+g;  and,  leaving  out  the 
equals,  we  have  d  and  /,  the  difierence  o^  which  is  d—/,  and 
may  be  greater  than  0,  equal  to  it,  or  leas,  as  in  the  former  case. 
The  expres^n  for  this  uncertainty  is,  d  7  =  Z.  ji.  This  is  the 
general  expression  for  pointing  out  that  two  quuitities  are  of 
the  same  kind ;  it  comprehends  every  variety  of  value  in  the 
quantitjee,  and  therefore  the  principle  which  it  embodies  is  of 
great  use  in  the  doctrine  of  proportion. 

If  we  were  to  name  the  value  of  d—g,  or,  which  is  the  same 
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tbing,  of  a  —  b,  by  another  letter,  the  aign  of  that  letter  would 
be  ambiguous ;  if  a  were  the  greater,  it  would  be  +  ;  b^t  if  6 
were  the  greater,  it  would  be  — ;  hut  as  they  are  perfectly 
general,  either  of  them  may  be  the  greater,  aod  there  are  many 
cases  in  which  we  are  not  able  to  say  which.  The  general 
expresdon  for  all  coses  in  which  it  is  not  known  which  ia  the 
greater,  i§,  a—b  =  ±d.  If  n  is  the  greater,  it  is  +tt,  or  d;  if 
they  are  equal,  it  is  Oi^  or  0;  and  if  a  is  the  legs,  it  is  —  d. 
This  double  dgn,  ±,  which  is  read  "plot  or  minut'  is  the 
most  general  expression  for  a  difl«i«nce,  when  that  difference  is 
expressed  by  a  quantity :  thus,  a+d=b  ia  an  equation,  whether 
a  be  greater  than  ft,  equal  to  it,  or  less. 

When  the  comparison  is  made  by  the  triple  dgn,  7  ^Z, 
which  is  read  "  greater,  eqntd,  or  less,"  it  is  the  u^tole  of  the  one 
quantity  which  is  compared  with  the  whole  of  the  other,  and  the 
middle  point  is  that  of  perfect  equality  between  the  two  as 
wholes.  But  when  the  comparison  is  nuule  by  the  doable  sign, 
±,  which  is  read  "pftw  or  mtna*,"  that  is,  "more  or  lees,"  it  is 
the  difference  to  which  the  attention  is  directed,  and  the  middle 
point  is  0,  which  happens  when  the  quantities  are  equal.  The 
double  sign  ±,  therefore,  properly  belongs  to  addition  and  sub- 
traction; the  triple  dgn,  7— Z,  does  not. 

Fiom  what  has  been  said,  it  will  be  seen  that,  generally,  the 
sum  of  all  the  difierences  of  any  number  of  quantities  is  equal 
to  the  difference  of  their  sums,  although  some  of  the  particular 
differences  be  +,  and  others  — ,     An  example  will  illustrate 

A  man  has  two  pockets  on  each  ade  of  his  coat,  one  on  each 
aide  of  his  vest,  and  one  on  each  side  of  his  trowsers.  His 
pockets  aie  loaded  with  penny-pieces;  47  right,  39  left,  in  tho 
trOwsers ;  31  right,  36  left,  in  the  vest ;  87  right,  95  left,  in  the 
skirt-pockets  of  the  coat ;  and  63  right,  and  45  left,  in  the  breast.^ 
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^keU :  how  many  mnst  he  bring  from  the  one  tide  to  the 
other,  to  be  equally  loaded  ri^t  and  left  ? 

Take  the  right  side ;  then  the  trowseiB  give  +8,  that  is,  8, 
tike  vest  — 4,  the  skirts  — 8,  and  the  breast-pockets  +4,  or  4; 
bat  8 — 8  +  4  —  4  =  0;  therefore  he  is  already  equally  loaded 
ri^t  and  left. 

It  only  remains  to  be  considered  how  the  difierence  of  two 
qnantitiea  is  affected  by  the  multipUcation  and  by  the  division 
of  the  quantities  themselves,  and  ttus  can  be  better  understood 
after  we  have  examined  the  general  principles  of  multiplying 
and  dividing  a  little  more  intimately  than  can  be  done  by  com~ 
mon  arithmetic,  where  the  disappearance  of  the  original  numbers 
prerents  us  from  seeing  how  they  are  combined,  ao  as  to  pro- 
duce the  result.  We  shall,  therefore,  pnKeed  to  the  third  genend 

Multiplication  of  qnaotaties.  In  the  case  of  simple  quanti- 
ties, or  those  expressed  each  by  one  letter  only,  there  is  no 
operation  to  be  perfonned,  and  we  have  merely  to  express  the 
product  by  the  mgn  >f,  or  by  writii^  the  letters  after  each 
other  without  any  sign ;  thus,  aX6,  or  a  6,  is  the  product  of  the 
two  &ct«is,  a  and  b,  and  there  ate  no  means  by  which  we  can 
express  that  product  more  mmply.  When  the  same  factor  occur* 
twice  or  oil«ner,  we  may  use  an  exponent  to  show  the  number 
of  times;  thus,  aaaa  may  be  expressed  a',  and  aaabb  maybe 
expressed  a*  b\  it  being  always  understood  that  every  letter  in 
such  an  expression  occurs  as  often,  as  a  &ctor,  as  is  expressed  hjt 
the  exponent. 

As  two  factors  are  required  for  the  first  multiplication,  there 
is  always,  in  the  case  of  a  angle  letter,  one  actual  multiplicatimi 
fcwer  than  the  exponent  indicates ;  thus,  a  *  is  a  multiplied  three 
times  by  a.  But  when  there  aie  other  fiictors,  the  product  of 
these  is  underslixid  to  be  multiplied  by  the  letter  which  baa 
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ttie  exponent,  as  often  u  is  expreaeed  by  that  exponent ;  thtu, 
a '  b  ^  means  a  *  multiplied  twice  by  6,  or  6'  multiplied  thiioe 
by.. 

This  impoMibili^  of  shortening  the  prodnct  of  any  number 
af  dmple  &cli»a,  all  different  from  each  other,  thoi^h  a  very 
simple  matter,  is  not  an  unimportaat  one,  for  it  shows  us  that  we 
most  make  actual  observation  the  foundation  of  all  our  opera- 
tions, and  that  all  the  &cilities  wMch  sdence  can  give  ua  are 
only  judicious  methods  of  managing  these  lesnlts  of  obaerration, 
which  are  equally  open  to  everybody.  The  remit  of  a  multi- 
plication is  always  a  number  of  times  a  nnmber,  wfaatever  value 
we  may  attai^  to  the  unit,  or  individnal  1,  of  one  or  of  both  of 
the  nnmbem ;  and  when  we  conmder  each  number  as  one  whole, 
as  we  do  in  the  case  vf  all  numbeTS  not  greater  than  9,  we  have 
no  way  of  finding  the  product  but  by  actually  counting.  There 
is,  however,  a  way  in  which  we  can  derive  those  products  from 
each  Other ;  and  this  is  the  way  in  which  wo  express  the 
products  of  compound  quantities  generally  or  algebiaically. 

It  wiU  be  borne  in  mind,  that  a  compoond  quantity,  accord- 
ing to  our  notation,  is  a  quantity  consisting  of  two  tenns,  or 
more,  separated  from  each  other  by  +  or  — .  a +6,  or  a—b, 
is  the  amplest  expression  which  we  have  for  a  quantity  of  this 
kind,  and  it  may  be  conMdered  as  perfectly  general,  for  the 
letters  a  and  b  may  be  considered  as  repre«enting  any  quantities 
whatever,  whether  simple  or  compoond ;  and  therefbre  it  will 
follow,  that  whatever  can  be  shown  to  be  true  of  their  multipli- 
dotion,  will  be  true  of  die  multiplication  of  all  posmble  quanti- 
ties, d  +  6,  or  0  —  6,  token  as  a  whole  quantity,  is  called  a 
binomial,  from  the  &ct  of  there  being  two  named  or  at  least 
nameable  parts  in  it,  of  which  it  is  the  sum  when  the  sign  is 
+,  and  the  difierence,  with  the  sign  +  or  — ,  according  to 
circumstances,  whai  the  sign  is  — .    Hence,  if  we  tolty  nnder* 
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stand  Ibe  oompodtioii  of  the  product  of  a-^b,  aaA  a—b,  each 
taken  both  aa  multiplier  and  multiplicand,  we  shall  be  in  po^ 
sesuon  of  the  general  principle  which  applies  to  the  mnltipli- 
cation  of  all  compound  quantities ;  and  the  products  of  these 
quantities  will  involve  the  general  piinciple  of  the  multiplication 
of  all  compound  quantities  whatsoever. 

.  Now  a  compound  quantity  may  be  considered  as  made  up  of, 
and  exactly  equal  le  as  many  parts  as  there  are  terms  in  it ;  and 
we  evidently  express  and  mean  the  very  same  value,  whether 
ve  state  the  entire  compound  as  one  whole,  or  all  the  parts  of 
it.  Thus,  in  the  case  of  the  number  7,  it  is  the  same  in  amount 
whether  we  write  7,  or  6  +  1,  or  5  +  2,  or  4  +  2  + 1,  or  any 
number  of  parts  which,  taken  altogether,  ainount  exactly  to  7 ; 
and  generally,  if  c^a  +  b,  either  expresMon  may  be  used  instead 
of  the  other;  and  if  we  multiply  the  parts  n+b  Uy  any  factor 
whatever,  it  must  produce  the  very  same  Ksult  as  if  we  multi- 
plied thesingle  quantity  «,which  is  ^a+b,  by  the  same.  Hence, 
te  multiply  any  compound  quantity,  we  have  only  to  multiply 
aU  its  terms. 

Also,  if  we  have  to  multiply  by  a  compound  quantity,  we 
may  multi|Jy  by. all  its  terms  or  parts;  for  a  +  b  times  any 
quantity  whatever,  is  evidently  the  same  as  a  times  that  quan- 
tity -I-  b  times ;  and  a  —  b  times  any  quantity  is  evidently  a 
times  that  quantity  —  b  times. 

A  multiplier  with  the  sign  +  will,  therefore,  produce  no 
change  on  the  Mgns  of  the  quantity  multiplied  ;  but  a  multi- 
plier with  the  sign  — ,  as  it  gives  a  product  to  be  subtracted, 
will  change  all  the  signs. 

It  has  been  already  mentioned  that  the  products  of  componud 
quantities  may  be  indicated  by  inclomng  each  quantity  in  paren- 
theses, and  connecting  them  by  the  ugn  x  ;  thus,  {a+b)  X 
la  4-  6),  is  the  product  of  a  -|-  6  by  a  -|-  6y  but  as  the  whol« 
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multiplier  (a  +  b),  afiecta  equally  each  of  the  terms  of  the 
multiplkaiid,  the  tenua  of  the  above  expresgioii  aie  not  Bimple. 
'  We  might  umplify  them  one  step  by  coouecting  the  multi- 
pUer  with  each  term  of  the  mnltipUcand ;  and  as,  by  the 
genend  principle  of  algebraic  hotatiim,  multiplicotioii  is  alwuyx 
Dudentood  when  there  is  no  ugn  between  letteiv,  we  should 
havetheprodnct  a(a+6)+i(aH-(),in  which  a  is  a  multiplier 
af  both  a  and  b  in  the  firat  compound  term,  and  6  a  multiplier 
of  both  a  and  b  in  the  second. 

Next  we  might  actually  apply  these  multipliers,  which  is  . 
done  by  simply  pUiang  the  multiplying  letter  along  with  each  of 
the  others,  either  be&re  them  or  after  them,  without  any  sign 
between;  and  then  we  should  have  aa  +  i^  +  ob  +  A^  for  the 
product  of  a+6  by  0+6. 

But  this  product  can  be  shortened,  for  a  a  is  a%  a  b  +a  b  is 
2  d  6,  aud  6b  is  b*.  Thus  the  product  ofa+6bya+fi,iBa'i4- 
Zab+b'. 

■  a  +  b  ia  the  sum  of  my  two  quantities  whaterer ;  and  the 
product  of  any  quantity,  simple  or  compound,  by  itself  is  called 
the  iquare  of  that  quantity ;  therefore  the  square  of  a+b,  or, 
OS  we  may  express  it,  (a+b)*,  iBa^+2ab-\-bK 

This,  though  a  very  simple  result,  is  a  very  important  one, 
ae  we  shall  be  better  able  to  see  afterwards ;  but  it  will  be 
Uaefiil  in  the  meantime  to  look  at  the  composition  of  this  square 
of  a+b:  it  consists  of  three  terms,  a'  +  2ab+b*,  ihe  first  of 
yrhich,  a*,  is  the  squaro  of  a  ;  the  last,  i^,  is  the  square  of  *  ; 
and  the  middle  one,  2  a  6,  is  twice  the  product  of  a  and  6,  But 
a  and  6  are  any  quantities  whatever,  and  therefore  whatever  is 
true  of  the  squaK  of  them,  must  be  true  of  that  of  any  quantity 
or  number  whatever  which  we  can  imagine  to  be  the  sura  of 
two  parts.  Wherefore,  we  have  this  general  conclusion  Front 
the  above  simple  operation: — the  square  of  the  sum  of  any  two 
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qnan^tiM  is  eqnal  to  tlie  snni  of  th^  sqoaree,  and  twice  thrir 
product  This  ia  a  very  impoitant  principle,  and  one  to  which 
we  shall  have  firequent  occasion  to  revert,  thenfore  the  etndent 
of  mathematics  miut  bear  it  caiefiilly  in  mind. 

Let  us  now  consider  the  case  in  which  the  aunple  quantities 
of  which  the  multiplicand  and  multiplier  are  made  up,  are  all 
different  from  each  other ;  aa,  for  instance,  thepioduct  of  a-(-i) 
multiplied  bfc+d:  we  may  arrange  tliem  in  the  common  way 
of  arithmetical  multiplication,  as  follows  :— 

a+b 

c  +  d 


Product,  ae+cb+ad+bd. 

,  No  two  of  tlte  terms  in  this  result  aie.  similar,  and  conse- 
quently it  cannot  be  shortened ;  therefore  the  only  conclusion 
that  we  can  draw  from  it  is,  that  the  product  of  the  siim  of  two 
quantities  by  that  of  other  two,  both  different,  is  equal  to  the 
sum  of  the  four  pntducta  which  arise  from  multiplying  the  first 
by  the  first  of  each,  the  second  by  the  second,  and  the  first  of 
eacli  by  the  second  of  the  other.  But  even  this  is  something, 
for,  let  it  be  required  to  find  the  product  of  17  and  15 :  we  may 
call  17,  10  +  ^,  and  15,  10  +  5 ;  then  we  have  the  product, 
10x10+10x7+10x5+7x5.  Performing  the  multiplica- 
tions, we  have,  100+70+SO+35;  and  adding  these  we  have 
255.  This  is  not  shorter  than  the  common  method  (^  multi- 
plying, but  it  shows  us  how  the  product  is  composed,  for  we 
may  obtain  the  product  of  the  sum  of  any  two  numbers  by  the 
sum  of  any  other  two,  by  taking  the  products  of  the  first  of 
each  pur,  the  second  of  each  pmr,  and  the  first  of  each  pair  by 
the  second  of  the  other,  ani  adding  them  together. 
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Let  OS  uow  examine  the  pi^tduct  bj  itself,  or,  iriiicli  is  the 
same  thing,  die  square,  of  a  binomial  baving  the  sign  —  in 
the  second  tenn;  that  ii,  the  product  of  (a— 6)  x  (a— A),  ur 

Multiplying  by  a,  we  have  a' — abj  and  nmlt^lying  by  —6, 
and  changii^  the  rigns,  because  £  is  — ,  we  have  — ab+b^ ;  or 
ve  might  have  arranged  them  thus  ^— 

Multiplicand        =  a—b 

Multiplier  =  a—b 

Product  by  o       =  a*— a  b 

Product  by     -6=      — a6  +  6« 

Product  by  a—  6=a*— 2o6+6',  or,  a«+6«— 2  a*. 

a—b  is  a  general  eipresaon  for  the  difieience  of  any  two 
qnahtities ;  it  is  a  positive  quantity,  or  greater  thrai  0,  when  a 
is  tlie  gmtter,  equal  to  0  when  a  and  b  are  equal,  and  a  — 
quantity,  or  less  than  0,  when  b  is  the  greater.  It  will  be  home 
in  mind,  that  any  difference  may  be  conndered  dthef'  as  a 
•f  or  a  —  quantity,  for  the  greater  b  eqoAl  to  the  .lees, 
+  the  difference,  and  the  less  is  equal  to  the  greater,  -^  the 
diiterence. 

The  above  expresdon  for  the  square  of  ^e  difference  con- 
tains a^  +  b*—2ab,  that  is,  the  sum  of  the  squares  wanting 
twice  the  product.  From  this  we  see  that,  if  there  is  any  dif- 
ference between  two  quantities,  the  sum  of  the  squares  of  those 
quantities  must  always  be  greater  than  twk«  their  product; 
and  that  this  difference  being  =  to  the  square  of  the  difference 
t^  the  two  quantities,  does  not  depend  <ai  the  value  of  the 
quantitim  demselvea,  but  applies  to  all  which  have  the  same 
difference,  whether  they  be  great  or  small.  If  a  =  b,  or  tlie 
difference  =  0,  then  the  square  of  the  difference  =  0,  and  con- 
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j»equentlya^  +  t*  =  2a6,  which  is  only  stating,  in  other  words, 
tlmt  the  squarea  of  equal  quantities  are  equal,  and  that  the  pro- 
duct of  two  equal  quantities  is  equal  to  the  square  of  any  one  of 

Tliis  shows  US,  that  when  the  factors  are  equal,  the  product 
is  the.  greatest  possible,  and  this  is  sometimes  useful. 

Let  ns  now  examine  the  product  of  the  sura  a-4-6,  and  the 
difference,  a—b,  or  (a  +  6)  x(a— S).    We  have, 
0+6 


Here  — 6  changes  the  signs  in  the  second  line  of  the  prodnet', 
and  +ab~ab  ii  =0,  and  may  be  left  out  in  adding.  Hence 
-we  have  this  principle ; — the  product  of  the  sum  and  diffetencQ 
of  two  quantities  is  equal  to  the  dit^iience  of  their  squares. 

If  we  subtract  the  square  of  a  — 6  from  that  of  a+b,  we 

(a+6)»  =  n«  +  2a6+S» 
(a-b)*  =  a'—Zab+b' 

4a6  =  difference. 

Theretbre,  four  times  the  product  of  any  two  numbers,  toge- 
tlier  with  the  square  of  their  diifBrence,  is  equal  to  the  square 
of  tlieir  sum. 

We  may  now  shortly  examine  what  changes  are  made  upon 
the  product,  by  additions  to,  or  subtractions  from,  either  or 
botli  of  the  factors.  For  this  purpose,  let  a  and  6  be  any  two 
factors  whatever,  of  which  the  prodnet  isab;  add  to  the  foctoc 
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a,  any  qiuntity  e,  and  the  product  becontM  a  6+5  c;  satitract 
any  quantity  c,  and  it  becomes  ab — be;  let  tbe  change  be 
made  on  &e  other  factor  h,  by  any  quantity  d,  whUe  a  lemuns 
the  same,  and  we  have  ob  +  ad  when  d  ]b  +,  and  ab—nd 
when  die  — .  Let  each  have  any  quantity  added,  as  (a+c)  x 
(i+d),  and  we  have  ab-\-be  +  9d+dc;  and  let  any  quantity 
be  Bubttacled  ftma  each,  and  we  have  (a — c)  X  Q>-~d),  from 
which  we  obtain  ah—bc  —  ad-\-cd. 

Tltese  expresdons  give  db  the  following  general  pnndples:— 

Ist.  If  we  add  to  either  &ctor,  we  add  to  the  product  th^ 
same  number  of  times  the  other  factor ;  or,  the  product  of  the 
sum  is  equal  to  the  sum  of  the  products. 

2nd.  If  we  subtract  from  either  ftctor,  we  subtract  from  the 
product  the  same  number  of  times  the  other  factor ;  or,  the 
difierence  of  the  products  is  equal  to  the  product  of  the  dif- 
ference. 

3rd.  If  we  add  to  each  bctor,  we  add  to  the  product  tlie 
{>«>duct  of  each  factor  by  the  quantity  added  to  the  other,  and 
also  the  product  of  the  two  quantities  added. 

4th.  If  we  subtract  from  each  &ctor^  we  subtract  from  the 
product  the  product  of  each  factor  by  the  quantity  subtracted 
from  the  other,  and  add  the  product  of  the  two  quantities 
subtracted. 

6th.  If  we  add  to  the  one  factor,  and  subtract  from  the  other, 
we  have  aft  +  6c — ad — cd;  we  must  add  the  product  of  the 
one  factor  hy  the  quantity  added  to  the  other,  and  subtract  the 
product  of  the  —  quantity  by  the  other  factor,  and  also  the 
product  of  the  quantity  added  and  the  quantity  subtracted. 

These  principles  often  enable  us  to  get  at  products  by  means 
of  sums  and  differences.  Thus,  100  x  100  is,  by  the  scale  of 
numbers,  10000 :  then  let  us  find  the  product  of  109  and  107. 
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This  Ms  under  the  third  case  (a+c)  x  {h+d),  or  (100+9)  x 
(100  +  7);  BO  we  have  to  add  the  following  lines : — 

a6  =  100  XlOO   =   10000 

6c  ~  100  X     9  =      900 

ad  =  100  X     7  =      700 

cd  =      9x7=        63 

Therefore  109  x  107  =  10663 

Agun,  to  find  the  product  of  97  and  93.  This  falls  under 
the  fourth  case,  a 6 — ad+be—ed;  and 

ab=       100  X  100  =  10000 

—  6c  =—100  X      3=— 300 

—  ad=  —  100  X      7  =  —700 
t>d=  3x7=        21 

Therefore  97  X  93  =     9021 

Farther,  let  the  product  of  109  and  94  bo  required.    Thia 
comes  under  the  fifth  caae,  ab  +  bc  —  ad  —  cd;  and 
a6sa        100  X  100   =    lOOOO 
6c  =        100  x       9  =        900 

—  ads  — 100  X      6e  — 600 

—  ed  =  —      »x      6=—    64 

Therefore  109  x  94  =    10246 

These  principles  ore  oflen  <^  great  use  to  ns  in  shortening 
operations  in  common  arithmetic ;  thus,  a  table  is  6  inches  less 
than  9  feet  long,  and  four  inches  more  than  6  feet  wide,  how 
many  square  feet  are  in  it  7  Herewehavea^  6fbet,  6^  9feet, 
c  —  one-third  of  a  foot  (^),  and  d  =  one-half  of  a  foot  (i) ; 
so  that  in  nomben  we  have  (6+^)x(9  — ^);  and 
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6  X  c  =       9  X  i,  or  one-third  of  9  =         3 

—  fflXrf  =  — 6x4,  or  one-half  of  6  =  —   3 

—  e  y.  d  =  —  I  X^,  or  one-axth  of  1   =  —     J 

Therefore  (6  +  ^)  X  (9  -  4)   =       53J  feet. 

This  example  ia  tather  an  anticipation  of  prindplea  which 
have  not  yet  been  exjdained ;  but  it  is  drnple,  and  may  help  to 
diow  that  these  methods  of  considering  ttte  compoMtion  of  a 
product  are  very  luefiil. 

As  the  product  of  any  three  fiictors  ii  the  lame  aa  the  pro- 
duct of  any  two  of  them  by  the  third  one,  a,b,e  being  dtber 
a6xc,  oracxb,  or  6cXa,  it  follows  that  the  multiplication  of 
any  one  factor,  before  multiplying  them  together,  is  the  same 
aa  mQlti{dying  their  product  after ;  and  if  botli  fitctors  are  mul- 
tiplied each  by  any  quantity,  the  product  will  be  the  aame  m  if 
the  product  of  the  original  factors  were  multiplied  by  the  pro- 
duct of  the  multipliers.  Thus,  if  the  factors  we  made  «  a  and 
m  b  before  multiplication,  the  product  of  no  x  mb  ia  the  aame 
as  that  <^  aixmn.  Hence  we  aee  generally  that,  if  a  product 
is  made  up  by  the  continual  multiplication  of  the  same  fiicton^ 
it  is  of  no  consequence  in  what  order  they  are  taken. 

PtoductB  which  are  the  result  of  multiplications  by  the  same, 
or  by  equal  multipliera,  are  called  aiai^multipte*  ;  thus,  3  a,  3  b, 
wid  8o  are  all  equi-multiplee  of  the  quantitiea  a,  b,  and  e,  by 
the  common  multiplier  3 ;  and  ma,  mb,  and  tn c  ara  equi-multL- 
plea  of  a,  b,  and  c,  by  the  common  multiplier  m,  which  may 
atand  for  any  number  or  quantity  whatever.  These  principles, 
though  simple,  are  very  important. 

Soma  of  the  conclusions  at  which  we  have  arrived,  on  raere 
in^Mwtion  of  the  results  of  a^braical  operations,  will  be  found 
of  great  use  when  we  come  to  apply  them,  and  in  the  meantime 
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they  will  ehow  the  great  clearness  and  simplid^  <^  thia  science, 
and  that  we  h&ve  only  to  learn  how  to  read  and  to  write  a^e- 
braicol  expressions,  in  order  at  omx  to  see  the  truth  of  what 
they  contain.  To  know  this  is  of  far  more  importance  than  the 
mere  performing  of  multiplication,  or  any  other  process,  by 
teclmical  rules ;  and  though  there  are  many  results  which  it  is 
necessary  to  remember,  and  which,  indeed,  it  is  difficult  to  help 
remembering,  yet  especial  care  should  be  taken  that  not  one 
algebrmcal  fact  is  committed  to  memory  without  being  previ- 
ously traced  from  self-evident  principles,  and  by  that  means 
thoroughly  understood. 

We  shall  now  point  out  how  terms  which  are  in  themselTes 
a  little  more  complicated  thou  those  which  we  have  hitherto 
mentioned  are  treated  in  multiplication.  The  rule  of  the  signs 
is  necessarily  the  same  in  all  cases ;  that  is,  a  +  multipUer  does 
not  change  the  signs  of  the  moltiplicond,  but  a  —  multiplier 
Always  does. 

Besides  this,  we  have  only  to  conader  the  parts  of  which  a 
term  may  be  composed.  These  ore :  first,  numbers,  or  numeral 
co-efficients,  which  are  always  placed  first,  and  are  understood 
to  multiply  the  whole  term ;  that  is,  their  influence  extends  as 
fetr  as  the  next  +  or  —  in  a  compound  quantity.  Secondly, 
general  quantities  expressed  by  letters;  and  each  of  these  is 
also  understood  to  multiply  the  whole  term,  or  as  for  as  the 
next  -f  or  —  in  a  compound  quaiktity.  Thirdly,  exponents, 
■which  apply  only  to  the  eiagle  letter  or  number  over  the  right 
of  which  they  are  written,  unless  more  than  one  are  inclosed  m 
parentheses,  and  the  exponent  placed  immediately  after. 

Thus,  m  the  expresfdon  4a fie*,  the  meanii^  is,  that  the 
number  4,  the  quantity  a,  the  quantity  b,  and  the  square  of  the 
quantity  c,  are  all  multiplied  together.  If  the  nxpression  were 
4  a*  b*  c«,  it  would  mean  that  the  squares  of  all  the  quantities 
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expreised  by  letters  ^irere  to  be  multiplied  together,  and  aloo  by 
tbe  number  4.  If  it  were  4  a  (be)*,  it  would  mean  tliat  4,  the 
quaotitj  a,  and  the  square  of  the  product  of  b  and  e,  were  all  to 
be  moltiplied  together.  It  is  needleea  to  repeat  that,  when 
there  is  no  numeral  co-efficient,  1  is  always  understood,  and 
might  l>e  written,  for  every  expreadon,  whatever  it  may  be,  ia 
of  course  exaHly  once  itself. 

Numbers  must  be  dealt  with  arithmetically,  that  is,  they 
must  be  actually  multiplied,  or  else  the  multiplication  of  them 
most  be  indicated  by  the  agn  X  between  them. 

Letters  must  be  dealt  with  algebraically,  that  is,  they  must 
be  written  after  each  other,  without  any  intervening  sign ;  or, 
if  file  some  letter  occur  more  than  once,  it  may  be  put  only 
once,  with   an  exponent  expreedng  the  number  of  times  It 

Exponents,  when  they  are  attached  to  the  some  quantities, 
that  is,  the  same  letters,  or  combinations  of  letters,  must  be 
dealt  with  aa  exponents,  that  is,  they  must  be  added,  and  their 
sums  will  represent  their  products. 

.  The  following  example,  in  which  all  these  kinds  of  quantitiefl 
occur  in  one  or  other  of  the  terms,  will  serve  to  iUuBtrote  the 
application  of  the  principles  to  every  case  of  multiplication. 

Let  it  be  required  to  multiply  3a«ft+3o6—36»,  by  4a6»-. 
6ab+2b*.  Arrange  the  quantities  as  in  arithmetic,  moldply 
by  each  term  in  its  order,  add,  and  shorten  the  sum,  if  posnble. 

3«=  i  +  3a   J  —  3fi* 
4a    6«—  6a  b  +  2h» 


—  18oSJ«— 18o«6'  +  18a  4' 

6an»+  6a  6»  +  e 


DigilicibfGoO^lc 


IdB  PRACTICE   OF   miLTinjtlTION. 


It  18  e^dent  thai  the  nnmber  of  tenns  in  tbe  whole  prodnct 
of  two  ctHnpound  quantities,  nrart  be  equal  to  the  pntdact  of 
the  niuuben  m  both ;  that  it  never  can  exceed  thia,  and  that  it 
cannot  be  lew,  except  two  or  more  of  the  particular  products 
condat  of  the  some  letters,  with  the  same  exponents ;  and  then 
such  quantities  can  be  united  into  nn^e  tenuB,  by  the  same 
principles  which  were  expluned  in  Addition, 

Thus,  in  the  above  exami^  diere  are  nine  terms,  arinng 
from  the  ranlti^icatiimof  each  of  the  three  terms  of  the  multi- 
plicand by  each  of  the  three  terms  in  the  multiplier ;  but  when 
we  examine  them,  we  find  12a^  b^  as  the  second  term  of  the 
first  line,  and  6a*  b^  as  the  first  term  of  Uie  last  line,  and  both 
wittt  the  ugn  +  ;  so  they  together  make  IBa'  b'.  Also  we 
.find  IBa  C  as  the  last  term  of  the  second  line,  and  6a  6^  aa 
the  second  term  of  the  last  line,  both  with  the  toga  +  ;  thus 
they  make  24a  b^  In  the  g^ieral  product :  by  thia  means  our 
lune  temu  are  shortened  to  seven. 

It  is  of  great  oonseqnenoe  to  be  expert  in  the  multiplying  of 
quantities,  and  also  in  discovering  when  terms  are  or  are  not  of 
the  same  kind.  But  this,  like  all  practical  operationa,  can  be 
done  readily  tmly  by  actual  pmctiee ;  and  that  practice  is  most 
.  advantageously  done  after  the  student  is  aUe  to  perfimn  Divi- 
rion  as  well  as  Mnh^Ucation,  becouae  the  one  opendion  serves 
not  c«dy  to  prove  the  correctness  of  the  other,  bnt  also  veiy  often 
throws  consderable  light  npon  the  meuiB  by  which  that  other 
is  performed ;  and,  in  piactising  every  kind  of  mathematical 
exercise,  even  for  the  mere  purpose  of  acquiring  facility  in  the 
simple  operati<ms,  the  student  should  always  convince  himself 
of  the  truth  of  every  result,  by  seeing  the  connection  betweeu 
it  and  self-evident  principles.  We  shall,  thereibre,  proceed  to 
give  some  short  acconnt  of  the  fourth  general  operation  in  ibe 
sdenoe  of  quantity — Division  of  quantities. 


bf  Google 


Bivunw.  10> 

It  is  »f  tlie  utmost  impoitance  to  have  clear  notioiu  of  what 
is  meant  hy  the  rnvtaam  of  avANTtriE^  because,  whether 
generally  in  Algebra,  or  particnlBEly  in  Aridimetic,  the  wont 
has  a  meaning  somewhat  more  extended  than  in  common  lan- 
guage. The  conunOD  notion  of  division  is  the  separating  of 
anything  Into  parts,  without  any  restriction  as  to  number,  or 
to  the  parts  being  equal  to  each  other ;  but  arithmetical  di- 
vision has  always  reference  to  the  oa/ue  o/  one  of  a  proposed 
number  of  eqoal  parts  in  a  quantity,  oi  to  the  number  of  parts 
of  a  given  magnitude  or  value,  into  which  a  given  quantity 
can  be  divided. 

It  ii,  in  this  sense,  exactly  the  reverse  of  multiplication,  and 
the  actual  performing  of  it  is  a  mere  reversal  of  the  operation 
of  multiplying.  In  leal  quantities,  one  ot  the  two  &ctora  itt 
multiplication  must  always  be  oonsidered  as  a  number,  and 
then  the  product  is  of  the  same  kind  with  the  othra  one.  Tfaas, 
if  the  data  for  miUtq>Ucati<m  be  the  qua&tUy  and  price  per  onit 
.  of  an  article,  and  the  product  sought  the  price  of  the  whole 
quantity  at  the  same  rate,  this  product,  if  we  call  the  price  of 
the  unit  p,  and  the  qutmtity,  that  is,  the  number  of  that  unit 
in  the  quantity  g,  then  the  whole  price  will  be  expresMd  by 
p  X  7,  or  p  ;.  It  is  evident  that,  if  we  divide  this  product,  p  q, 
by  rather  cJ  the  two  &ctoTs,  the  result  will  be  the  other  on^— 
p,  if  we  divide  byg,  and  q,  if  we  divide  by  p. 

But  it  is  tUso  evident  that  the  product,  p  q,  that  is,  the  whoio 
price  of  the  quantity  of  goods,  may  be  presented  to  us,  not  aa 
the  result  of  a  multiplication,  but  as  one  simple  and  original 
whole,  which  may  be  represented  generally  by  any  letter,  as  a. 
If  nothing  is  given  us  but  this  ample  quantity,  it  is  evident 
th^  we  can  make  nothing  <^  it ;  for,  let  a  =  1001.,  and  let  it 
be  asked  how  much  goods,  or  what  priced  goods  we  can  buy  for 
it;  and  no  direct  answer  could  be  given.  1^  however,  either;), 
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the  price  per  unit,  or  9 + ,  tlia  quantity,  were  giren  us,  aa  well  as 
a,  we  should  be  in  a  condition  for  answering  the  question.  Ifq 
were  giTcn  then  p  equal  to  a  divided  by  q ;  and  if  p  were  given 
then  q  equal  to  a  dividad  by  p,  which  are  expressed  algebraically 

^ther  by  a-^q=p  and  a-i-p^g,  or  by  -=p,  and  -  =  q,  the 

last  of  which  is  the  preferable  expreamon,  because  it  is  least 
liable  to  be  luistalcen. 

In  this  way  we  may  indicate  the  division  of  any  quantity  by 
any  other  quantity,  whether  those  quantities  be  simple  or  com- 
pound ;  and  if  the  quantities  are  both  simple,  and  consist  of 
difierent  letters,  this  is  all  the  division  which  we  can  perform. 
This  simplest  case  may  be  considered  as  compriung  the  divi- 
sion of  all  numbera  which  are  less  than  ten  times  the  arith- 
pietical  figures  by  thoM  figures  1  this  brings  us  to  tiie  reversal 
of  the  table  of  multiplicatiou,  and  is  the  elementary  operation  be- 
yond which  diviuon  cannot  be  Amplified  aa  a  practical  operation. 

We  are,  therefore,  to  bear  in  mind  that  r  '^  "  general  expres-   * 

siiHi  for  the  quotient  or  result  of  the  division  of  any  one  quantity 
by  any  other,  a  being  in  all  cases  the  dividend,  or  number  to  be 
divided,  and  b  the  dioiMr,  or  number  by  which  we  are  to 
divide:  Also,  if  we  were  to  suppose  the  division  performed  and 
the  quotient  obttuned  in  any  number,  g  lor  instance,  we  would 
have  bg  ^  a,  that  is,  the  product  of  the  divisor  and  quotient 
equal  to  the  dividend ;  and  if  we  actually  performed  this  mul- 
tiplication in  real  numbers,  we  should  from  it  discover  whether 
pur  division  were  right. 

Tlie  dividend  a  may  be  considered  as  the  product  of  the 
divisor  b  and  the  quotient  q,  whether  the  quotient  be  or  be  not 
found;  and  thus  it  becomes  a  very  important  consideration 
jn  division  what  chaises  vre  can  perform  on  the  dividend  a. 
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sod  the  divisor  6  so  aa  Dot  thereby  to  aflect  the  value  .of  the 
quotieDt. 

Now  it  is  evident  that  whatever  may  be  the  value  of  the. 
quotient  q,  whether  greater  than  1,  equal  to  I,  or  leas;  and 
whether  it  be  posdble  or  not  possible  to  express  it  as  a  separate 
qnantity,  it  will  oot  be  altered  if  we  take  any  equi-multiplea 

whatever  of  the  dividend  and  divisor;  bnt  that  — -  expreBses 

exactly  the  same  quotient  as  -,  whatever  may  be  the  values  of 

a  and  b,  and  also  of  the  multiplier  m,  provided  this  multiplier 
is  the  same  in  the  case  of  each  of  them  ;  for  o  is  the  product  of 
b  the  divisor  by  q  the  quotient ;  and  it  was  shown,  when  treat- 
iDg  of  multjplicati<»],  that  multiplying  one  of  the  foctors  pro- 
duces the  same  effect  as  multiplying  the  product  by  the  same 
multiplier.  Bat  ma  is  the  product  of  the  divisor  and  quotient 
by  any  quantity  m,  aud  therefore  the  quotient  of  ma  must  be 
exactly  m  times  that  of  a  not  multiplied  m.  Hence  we  may 
conclude  generally  that  the  multiplying  of  the  dividend  by  any 
multiplier  whatever  must  always  have  the  some  effect  as 
multipljing  the  quotient  by  the  some  multiplier. 

Let  US  next  consider  what  will  be  the  effect  if  we  applj'  the 
some  multiplier  to  both  divisor  and  dividend.    We  have  already 

seen  that  if  the  quotient  expressed  by  ■-  be  the  quantity  g,  the 
quotient  of  —  must  be  mq.   Then  let  us  considerwhat  will  be 

the  quotient  of  — .     Here  m  and  b  are  both  divisots,  and  they 

are  diviaors  in  the  relation  of  fitctors,  therefore,  whatever  num- 
ber of  times  any  dividend  is  divided  by  and  divisor  b,  it  must 
be  as  ntany  times  oftener  divided  by  any. multiplier  m,  which  is 
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applied  to  the  divimr  b.    Consequently  the  quotient  of  — 7 

18  exactly  equal  to  that  of  -7 ;  and  we  have  these  general  prin- 

dplea :  that,  multiplying  the  dividend  mnltipliea  the  quotient ; 
multiplying  the  divisor  divides  the  quotient ;  multiplying  both 
by  the  same  fector,  ot  the  sune  number  of  factors,  of  which  the 
continual  product  is  the  some  in  both  cases,  taken  in  any  order, 
does  not  alter  the  quotient;  and  that,  if  the  divimr  and  dividend 
are  unequally  multiplied  the  quotient  wHl  be  multiplied  by  the 
quotient  of  the  two  mnltlpUers,  taken  as  applied  to  the  original 
(Arms.  In  the  last  case  the  chai^  of  the  quotient  may  be 
either  an  increase  or  a  diminution,  or  it  may  become  equal  to 
the  number  1,  according  to  ciroumslances,  which  of  coune  de- 
pend upon  the  natuie  of  the  particular  case. 

As  multiplying  the  one  term  in  diviuon  has  the  same  effect 
as  dividing  the  other  term  by  the  some  or  an  equal  quantity,  it 
fctiowsthst  both  may  be  divided  by  the  same  quantity  without 
afiectiog  the  v^ue  of  the  quotient ;  and  from  this  again  it  fol- 
lows, that  if  we  divide  both  divisor  and  dividend  by  any  quan- 
tity, or  any  series  of  quanUtiee  of  which  the  continual  product 
is  the  same  in  both  cases,  we  leave  the  quotient  unaltered;  but 
if  we  apply  one  divisor  to  the  dividend,  and  a  different  one  t« 
the  divisor,  we  change  the  expression  to  the  value  of  the 
quotient  of  the  two  quotients. 

Thus,  we  may  be  said  to  have  an  almost  ludimited  power 
over  the  expression  of  a  quotient  when  it  is  given  us  in  terms 
of  a  divisor  and  a  dividend ;  taxi  this  is  especially  worthy  of 
(rur  conaderation,  as  being  the  part  of  the  science  in  which  we 
can  most  eamly  obtain  clear  notions  of  the  relations  of  quantities 
to  each  other  in  respect  of  value  or  magnitude,  and  as  these  rela- 
tions an  the  only  means  whi«hwe  have  infindij^  outuDknown 
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by  the  known,  it  is  necessaiy  that  we  should  make  ourselves 
very  mtimately  acquainted  with  their  nature.  We  may  add, 
that  our  failure  is  more  frequently  owing  to  ignorance  on  the 
subject  of  telAticns  than  to  any  other  cause,  and  from  ignorance 
too  which  iM  irftm  occataoned  by  an  incoufflderate  supposition 
that  this  part  of  the  subject  is  too  self-evident  and  simple  for 
requiring  any  thought  at  bU. 
If  we  suppose  a  tmd  6  the  dividend  and  divisor,  and  q  the 

qb 

quotient^  we  have  the  value  of  tliis  quotient  expressed  by  -7- ; 

and  as  dividing  both  terms  by  the  same  quantity  does  not  ftltet 

the  value,  if  we  divide  both  of  these  by  6  wo  have  -  for  the 

value  of  q,  which  is  an  expression  in  which  the  value  of  the 
divisor  is  reduced  to  ibe  number  1.  But  a,  (,  and  q  are  any 
divisor,  dividend,  and  quotient  whatever,  because  none  of  them 
expresses  any  particular  value ;  therefore  we  have  this  general 
piindple,  that  every  case  of  division,  be  it  what  it  may,  may  be 
reduced  to  another  expression  fbr  exactly  the  some  quotient  or 
value  in  which  the  divisor  shall  be  the  number  I, 

The  perfiHmii^  of  division  arithmetically  is  nothing  more 
tiua  finding  the  value  of  the  dividend  which  shall  correaponil 
to  divisor  1 ;  and  tiie  performing  of  division  algebraically  is 
the  findii^  of  the  fewest  and  simplest  terms  in  which  this 
dividend  answering  to  divisor  1  can  be  expressed,  this  expre«-' 
Bon  being  the  algebraical  aimi^ification  of  the  quotient. 

If  the  espiesfdon  is,  pven  -  to  find  q  the  quotient,  and  if  we 

Boppose  a  and  6  to  be  mmple  quantities,  we  must  first  consider 
whether  they  are  of  such  a  nature  as  that  they  can  have  a 
quotient ;  and  secondly,  we  must  endeavour  to  find  out  the 
vduB  of  this  quotient  in  known  terms.    The  first  of  these 
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questions  must  be  determined  from  the  nature  of  the  qnan' 
titles :  if  they  are  real  qoantities  of  the  same  kind  the  quotient 
is  a  number ;  and  if  of  different  kinds  we  must  be  able  to  tell, 
from  their  nature,  whether  they  aie  so  related  as  that  we  can  call 
the  divisor  a  number,  and  bo  have  for  the  quotient  a  quantity 
of  the  same  kind  with  the  dividend.  If  the  divisor  and  divi- 
dend do  not  come  within  these  conditions  there  can  be  no  quotient 
to  which  meaning  can  be  attached,  and  consequently  no  prac- 
tical usefiihiera  in  the  particular  case ;  but  when  we  speak  of 
quantity  generally  as  expressible  by  numberB,  we  may  without 
impropriety  confflder  all  such  general  numbers  as  expressing 
quantities  of  the  same  kind,  because  none  of  them  expresses 
any  ^>edfic  kind  of  quantity. 

After  having  determined  that  there  can  be  a  pos^ble  quotient 
in  the  case,  we  are  next  to  determme  its  amount ;  and  here  we 
are  thrown  upon  the  particular  case,  and  con  find  it  only  by 
trials.  We  have  already  shown,  in  the  section  on  the  opera- 
tions of  arithmetic,  that  the  quotient  of  two  numbers  can  in  all 
cases  be  obtained,  either  wholly  or  to  as  great  a  A^vee  of  accu- 
racy as  may  be  neceasary  for  even  the  nicest  purposea,  by  as 
many  separate  multiplications  and  subtractions  as  there  are 
figures  in  the  quotient ;  but  this  is  not  a  principle  which  will 
apply  generally  to  the  finding  of  quotients  algebraic^y,  because 
the  properties  of  the  scale  of  numbers  are  peculiar,  and  confined 
to  arithmetic  Hence  it  is  impossible  to  lay  down  any  general 
rule  for  the  actual  division  of  quantities  which  are  expressed  al- 
gebraically ;  neither  in  the  case  even  of  ^mple  quantities  can  we 
tell  before-hand  of  how  msny  terms  the  quotient  may  conust ; 
for  we  have  seen  that  in  multiplication  terms  often  destroy  each 
other,  and  thus  the  product  becoAies  E^parentiy  as  simple  as 
either  of  the  factors,  or  even  dmpler.  When  the  terms  are 
angle  letters  the  expresuon  cannot  be  shortened ;  neither  can 
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it  be  dHnfaned  lAen  the  tenns  aie  compound  quantities  of 
which  the  nngle  tenua  are  all  difierent ;  but  if  the  same  letter 
occnn  in  each  term  it  nay  be  entii«ly  left  out,  as  in  that  ciwe 
the  tenna  are  equi-multiplea  by  that  letter  as  commou  &ctor,  and 
dividii^  by  this  common  fectordoeenot  affect  the  quotient. 

To  take  a  few  of  the  Edmplest  cases  :  -  cannot  be  shortened ; 


and  c  la  the  quotient  which  answen  to  1  in  the  diyisor. 

When  there  are  compound  quantities  and  terms  of  quantities, 
we  are  obliged  to  find  the  terms  of  the  quotient  by  trial  and 
error;  and  for  this  purpose  it  is  desiralde  to  take  as  the  first 
t«nn  of  the  quotient  some  quantity  which  multiplied  into  the 
first  term  of  the  divisor  shall  produce  at  least  one  term  of  the 
dividend,  because  then  the  subtracting  will  make  the  i«mainder 
that  term  shorter.  It  is  to  be  undetstood,  howerer,  that  the 
length  or  shortneas  of  a  compound  quantity  has  no  necessary 
connection  with  its  real  value. 

The  multiplications  are  of  course  to  be  performed  according 
to  the  directions  already  given ;  and  the  signs  of  all  the  terms 
of  the  products  are  to  be  changed,  because  these  are  to  be  sub- 
tracted. If  only  the  same  letters  occur  in  both  divisor  and 
dividend,  the  division  can,  generally  speaking,  be  performed ; 
and  as  this  is  a  merely  mechamcal  part  of  the  business,  the 
best  way  in  acquiring  cxpertnese  in  it  is  to  practise  multiply- 
ing one  compound  quantity  by  another,  and  then  dividing  the 
product  by  either  &ct«r ;  and  if  the  quotient  turns  out  to  be  the 
other  &ctor,  both  operations  will  of  course  be  ngbt.  The  fol- 
lowing examples  will  show  how  this  is  to  he  done. 

First,  if  the  sum  of  the  squares  of  two  quantities,  wanting 
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the  prodoct,  is  multiplied  by  the  stun  of  the  qnantitieB,  what 
will  be  the  amount  ? 
Let  a  be  one  of  the  quantities  and  b  the  other,  th^ 
Sum  of  thesqnaKfi  —  product  =a'^+h*—ah 
Multiply  by  sum  —  a  •\-  b 

_o6s  +  a«6+6» 


Product,  =a'+6» 
So  that  we  perceive  that  the  sum  of  the  squares  wanting  the 
product,  when  multiplied  by  the  gum,  produces  the  snm  of  the 
cubes.  Let  ns  now  perform  the  division,  first  taking  the  one 
factor  for  a  divisor,  and  then  the  other;  and  let  us  see  whether  in 
each  case  the  result  of  the  division  will  give  us  the  other  factor. 
First,  dividing  by  the  multiplier,  we  have  this  operation  ^— 
a+6)a'  +6»(a»-o6+6' 


•  0. 

The  first  line  of  the  above  opeTati<«  consists  of  the  divisor, 
a +6,  the  dividend,  a*+h\  and  a  place  fw  the  quotient  as  it 
is  found.  The  divisor  and  dividend  ore  placed  with  the  letters 
in  the  same  order,  which  is  a  matter  of  convenience  though  not 
one  of  necessity.  Compating  a,  the  first  term  of  the  divisor 
witha',  the  firstof  the  dividend,  we  find  that  as  ffl*Xtt  is  =  a', 
the  first  term  of  the  quotient  mnst  bea*;  and  because  the  term 
of  the  divisor  and  that  of  the  dividend  have  both  the  sign  +> 
or,  which  is  the  some  thing,  are  without  any  ugn,  a*  in  the 
qnotiKit  must  be  +. 
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Wb  nest  multiply  both  terms  of  the  dJTisor  by  a%  and  diaage 
the  ngns,  which  ia  the  some  aa  subtittcting  the  products,  and 
thus  we  get  the  second  line  — a' — a'b.  Comporiag  the  terms 
of  this  Trith  those  of  the  dtvidend  we  find  a'  with  die  sign  +, 
and  also  with  the  sign  — ,  which  destioy  each  otho',  and  we 
have  lemuning  — a*£+i^,whiah  is  tiie  third  line  of  the  opera- 
tion ;  and  we  again  compare  its  firat  term  with  the  fint  term  of 
the  divisor,  that  is,  we  compare  a  with  — a*ft.  It  Ik, easy  to 
see  that  a  will  be  got  a  b  times  in  this  term,  and  that  the  agn 
must  be  ^,  or  that  in  order  to  conrert  the  piodnota  into  le- 
maindoB  we  must  make  their  ngns  the  same  as  that  <^  the 
divisor.  Performing  this  mulliplicatiiw  we  have  +i}flb+ah% 
in  which  the  fiist  terms  destroy  eadt  other,  and  theie  nmains 
ab^+b^  for  the  fifth  line  of  onr  t^eration.  Comparing  the 
first  term  of  this  with  the  first  of  the  divisor  we  percave  that 
+b^  in  the  quotient  will,  if  multiplied  by  a  in  the  divisor,  and 
the  sign  chtuged,  produce  — ab*,  which  extinguishes  the  first 
term.  Multiplying  both  terms  of  the  divisor  by  b\  and  chang- 
ing the  signs,  we  obtain  — ab^ — b^,  which  ezterminatee  the 
whole  dividend.  Therefore  our  whole  quotient  is  a^ — 06 +  6", 
which  is  exactly  the  same  aa  our  multiplicand,  though  the 
terms  are  not  arranged  in  exactly  the  same  order. 

It  will  be  seen  from  this  operation  that  the  process  of  divid- 
ing  algebraically  is  so  simple  as  to  be  merely  mechanical ;  for 
at  each  step  we  have  only  to  seleet  sueh  a  term  for  the  quotient 
asdiallwith  the  first  t«rm  of  the  divisor  produce  the  same  com- 
bination of  letters  as  that  of  the  dividend,  and  shall  have  such 
a  sign  as  when  changed  shall  beoppoutetothat<f  the  dividend. 
It  is  of  no  consequence  whether  any  of  tiie  other  terms  are  the 
tame  oi  not,  because  the  changing  of  the  signs  of  those  parts 
obtained  by  multiplication  converts  them  into  remainders  v  and 
if  the  multi[djcation  and  change  of  the  signs  be  rightly  per- 
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fonned  enry  step  of  the  operatioo  will  lead  to  a  trae  reeult, 
whatever  may  be  the  differeoce  of  its  appearance. 

NeitheT  need  we  conclude  that  we  have  comiiutt«d  errotB, 
tho*^  the  product  of  a  compound  divisor  and  quotient  do  not 
amount  lo  the  Bame  identical  expression  as  the  dividend ;  be- 
cause we  have  already  shown  that  eqni-multiples  and  like  parta 
of  my  divisor  and  dividend  vrill  all  lead  to  exactly  the  same 
quotient. 

Before  we  can  thoroughly  understand  division,  and  theee 
general  relations  which  are  founded  upon  its  principle,  or  rather 
in  wliich  its  principle  consists,  it  is  necessary  to  have  rcconrse 
to  some  &rther  explanations,  which  can  be  more  convenieatly 
made  in  a  new  section ;  we  shall  therefore  close  this  one  by- 
subjoining  the  operation  for  the  above  example,  as  divided  by 
the  other  &ctor. 


SECTION  VII. 


A  FRACTieir  is  a  quantity  viewed  in  ita  relation  to  some  other 
qnantity  of  the  same  kind  which  is  conmdeied  as  a  whole;  and 
as  eveiy  caae  of  division  may  be  considered  as  reducible  either 
exaetly  or  to  any  degree  of  nicety  that  may  be  required  to  an 
expression  in  which  the  divisor  Is  <me,  or,  irtiich  is.  exactly  the 
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lame  in  efiiect,  every  possible  caee  of  division  may  be  conceived 
as  concdBtiiig  of  equi-multipIeB  of  I  and  the  quotient  by  the 
diviior,  the  simple  expression  of  diviaioji  by  writing  the  divi- 
dend over  the  divisor,  and  separating  them  by  a  line,  is  also  the 

general  expression  of  a  fraction.     Thus  7  b  an  expression  fbi 

any  fraction,  in  whicb  the  quantity  b  is  understood  to  mean  a 
whoU,  or  the  number  1,  and  a  any  quantity  whatever,  only  it 
must  be  one  of  the  same  kind  wi^L  b.  If  a  and  6  were  ex- 
pressed arithmetically  it  would  be  necessary  to  express  them 
both  in  dte  some  unit,  in  order  that  the  niunbers  might  express 
the  same  relation  as  the  valnes ;  and  vrhen  general  expicsdons 
are  used  it  is  necessary  to  understand  them  in  this  manner. 

Perhaps  the  simplest  notion  we  can  have  of  the  nature  of  a 
fraction  is  the  arithmetical  one,  which  supposes  that  the  whole 
is  divided  into  as  many  equal  parts  as  the  under  term  of  the 
fraction  expreBses,  while  the  value  of  the  fraction  consiBts  in  the 
number  of  those  parts  which  the  upper  term  expresses.    Thus, 

in  the  expreasioa  —  the  under  number  20  shows  diat  some- 
thing considered  as  a  whole  is  understood  to  be  divided  into  20 
equal  parts ;  and  the  upper  number  19  shows  that  the  value  of 
this  particular  fraction  is  19  of  those  parts.  From  this  it  fol- 
lows that  the  value  of  the  fraction  does  not  depend  upon  the 
absolute  numbers  in  which  it  is  expressed,  but  upon  the  rela- 
tion of  those  numbers  to  each  other ;  and  that  each  of  the  two 
numbers  has  a  distinct  operation  to  perform. 

One  whole,  by  whatever  number  it  may  be  expressed,  may  be 
conndered  as  always  meanii^  the  very  same  quantity,  unless  the 
contrary  is  expressly  stated ;  and  thns,  the  luger  number  which 
the  under  term  of  a  fraction  expresses,  the  smaller  must  be  tlie 
value  of  every  individual  1  of  that  number ;  hut  the  larger  the 
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upper  term,  the  value  moat  always  be  the  greater.  A  fraction 
may  thus  be  considered  as  having  a  sort  of  double  value,  or  ■ 
value  i^ch  may  at  any  rate  be  considered  as  the  result  of  two 
operatioiiB,  a  division  by  the  ondet  t«rm  to  find  the  value  of  1 
in  the  upper  number,  and  a  multiplication  of  the  value  so-fbimd 
by  the  upper  number. 

In  an  arithmetical  point  of  view,  the  number  of  the  under 
term  fixes  the  denomination  of  the  fraction,  in  the  very  tame 
way  as  the  denaminatious  of  real  quantities  are  fixed  by  the 
standards  in  which  they  are  counted ;  and  for  this  reason  the 
nnder  number  is  called  the  deiMminator  of  the  fraction.  The 
denonunator  is  thus,  as  it  were,  "  small  change"  for  the  int^jer 
number  1,  just  as  shillings  are  small  change  for  a  pound,  or 
yards  are  small  ehange  for  a  mile.  The  upper  nomber  shows 
how  much  ot  this  small  change  the  fraction  consists  o^  and  far 
this  reason  it  is  called  the  numerator,  or  "  the  teller  of  the 
number  "  of  the  fiw^titm.  It  may  be  any  number,  equal  to  the 
denominator,  or  greater,  or  less ;  and  it  may  be  a  number  which 
cannot  be  exactly  expressed  in  terms  of  the  denominator,  at  the 
same  time  that  there  is  between  the  two  a  relation  which  we 
can  perfectly  understand. 

Hence  the  doctrine  of  fractions  is  a  very  general  one  in  ma- 
thematical science,  as  it  involves  all  comparisons  in  which  the 
wh<^  value  of  one  quantity  is  compared  with  the  whole  value 
of  another.  There  ia  something  neat  in  the  signs  which  are 
used  to  express  ^ke  comparisons,  o  :  &  is  relation  generally, 
and  says  little  more  tiian  that  a  and  b  are  quantities  of  the  same 

kind ;    -  is  a  more  definite  statement  of  the  relation,  for  it 

points  out  that  a  is  the  standard  with  which  6  is  compared. 
a-i-  b  with  the  compound  sign  is  more  definite  still,  for  it 
p<^ts  out  the  difierence  of  the  related  quantities ;  but  th^  line 
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in  it  u  not  the  sign  —  pointing  ont  the  difl«i«nce  by  whiolt  the 
one  quaattty  exceeds  or  falls  short  of  the  other,  it  relates  to  the 
vhole  of  both,  which  is  not  necessary  in  the  case  of  the  mete 
difl^rence  as  obtajned  by  subtraction. 

A  fraction  is  still  a  quantity  though  the  value  of  that  quan- 
tity is  expressed  by  a  relatian ;  and  thus  we  must  have  some 
means  of  knowing  when  two  fractions  are  equal  and  when  not. 
We  «annot  tell  this  generally,  or  even  ill  some  common  cases, 
by  comparing  the  numerators ;  for  these  have  equal  values  with 
equal  oxpresdons  only  when  the  denominators  are  also  equal. 
If  both  consist  of  the  same  expressioiui  their  equality  is  of  nft 
use,  as  we  con  draw  no  condnsion  fi«m  it. 

Neither  can  we  make  the  comparistni  generally  if  the  terms 
!B  indicated  by  the  ngns  +  or  — ,    Thus 


b+d 

But  if  we  have  any  means  of  showing  that  the  two  products 
arising  from  tha  multiplication  of  the  numerator  of  each  by  the 
denominator  of  the  other  are  equal,  then  we  are  in  a  condition 
for  proving  the  equality  of  the  two  fractions;  and  this  is  im- 
portant, as  being  the  foundation  of  the  rule  of  prc^rtiiHi,  w 
"  rule  of  three,"  which  is  so  valuable  in  reasoning  and  calcula- 
tion, both  in  arithmetic  and  in  mathematics  generally. 

Now,  from  the  connectim  that  there  is  between  a  fraction 
ami  a  case  of  division,  it  is  evident  that  all  equal  fractions  must 
have  their  terms  equi-multiplea  of  that  form  of  the  fractioo 

which  has  1  tor  its  denominator.     Thus,  if  —  ^-,  then  the 

product  ad  is  equal  to  the  product  be. 
For,  let  the  form  of  the  fraction  of  which  these  terms  are 

equi-multiples  be  ~,  and  no  matter  whether  q  is  less  than  1, 
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equal  to  1,  greater  than  I,  or  whether  it  can  or  cannot  be  ex- 
pressed in  tenna  of  1,  7  must  be  some  multiple  of  -,  and  eo 

must  -.    But  m  and  n  stand  for  any  mnltiplieTS  whatsoever. 

Therefore  -r  may  be  called  =  ,  that  ia,  ;  and  --  = 

,   that  ia,  — ,     Multiply  jm  by  »,  and  711  by  m,  aaA  we 

have  qmn=qnm,  which  ia  an  identical  proportaon,  the  product 
of  the  same  three  &ctoTs;  andtheae  factors  are  perfectly  general, 
and  may  be  anything,  provided  that  those  which  are  expressed 
by  the  same  letters  are  equal  to  each  other. 

Take  an  example :  a  man  is  entitled  to  —  of  a  pound,  would 
16  shillings  pay  him?    16  shillings  is  — ;  and  the  question  is, 

is  it  equal  to  -^!    Multiply  the  numerator  of  each  by  the  de- 

nominatorof  the  other,  and  we  obbun  for  the  first  16  x  16=306, 
and  for  the  second  13  x  20= 260,  which  is  more  than  the  other, 
so  that  16  shillings  is  not  quite  enough. 

Let  us  see  how  much  it  wants.  The  numerator  of  each  frac- 
tion has  been  multiplied  by  the  denominator  of  the  other ;  and 
if  we  multiply  the  denominator  by  the  some  we  shall  hare  equi- 
multiples, or  fractions  of  the  same  value  as  the  original  onee,  and 
they  will  at  the  same  time  have  equal  denominations;  that  is, 
13x20_260  16x16  _  266 

16  X  20  "  320'  *"    20xl6"m6' 

™.     ,.-.  ,  L  260      2S6   .  4 

Thedifierencecrftheee,or---— ,  IS  -=_-,  which,  it 
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is  easy  to  see,  ia  rr  —  of  a  pound,  or  -  of  a  shiUing,  oi  3  pence 

more  than  16  shillingH  the  man  would  lequiK. 

Here  we  have  discovered  not  only  how  fractions  may  be  com- 
pared 90  as  to  ascertain  which  is  the  gKater,  but  also  how  they 
may  be  prepared  for  addition  and  mbtraction.  We  have  only 
to  multiply  the  terms  of  each  by  the  denominatora  of  all  the 
others;  and  they  will  be  all  equi-multiples,  with  equal  denfr- 
minat«n. 

Thus,  in  the  fractions  71  -,  ->  and  -,  we  have  -;  =  ; , 

0    a    _r         »  o      bafh 

c       ahfh   t       ebdh  g      gbdf        ... 

—  =: ,  —  =:  1 .  and  -  ^  - — -  :   which    are   all    eani- 

d       bd/h'f      bfdh'  h      bdfh'  are    «ii    Biim 

multiples,  having  a  common  denominator,  and  their  sum  is 
_  adfh+cbfh-^ebdh-^gbdf 
~  bdfh"'  ■ 

But,  in  order  that  we  may  be  able  to  manage  fractions  with 
eiiae  and  certainty,  we  must  confdder  how  a  fra«tioa  which  pit- 
■ents  itself  in  a  complicated  form  may  be  made  as  ample  as 
poemble  without  altering  its  value. 

Now,  we  cannot  have  any  general  means  of  simplifying  the 
terms  of  fractions  by  addition  or  subtraction ;  because  both  the 
sum  and  the  difiet«nce  of  the  terms  of  two  eqnal  fractions  are 

itill  the  same  fraction.     If  -  ^~,  then  , and  also  -; 

b      d  o+d  6 — a 

are  eqnal  to  each  other,  and  also  to  t  °'  j !  ''"')  multiplying 
the  nomerator  of  each  by  the  denominator  of  the  other,  we  have 
(a+e)x(6— <0  =  ab+bc—ad—ed,  and  (o-c)x*+rf  = 
ab—bc+ad—ed,  which  are  evidently  eqnal  to  each  other,  for 
all  the  four  ample  products  in  b*th  are  equal,  and  two  have 
the  sign  +  and  the  other  two  the  wgn  —  in  each ;  and  thus, 


bfG  00^  Ic 


124  MUI/nPUOATION 

though  they  expren  accnntely  the  real  ratio  of  a  :  6  or  e  :  d 
mnltiplied  by  the  terms  of  the  other  equal  ratio  tevetsed,  they 
are  each  equal  to  nottung. 

As  multiplying  the  one  term  and  dividing  the  other  by  the 
same  quantity  have  exactly  the  same  efiect  on  the  value  of  a 
fraction,  we  can  shift  a  multiplier  or  diviaor  from  the  one  to  ttw 
other  at  pleaaure,  provided  that  it  affects  the  whole  of  the  term 

m  which  it  at  first  appeu«.    Thus  j-,  which  is  -y—,,  may,  by 

changing  the  multiplier  b  of  the  denominator  to  a  divisor  of 

'-        7  1 

the  ntunerator,  be  changed  to  6  ,  or  -  may  be  made  8  with* 

T      "  T 

out  altering  the  value.  Generally  speaking,  this  renders  the 
fraction  more  complicated,  but  there  are  cases  in  which  it  is 

The  converse  is  mnch  more  useful,  for  by  means  of  it  all 
division  of  fractions  may  be  changed  into  multiplication.    Thus 


—  is  evidently  an  expresuon  for  the  diviwon  of  ^  **?  3'  ""'*' 
5 
making  the  divisor  of  each  t«na  a  multiplier  of  the  otiier,  we 

ad 
have  r-y  which  a  the  tenns  of  the  dividend  or  numerator  mul- 
tiplied by  those  of  the  divisor  or  denominator,  inverted; 
from  which  we  may  derive  this  general  rule  for  dividing 
one  fraction  by  another:  turn  the  divisor  upside  down  and 
multiply. 

As  the  nomeiaton  of  fraoticns  are  mnltiplieis,  and  the  deno~ 
minators  divisors,  it  follows  that  fractions  are  multiplied  fay 
multiplying  their  numerators  for  numemtor,  and  their  denomi- 
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Any  quantity  may  be  chained  int^i  tlie  fonn  of  a  fraction  by 
3 
writing  1  for  its  denominator.    Thus  3  may  be  — ,  and  gene- 
rally a  may  be,  — ;  and,  from  what  has  been  already  said,  the 

quantity,  whether  expressed  by  a  number,  or  a  letter,  or  com- 
bination of  lett«n,  ia  a  multiplier,  but  it  may  be  changed  into 

a  divisor  by  inrerting  ita  terms.    ThuB  -  is  3  as  a  multipliBr, 


dirisor. 

It  is  endent  that  -  is  any  quantity  divided  by  the  utunber 

1,  which  is  just  tiuA  quantity  itself;  and  that  -  is  the  number 

1  divided  by  any  quantity  a,  and  as  the  first  of  theoe  is  tho 
exprndon  for  the  quantity  as  a  multiplier,  and  the  second  the 
expression  for  the  same  quantity  as  a  divisor,  they  an  thn 
oppontee  of  each  other;  and  for  this  rewon  1  divided  by  any 
quantity  is  called  the  ree^Mvcal  of  that  qoantity,  and  that 
divinon  by  any  quantity  te  the  same  as  multiplication  by  its 
Kciprocal.    We  need  hardly  repeat  that  the  reciprocal  of  a 

fraction  is  that  fraction  with  its  terms  inverted.    Thus,  if  t  is 

any  fraction,  —  is  the  reciprocal  of  that  fraction. 
Here  it  may  be  proper  to  inquire  into  what  is  the  difference 
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between  any  quantity  and  its  reciprocal,  aa,  for  inatance,  wliat 

a  b 

is  the  difference  between  -7-  and  -  ?  or,  vdiich  is  the  some 

6  a 

thing,  what  is  the  yalue  of  r ^  According  to  the  prin- 
ciple formerly  explained,  we  must  multiply  the  numerator  of 
each  by  the  denominator  of  the  other  for  the  respective  nume- 
rators, and  the  two  denominators  together  for  the  common 

denominator,  which  gives  "*  r  ~  — T'  ""^  ~  —  ~r  J  ""^  *""■ 

sequently  the  difference  = —,  that  ia,  the  difference  of 

the  sqnarea  divided  by  the  prodnct.     Thus,  the  difierence 

4,3  4»— 3«      16— fl      7      ,     ,.„ 

between  -  and  -  is  =  =  — -—  =  -:; ;  the  difierence 

3  4  4x3  12         12' 

between  -and -,  that  is,  4,  and  the  reciprocal  of  4,  is  — - —  = 

The  product  of  any  quantity  by  its  reciprocal  is  always  =  1, 
for  it  is  always  a  fraction  of  whidi  the  numerator  and  denomi- 
nator are  equal. 

The  quotient  by  the  leciprocal  is  the  square  of  the  quantity 

I'd      1x1  '  b  '  a      bxb       b'' 

Wlien  quantities  are  stated  as  the  terms  of  ratios,  and  not 
OS  fractions,  the  reciprocal  is  the  terms  transposed ;  thus,  b  :  a 
is  the  reciprocal  of  a  ;  fr. 

Jf  two  quantities  are  mutually  the  reciprocals  of  each  other, 
any  equi-multiple  of  either  of  them  must  alao  be  the  reciprocal 

of  any  equi-mnltiple  of  the  other.    Thus,  —  and  —  aK  reci- 
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ptocak,  and  a  and  b  stand  for  any  qoanlities  whatever,  and  m 
and  n  ioi  any  multiplien.    Hence, 

"  If  two  quantities  have  the  game  proportion  as  other  two,  the 
product  of  the  fint  and  fourth,  when  they  are  placed  in  the  oi4er 
<^  proportion,  must  be  equal  to  that  of  the  aecond  and  third ;" 
that  ia, 

\(a:b  =  e:d,ora:h:  :  c  :  d,  then,  ad=  de,- 

for  once  a-.b'^c.d,  that  is,  —  ^  --'  —  is  the  reciprocal  of 

a  axd 

7,  and  ' ^1;  therefore  ad:=  oc. 

6  bxe 

The  principles  which  have  been  stated  contain  the  foundation 
■rf  the  management  of  common  fractional  qnantitiea,  whether 
expressed  by  anmbeis  or  by  letteis,  and  we  can  better 
explain  the  method  of  treating  exponential  fetctioas  in  another 
section.  It  may  not  be  ami^  however,  ta  recapitulate  the 
leading  points. 

1.  FractioDB  are  not,  arithmetically,  qoantities  of  the  some 
kind,  unless  they  have  the  same  denominators;  but  they  can 
always  be  reduced  to  a  oommon  denominator  by  multiplying 
both  terms  of  each  by  all  the  denominators,  except  its  own, 
and  then  the  sums  or  difierences  of  the  numerators  may  be 
finmd  in  the  same  way  as  in  quantities  not  fractional. — The 
deneminators  are  not  subjects  of  addition  or  of  subtraction. 

As  the  numerator  is  always  a  multiplier,  and  the  denomi- 
nator a  divisor,  it  follows  that,  to  multiply  any  number  of 
fractions  together,  we  have  only  to  multiply  aU  the  numeratoiB 
for  numerator,  and  all  the  denominators  for  denoniinator ;  and 
if  there  be  any  quantities  which  are  not  fractions  among  the 
betois,  they  may  be  put  in  a  fractional  form  by  writing  1  fbr 
the  denomiiurtor  of  each.    To  divide  fractions,  we  have  only  to 
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turn  the  diTuots  into  their  reciprocals,  which  is  done  by  invert- 
ing the  terms,  and  then  treat  them  aa  in  multiplicatiou. 

When  tliere  is  a  number  of  multiplications  and  divisions  to 
be  performed,  it  is  often  very  convenient  to  throw  them  into  & 
general  fraction,  by  pl&cing  all  the  multipliers  above  a  line, 
and  all  the  divisors  below  the  game,  and  connecting  them  by 
the  sign  x  repeated  between  every  two.  Thus,  for  instance, 
if  it  were  required  to  divide  the  product  of  12, 16,  9,  28,  and 
7,  by  the  product  of  49,  27,  6,  uid  4,  wo  might  arrange  them 

12x16x9x28x7  _2x4x4_  32  _      2 
48x27x6x  4         ~~  3  ~^~^% 

Here  we  leave  out  all  the  factors  which  are  common  to  the 
two  terms ;  and  divide  the  product  of  the  remaining  coiea  above 
the  line,  by  the  product  of  those  below.  This  is  one  of  the 
most  useful  opemtioDs  in  arithmetic. 

It  will  be  seen  at  once  that  this  result  is  obtained  by  throw- 
ing out  those  fiicton  which  are  common  to  both  terms  of  the 
original  fraction,  and  by  this  means  the  greater  part  of  the 
labour  of  multiplying  and  dividing  is  saved.  This  is  more  a 
matter  of  convenience  in  practice,  than  of  investigation  of  prin- 
ciple ;  but  still  it  is  so  usefiil,  that  it  is  very  desirable  that  eveiy 
one  who  wishes  to  be  an  expert  calculator,  even  in  common 
matters,  shonld  be  so  well  acquainted  with  what  numbers  con- 
dat  of  equal  factors,  and  what  do  not,  as  to  see  at  once  how  the 
e:q>ree8ion  may  be  shortened ;  we  shall,  therefore,  make  tiut 
the  suljeot  of  the  next  section. 
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SECTION  VII. 

THE    FACTORS,    THE    DIVIBOBS   OR   MEABUltES,   J 


Fboh  yibBt  has  been  shown  in  former  sectioiis,  it  will  easily 
be  undentood  that,  regarding  them  mei«ly  ae  numbers,  aitd 
vithont  leference  to  their  standing  either  for  one  tdnd  of  quan- 
tities ot  for  another,  there  is  a  very  great  difi^Dce  between 
numbers  considered  simply  as  numbers  or  answers  to  the  qaes- 
tion  "  How  manj  7"  and  nmnbers  conmdered  as  multipliers  or 
divisors. 

In  numbeis  simply  conmdeted,  1  is  tiie  standard  of  value ;  it 
always  counts ;  and  the  symbol  of  no  value  is  0 ;  bnt  in  a 
multiplier  or  a  dinsor,  1  is  the  standard  of  no  value,  and  0  has 
a  very  different  significatlDn.  Ah  a  multiplier,  0  points  out, 
not  that  there  shall  be  no  multiplication,  but  that  thete  diall 
be  no  multiplicand ;  aad  1  is  really  the  sign  of  no  multiplica- 
tion. As  a  divisor,  1  is  the  rign  that  there  shall  be  no  division, 
and  0  is  a  sign  that,  whether  the  dividend  be  small  or  great, 
the  quotient  shall  be  infinite — shall  be  all  posmble  numbers ; 
and  if  we  are  to  write  it  down,  we  may  write  any  nnmber 
whatever  with  equAl  propriety,  n  X  o  (meaning  by  n  the 
grfeateat  posffible  number  that  any  one  can  think  of)  is  =  0, 
but  the  product,  divided  by  the  multiplier,  gives  the  multipli- 
cand ;  therefore  -  is  infinitely  great,  and  when  it  occurs,  it  b 

usually  espreeaed  by  a  double  0  l(ud  hoiinrntally,  ra. 

A  number  trtuch  caiwot  be  divided  without  remainder  by 
any  number  except  I  and  itself  (which  is  no  division),  is  called 
a  j»'ime  mtnuter;  it  is  an  original  number,  or  one  which  is  not 
the  result  of  any  operation. 
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A  numW  which  can  be  Avided  without  remainder  is  called 
a  eomposUe  Dumber,  because  it  may  be  said  to  be  composed  of 
either  the  <;iuotieiit  or  the  divimr,  repeated  as  many  times  as 
the  other  expiesaes.  A  composite  number  has,  then,  always 
two  divimrg;  and  as  it  is  composed  of  the  product  of  these 
diviaons,  they  are  called  the  factors  of  it.  Thus  the  iactom 
and  divieon  of  a  number  always  mean  the  very  same  numbers. 
Still  it  is  necessary  to  distinguish  between  theUi,  because,  when 
we  have  the  &ctors  given,  whatever  may  be  their  number  or 
value,  we  can  in  all  cases  find  their  product ;  but  when  we  have 
a  product  given,  we  have  oo  general  means  of  finding  what  its 
factors  may  be,  or  whether  it  is  a  product  at  all. 

In  Algebra,  where  the  operations  ate  expressed  as  well  as  the 
quantities,  this  difGculty  is  not  felt ;  there  are  particular  cases 
in  which  we  can  get  the  better  of  it  in  arithmetic,  and  no  one 
can  be  Expert,  even  as  a  common  accountant,  without  being 
able  to  perceive  those  cases  where  they  occur. 
.  The  natural  numbers  taken  in  their  order,  1,  2,  3,  4,  &c., 
form  a  »ene»  or  succesdon,  beginning  at  1,  and  increasing  by 
the  addition  of  1,  as  a  common  difference ;  and  the  problem  is 
\o  determine  what  terms  of  this  seiies  are  prime,  and  what  are 
composite, 

1  is  evidently  a  prime  number,  and  so  is  2 ;  but  we  can  see 
fhat  2  must  be  a  factor  of  enity  teamd  number  after  this — of  4, 
6,  8,  10,  12,  &c.,  bat  not  of  any  other  number.  2  is  thus  the 
smallest  factor  which  any  number  csn  have,  and  the  other  &ctor 
<M>rresponduig  to  it  must  be  half  the  number.  Hence  wo  are 
sure  that  half  the  series  of  the  natural  numbers  are  compoate, 
and  that  no  &ctor  of  a  number  can  he  greater  than  one-half 
of  it 

.  Thin  is  nut  much,  but  it  i«  a  beginning,  and  we  may  see  wdiat 
more  we  can  make  of  it  before  we  proceed  brther.     The  num- 
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ben  of  wluch  2  is  not  a  factor,  always  have  an  odd  1  vrhen  we 
attempt  to  divide  them  by  2 ;  hence  we  call  them  odd  numbers, 
and  those  of  which  2  ia  a  &ctor  are  even  nuraberi. 

If  we  divide  ever  ao  many  even  numbers  by  2,  there  is  not 
an  odd  1 ;  therefore  the  sum  of  any  number  of  even  nnmben 
is  an  even  number;  so  also  is  the  sum  of  on  even  number  of 
odd  numbers,  for  the  odd  1b  make  an  even  number,  and  when 
they  are  token  away  the  other  numbers  are  all  even ;  but  if  the 
number  of  odd  numbers  ia  odd,  there  is  an  odd  1,  which  makes 
the  sum  odd. 

Here  we  find  a  principle  of  some  Importance.  We  have  seen 
that,  if  2  divide  the  sum  of  the  remainders,  it  will  divide  the 
sum  of  the  numbers;  and  this  is  general,  applying  to  any  mim- 
ben  and  any  divisor,  for  the  single  numbers  are  all  divisible, 
except  the  remainders ;  and  if  the  sum  of  the  remainders  ia 
dlvirable,  so  must  the  sum  of  the  numbers.     Hence, 

If  a  number  is  a  factor  of  the  remainders,  it  is  a  &ctor  of  the 
sum ;  and  a  factor  of  two  numbers  must  be  a  factor  of  their 
sum,  their  difference,  their  product,  or  any  multiple  of  each  or 
aU  of  them. 

To  return  to  the  natural  numbers , — 3  is  a  prime  number, 
tiut  4  is  not ;  it  is  the  second  after  2,  and  an  even  number. 
fi  is  prime,  because  4  is  the  only  composite  number  below  it, 
and  6=4+1 ;  and  no  fiictor  of  4  can  be  a  fector  of  1.  Hence 
no  number  and  the  one  immediately  following  it  in  the  scale 
con  have  a  common  fector. 

It  is  evident  that  every  second  number  is  divisible  by  2,  every 
third  one  by  3,  every  fourth  one  by  4,  every  fifth  by  5,  and  so 
on ;  also  that  the  factors  of  every  composite  number  will  both 
fall  in  that  place  of  the  series  which  answers  to  theb  numbers 
multiplied,  and  that  each  will  then  have  occurred  in  the  series 
as  often  as  the  other  expresses.    Thus  4  and  5  occur  together 


by  Google 


132  raiME  J 

for  the  firat  time  at  20,  aai  it  is  the  fifth  occbrrence  of  4,  and 
the  fourth  of  S. 

As  1  is  the  measure  of  all  numbers,  whether  prime  or  com- 
poaite,  it  follows  that  all  numbers  whatever  most  &11  together 
at  some  plac«  of  the  series,  aod  that  there  can  be  prime  num- 
beiB  onljr  at  those  places  where  no  number  foils.  Upon  this 
pnndple  we  could,  by  mere  mechwiieal  labour,  construct  a 
table  of  all  prime  numbers,  and  of  all  divisors  of  composite 
ones,  as  &F  as  we  chose ;  and  there  are  few  betteT'exertaaes  for 
a  b^Timer  in  the  study  of  numbers,  than  the  construction  of 
SQoh  a  table.  Of  course  it  is  not  necessary  to  go  beyond  half 
lite  series,  as  no  divisor  of  a  number  can  be  greater  than  the 
half.    The  following  Is  the  arrangement  as  &r  as  20 : — 

rBUE   KUKBERS   AND   PAOTORS. 

1,  2,  3,  4,  5,  6,  ?,  8,  6, 10, 11, 12, 13, 14, 16, 16, 17,  18, 19,  20 
p.  p.  p.  2  p.  2  p.  2  3    2    p.    2    p.    S    3    2    p.    2    p.    2 


6  0  10 

From  this  example  it  will  be  seen  that  the  &ctois  always 
occur  in  pairs,  and  that  if  there  are  more  than  one  pur,  two  of 
the  divisors  ore  composite  Dumbers ;  and  tliat  when  there  is  a 
2  among  the  &ctor8,  there  is  always  another  factor  equal  to  half 
the  number. 

If  the  places  of  the  prime  numbers,  which  are  marked  by 
the  letter  p,  are  examined,  it  will  be  found  that  they  are  either 
immediately  before  or  immediately  after  2  or  3,  or  some  number 
divisible  both  by  2  and  by  3,  that  la,  by  6,  Therefore  we  have 
this  general  principle :  —  every  prime  number,  either  with  1 
added  to  it,  or  1  subtracted  from  it,  muEt  be  divisible  by  6;  but 
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we  are  unable  to  state  the  coovene  of  this  aa  true ;  for  evtry 
number  which  +1  or  —I  U  diTiuble  by  6,  is  not  prime; 
and,  &rther  than  ihie,  numbers  which  have  not  this  property, 
and  aie  not  divMble  by  6,  without  addition  or  mibtraction,  are 
always  eren  numbers.  Hence  we  ore  reduced  to  merely 
making  trial,  when  we  get  ao  odd  number,  unlees  in  a  few 
partkmlar  cases,  and  in  these  our  asUBtonce  is  derived  from 
the  scale  of  nambeiB,  and,  except  in  one  or  two  of  them,  tlie 
labour  of  invest^ating  a  rale  is  greater  than  that  of  ascertain- 
ing the  &ct  by  trial,  and  just  as  much  confined  to  the  particular 
caae. 

1.  If  we  can  show  that  any  &ctoT  will  divide  a  number, 
except  a  certain  number  of  fignree  on  the  right,  whatever  the 
figurea  to  the  left  of  these  may  be;  and  if  we  perceive,  &om 
the  particular  number  befiire  us,  that  this  &ctor  will  divide 
those  right-hand  figures,  then  it  will  follow,  on  the  principle 
that  a  factor  of  all  the  particular  numbers  ie  a  fector  of  the 
sum,  thatthe  factoFinqnestioniaa&ctorof  the  nomber.  Now 
it  was  diown  when  tieatii^  <^  the  scale  of  uumbeia,  that  any 
int^r  number  may  be  considered  as  connsting  of  as  many 
numbers  as  there  are  figures  in  it ;  that  it  is  all  lOs  except  the 
right-hand  figuie,  all  100s  except  two  figures,  all  1000s  except 
three,  and  so  on ;  therefoTe,  if  any  &otor  of  10  divide  the  unit's 
figure,  it  must  divide  the  number;  if  any  &ctor  of  100  divide 
the  units  and  tens,  it  must  divide  the  number ;  if  any  fiictor  of 
1000  diride  the  units,  tens,  and  bmidreda,  it  most  divide  the 
number,  and  so  oa. 

The  &ctors  of  10  are  S  and  2,  and  each  of  them  occurs  twice 
as  a  factor  in  100,  three  times  in  1000 ;  so  that  we  may  express 
the  places  in  a  nomber  by  repeating  6  X  2  fi>r  eveiy  plac« ;  as, 
for  instance,  1000  might  be  written  (S  x  2)  x  (S  x  2)  x  (6  X  2). 
Now  these  -m^  be  compounded  into  any  two  &ct0TS  which 
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make  1000  when  multiplied;  as  (5XSxS)X(2>i 2x2),  that 
is,  126X8;  and  if  the  units,  tens,  and  hundreds  be  divisible 
either  by  12S  or  by  8,  they  most  also  be  divisible  by  all  pro- 
ducts of  the  fitctors  of  these  numbers.  But  if  2  is  a  fector  along 
with  any  number  of  £s  as  factors,  it  will  produce  0  in  the  units; 
if  4,  it  will  produce  0  0  in  the  units  and  tens ;  therofoie  we  may 
State  that,  if  the  units  be  divisible  by  5,  the  onita  and  tens  by 
25,  or  the  units,  tens,  and  hundreds  by  12fi,  eadi  of  these  will 
in  that  case  be  a  bctor,  or  diriaor  of  the  whole  number,  what- 
ever may  be  the  figures  to  the  left ;  and  generally  that,  if  any 
number  of  figoreH  aa  the  right  hand  be  divisible  by  the  con- 
tinued product  of  as  many  Ss  as  there  are  figures,  the  whole 
number  vrill  be  divisible  by  the  same. 

'  There  is  a  veiy  convenient  method  of  E^ortening  nmnbets  by 
this  means :  if  the  unit  figure  is  fi,  multiplying  by  2  vrill  clear 
it  away;  if  two  figures  are  divisible  by  25,  multiplying  by  4 
will  clear  them  away ;  if  three  figures  are  divi^ble  by  126, 
mnltiptying  by  8  will  clear  them  away,  and  always,  as  anothei 
f^ure  is  divisible  by  another  5  as  a  factor,  another  2  as  a  iitctor 
of  the  multiplier  will  clear  it  away.  This  method  ia  often  useful 
in  the  managem^tt  of  decimal  aumbera. 

2.  If  the  sum  of  the  figures  in  any  number  is  divimble  by  % 
then  9  is  a  factor  of  the  number ;  and  if  9  is  a  &ctor,  3  is  s 
tactor  twice  over;  also  3  is  a  factor  if  the  sum  of  the  figures  is 
divisible  by  3.  The  principle  upon  which  this  depends  is  a  very 
obvious  one : — if  from  any  number  of  lOs  there  is  taken  aa  equ^ 
number  of  ds,  the  same  number  of  la  must  rem^n.  Now  every 
figure  in  a  number,  except  the  units,  is  a  number  of  10s,  and 
therefore,  if  every  figure  is  divided  by  9  down  to  the  ten's  plooC) 
there  will  remmn  the  same  unmber  of  units  aa  the  figure  ez> 
presses ;  thus  we  may  connder  all  the  figures  as  remaindeis, 
after  dividii^  by  9 ;  and  it  has  been  shown  that,  if  the  divisor 
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divides  die  mm  of  the  remaiitderB,  it  will  divide  the  ram  of  the 
numbers. 

If  the  sum  of  the  figures,  counting  ftom  the  unit's  place 
inclusive,  in  the  odd  places,  be  equal  to  that  of  all  those  in  the 
even  places,  11  will  divide  the  number.  This  also  is  taaly 
shown,  for  any  Dumber  of  10s  wants  an  equal  number  of  Is  of 
bdi^  an  equal  number  of  lis;  so  that,  whatever  the  figure  is 
which  has  0  annexed  to  it,  in  order  to  be  divided  by  11,  the 
remainder  added  to  the  figure  will  always  make  II,  only  where 
two  Ob  have  to  be  added,  these  will  count  only  as  one  figure, 
and  the  quotient  will  be  09.  Thus,  1243  is  divisible  by  11< 
The  first  figure  is  1000,  which  gives  90  for  the  quotient,  and  10 
over;  the  second  is  200,  which  gives  18,  and  2  over ;  the  third 
IB 40,  and  gives  3,  and  7  over;  and  the  fourth  is  3  over.  Thus 
•11  the  number  is  divisible  by  11,  except  10  +  2  +  7  +  3  =  22, 
whichalsoisdiviableby  11,  and  consequently  the  whole  of  the 
number. 

From  tiaa  peculiarity  <^  numbers  divisible  by  11,  we  can 
obt^  the  quotient  in  rather  a  curious  way,  by  beginning  at 
Jhe  right,  and  writing  twice  over  any  figure  that  will  make  the 
last  of  two  =  0,  <»dy  if  we  add  10  to  the  upper  figui«,  we  must 
add  1  to  the  next  under  one.  Thus,  182M06  is  divisible  by  11, 
and  the  quotient  may  be  found  thus : — 

182S406 


sl75t>46,  quotient. 
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Or  we  might  do  it  by  the  first  figure  of  each  pair,  tliiu  ;—^ 
1825406 


1  =l7fifl46. 

These  are  the  only  caaes  in  which  finding  the  focton  or  diviiora 
of  one  number  will  repay  the  trouble  of  the  inrestigation,  milen 
we  continue  3  or  9  and  11.  If  the  sum  of  the  figures  divides 
by  3,  and  the  even  places  equal  the  odd,  the  number  divides  b^ 
83;  and  if  the  sum  of  the  figures  divides  by  0,  and  the  ertu 
and  odd  are  equal,  the  number  divides  by  99.  Thus,  the 
number  126582  divides  by  99. 

The  fitctore  of  a  single  number  ate  of  comparfttively  smaU 
importance ;  bnt  the  common  &ctors  or  common  divisors  of  two 
or  more  numbers  are  very  usefiil,  and,  fortnnstdy,  there  is  a 
very  am^le  general  method  of  finding  the  greatest  common 
factor,  or,  as  it  is  called,  the  greatest  eomman  meature  of  two 
numbets. 

It  has  already  been  diown  that  a  common  fector  divides  the 
sum,  the  difierence,  and  any  multiple ;  and  if  that  fector  and  a 
third  number  again  have  a  common  &ctor,  that  factor  will 
divide  all  die  three  numbers.  Thus,  using  the  last-found 
factor  and  another  number,  we  may  proceed  to  as  many  as  we 

The  clearest  way  of  showing  this  will  be  by  an  example  in 
numbers.  Let  it,  then,  be  required  to  find  the  greatest  common 
divisor,  or  measure  of  8172  and  6354. 


bf  Google 


1.  DJride  the  greater  by  the  lew. 

6364)8172(1,  quotient. 
6354 

1818  remiuiiB ; 
therefore  6354  is  not  ft  diviBor;  but  1818  h  the  difi^rence  of  the 
propoaed  numbers,  and  must  be  divisible  by  alt  their  dirisoM, 
and  so  must  every  multiple  of  it,  and  also  the  diffotence  between 
it,  or  any  of  ita  multiples,  and  6364 ;  therefore, 

2.  Divide  the  divisor  by  the  rem^der, 

1818)  6354  (  3,  quotient, 
6454 

900  remains; 
therefore  1818  is  not  a  divisor. 

3.  Divide  ag^ — 

900)  1818  (2,  quotient. 
1800 

18  remains; 

therefore  900  is  not  a  divisor. 

4.  Divide  yet  agaii^- 

18)  900  (  60,  quotient. 


therefore  18  ia  a  divisor,  for  it  divides  900,  which  is  SO  x  18, 
and  1800,  whieh  is  900  x  2,  and  1818,  which  ia  1800  + 18,  and 
5464,  which  is  1818  x  3,  md  6354,  which  is  5464  -(■  900,  and 
8172,  which  is  6354  4-1818;  consequently  18  is  a  common 
fiictor,  or  measure,  or  (bvisor  of  8172  and.  6364;  and  it  is  the 
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greatest  number  that  can  be  a  measure  of  them  hoih ;  for  ahy 
number  which  is  so  must  be  a  measure  of  18,  and  it  is  evident 
that  18  is  the  greatest  number  that  can  be  bo.  Generalistng 
this  operation,  we  have  the  cominon  rule  for  finding  the  greatest 
common  measure  of  any  two  numbeis : — divide  the  greater  by 
the  less,  and  the  divisor  by  the  remainder  continually  till 
nothing  remains,  and  the  last  divisor  is  the  greatest  c 


To  reduce  any  fraction,  or  any  ratio  to  its  lowest  terms,  we 
have  only  to  find  the  greatest  common  measure  and  divide  both 
terms  by  it :  thus,  if  our  eitample  were  the  ratto  6354 :  8172,  or 


the    fraction   - — ■ ;  and  if  they  ate  tried  by  the  si 
tion  it  will  be  found  that  these  number  have  k 

Numbers  which  have  no  common  divisor  are  sad  to  be  prime 
to  each  other;  and  such  numbers  taken  ungly  may  be  either 
prime  or  compo^te. 

Any  number  of  which  several  other  numbers  ate  factors  or 
divisors  is  called  a  oommon  multiple  of  them,  and  the  least  num- 
ber of  which  they  all  are  divisors  is  thdr  letut  wmnum  multiple. 
But,  before  we  examine  the  multiples  of  numbers,  it  will  be  of 
use  to  tevert  to  the  process  by  which  we  find  the  greatest  com- 
mon divisor,  because  that  process  is  useful  in  practice,  even 
though  the  result  of  it  should  be  that  the  numbers  have  no 
common  divisor. 

If  we  express  the  first  step  of  the  divison  in  the  former 

example  we  have  8127x6354=--——;  if  we  substitute  the 
aecond  dirinon  for  the  fraction  in  this  denominator,  we  have 


bf  Google 


OONTIKCBD  FKACTtom.  138 

e  Bubstitute  the  feaction  for  the  divisioii,  in  this 


rr-    But  the  simple  fraction  in  each  of  these  belongs  to  the 

denominator  of  the  fraction  befbie  it;  therefore,  the  whole 
8  this  form : — 


This  is  called  a  continued  frai^Um,  because  every  followii^ 

fraction  is  part  of  the  denominator  of  the  one  before  it. 

We  may  take  the  whole  of  this  fraction  and  reduce  it,  which 

6M4     , 

'  8i7  2'  *"*  "^ 

-— ■    The  last  two  parts  are   ——;  and  mnltiplying  both 

tenns  of  this  by  BO,  to  clear  it  of  the  fraction  in  the  denomi- 

IXflO        ,    , 
nator,  we  have  -    -^  .Ti  which,  performing  the  multiplica- 

60 
tions  and  the  addition,  gives  — -.    Substitute  this  in  the  term 


.         101 
8x101+60'  """  ' "   •"-  "• '  "■■'  '"™" 

Substituting  this  (or  its  value,  we  have  -■--■■ }  and  reducing 
*^  'lxM3+101  =  ^-  ""  "»•  ■■  "•  "'"^'^  •»  «^ 
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dbeot    diviEuon   of  the    terms   by    their    greateat 


But  we  nught  not  have  occaaion  to  make  use  of  all  the  niecty 
of  the  lowest  tenna  of  the  fraction,  or  the  ratio  (for  it  is  the 
same  in  either  case),  and  then  the  continued  fraction  fbmisheB 
UB  with  a  aeriea  of  approximations  hy  taking  one,  two,  thi«e,  or 
more  terma,  at  pleasure,  from  the  b^inning. 

In  the  above  fraction,  the  first  term  givee  na  -,  or  that  363 

=  4d4,  which  is  by  much  too  high ;  the  first  and  second  terms, 

■■rr  gi^e  us  - — =  -.    The  first,  socond,  and  tlurd  tenns, 

'-  '-  i-       7 

ji_    g^VB  ualx2         =2=-;  and  the  whole  terms 

H  3x2+1  7 

I    7 


give  us  ~^,  as  I>efbre.    So  that  we  have  the  at 


J—,  each  nearer  the  truth  than  the  one  before  it,  till  we 

conM  to  the  last,  which  takes  in  all  the  terms,  and  is,  in  con- 
sequence, exactly  true. 

But  if  we  examine  the  way  in  which  these  terms  are  ob- 
tained, we  find  that  the  second  is  the  first  multiplied  by  the 
aectmd  quotient,  with  1  added  to  the  product  of  the  denomi- 
nator; and  that  each  succeeding  one  is  the  one  before  it  mul- 
tiplied by  the  next  quotient,  and  the  one  befbre  that  added  to 
the  product,  as  in  this  operation : — 

Quotienta 


1,         3, 

2, 

SO. 

1x3 
"*    1X3+1* 

3x2+1 
4x2+1' 

7x60+3 
9xS(f+i 

.     I 

7 

363 
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If  we  eompBTe  the  statements  we  con  see  tiiat  the  diiFei«noe 
of  the  values  of  eveiy  two  a^joini^  '^>°b  i"  1  divided  by  the 
|irodnct  of  tlie  denominatots,  thuB  t  is  7  greater  than  -,  ~  is 
1  ^      3fi8 


we  take  the  amallei  of  tlie  given  nnmbera  as  the  numerator  of 
the  fraction,  or  as  the  term  compared  with  the  standard  in  the 
ratio,  the  first  fraction  gives  the  value  too  high,  the  second  too 
low,  the  third  too  high,  and  so  on  alternately,  till  we  come  to 
the  truth  in  those  cases  wliich  terminate,  or  without  limit  is 
those  which  do  not.  Each  is  thns  nearer  the  truth  than  the 
difierence  between  it  and  the  next. 

Let  us  compare  these  by  reducing  Ihem  to  a  common  deno- 
minator, that  is,  by  multiplying  the  terma  of  each  by  all  the 
denomincrioTS  except  its  own,  thus  >^ 


X4x9x«4= 

16344 
"16344' 

.     3636 
"  16344 

t«omnch. 

X  9  X464  = 

122J!8 
'  16344' 

450 
"  16344 

too  Uttle. 

X4  x464  = 

12712 
'  16344' 

"  16344 

too  much. 

7  1 

—  is  veiy  near  the  tmth,  being  mily  - 

is  so  little,  that  for  any  common  purpose  7  and  9  would  do  just 
as  well  as  3G3  and  454.  We  shall  have  occaaon  to  take  some 
further  notice  of  continued  fractions,  on  account  of  the  assist- 
ance they  gjve  us  in  matters  much  more  difficult  than  the 
present 
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If  It  ia  borne  im  mind  that  the  let»t  Mmmon  multiple  of 
any  number  of  numbers  ia  the  amaJlest  number  that  can  be 
divided  by  each  of  them  without  remtunder,  and  that  when 
fhey  are  all  prime  to  each  other  this  number  is  the  product  of 
them  all,  the  following  practical  directions  will  be  understood 
without  any  eKplanation : — write  the  numbers  in  a  line  aft«r 
each  other,  divide  them  by  their  common  factors  or  measuiea 
till  no  number  can  be  found  that  will  divide  two  of  them ;  then 
multiply  all  the  diviaors  and  undivided  numbers,  and  the  pro- 
duct will  be  the  least  common  multiple. 

Let  it  be  required  to  find  the  least  common  multiple  of  18, 
24, 16, 15, 14,  and  0.    Arrao^  them 

18,  24,  16, 16, 14,  9; 

2  divides  them  all  but  15  and  9,  and  the  results  are, 

9,  12^  8,  15,  7,  9  X  2. 

3  divides  them  all  except  7  and  8,  and  the  results  are, 

3,  4,8,  5,  7,  3  X  2  X  3; 

3  divides  3  and  3,  and  the  results  are, 

1,  4,  8,  5,  7,  1  X  2  X  3  X  3. 

4  divides  4  and  8,  and  the  results,  leaving  out  the  Is,  which 
make  nothing  as  multipliers,  are, 

2,  5,  7  X  2  X  3  X  3  X  4, 
which  are  not  only  prime  to  each  other,  but  all  prime  numbers 
except  the  divisors;  therefore, 

2x5x7x2x3x4=  least  common  multiple. 
In  such  cases  we  can  often  get  the  product  with  very  little 
trouble.      In  the   above   2x6x2x4  =  80,   80X7   =  660, 
660x9(3x3)  =6040. 
The  continual  product  is  a  much  larger  number,  beii^ 
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18X24>' 16x15x14x9  =  130603680, 
which  is  2S92  times  greater  than  the  least  common  multiple, 
and  woald  greatly  increase  the  labour  and  chance  of  error  in 
any  calculation  into  which  it  enters. 

One  of  the  neatest  applications  of  the  least  common  multiple 
is  the  reducing  of  fractions  to  a  common  denominator,  in  order 
to  add  them ;  and  the  least  common  multiple  is,  of  course,  the 
least  common  denominator. 

Calling  the  numerator  n,  the  denominator  d,  and  the  least 

common  multiple  t»,  the  formula  is  ~r-.    But  in  all  cases 

where  we  have  a  multiplication  and  a  divimon  to  perform,  and 
know  that  we  can  divide  one  of  the  factors  without  remainder, 
we  abri<%e  our  labour  veiy  considerably  by  performing  the 
division  first,  and  thus  converting  the  quotient  into  a  multiplier. 
Now  as  the  least  common  multiple  is  necessarily  divisible  by 
all  the  denominators,  we  can  divide  it  and  obtain  a  multiplier 

for  each  nomerator.    The  formula  will  thus  become  n  x    ~ 

the  division  of  mhy  d  being  performed,  and  the  quotient  used 
HS  a  multiplier. 

Let  us  illustrate  this  by  an  example : — 

TIncIe  Nathan,  who  by  great  skill  in  calculating  the  arbitra- 
tion of  esobangea,  and  various  little  other  arts  which  are  well 
known  on  the  Stock  Exchange  in  the  city  of  London,  at  whiclt 
his  mind  had  been  so  constantly,  so  mlently,  and  so  cautiously 
at  work  for  half  a  century,  that  he  got  the  name  of  ^'the  calcu- 
lating clock  with  the  dead  beat  'scapement,"  was  in  the  fulness 
pf  lime,  tuid  the  abundance  of  his  accumulations,  gathered  to 
his  fathers.  He  left  a  goodly  fortune ;  but  as  port  of  it  was  in 
the  hands  of  half  the  kings  of  the  world,  be  could  not  tell  its 
amount,  and  therefore  could  not  bequeath  it  to  his  six  nephevrs 
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in  specific  Biumi;  therefoK  lie  derised  it  fractionally  as  foUom:— 

13  e  11  5  7 

— -  to  Gripe,  -—  to  Grind'em,  —  to  Grub,  —  to  Grudge,  —  to 
60  ^^26  '64  '32  *  '  64 

3 
Grippy,  and  —  to  Gad,  who,  being  something  of  a  wandering 

bkde,  stood  lowest  in  tte  farour  of  Uncle  Nathan.  Further- 
more, he  willed  that  Gooaewing,  who  had  been  his  trusty  and 
well-beloved  acout  and  scribe  foi  many  years,  should  arrange 
the  whole  matter,  transfer  to  each  of  the  six  nephews  his 
legacy,  and  take  2B00I.  for  his  trouble.  It  is  required  to  find 
the  amonnt  of  Uncle  Nathan's  savings,  and  the  portion  which 
came  to  each  of  the  nephews. 

It  is  clear  that  the  fortune,  whatever  it  is,  is  I,  and  may  be 
represented  by  any  fivction  of  which  the  numerator  and  deno- 
minator are  exactly  equal ;  and  it  is  also  clear  that  the  fortune 
may  likewise  be  represented  by  all  the  tractions  which  the 
nephews  are  to  receive,  together  with  Goosewing's  SfiOO/. ; 
therefore, 

fiO  ^25  64  32  64  60 
We  shall,  m  the  mean  time,  call  the  25001.  a ;  and  our  first 
buuneas  will  be  t«  collect  all  the  fractions  into  one  sum,  which 
+a  will  give  us  the  fortune,  or  at  least  the  proportion  which  a 
bears  to  the  other  shares,  and  then  from  that  we  can  easily  get 
the  shares  themselves.  In  order  to  do  this  let  us  first  find  the 
least  common  multiple  of  the  denominators, 

50,  25,  64,  32,  64,  50. 
Here  we  see  at  once  that  50  x  64  can  be  divided  by  all  these 
numbers;  therefore, 

64xSO=3200=leaBt 
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This  least  common  multiple  is  the  common  denominator  of  the 
fractioiu;  and  to  find  tlie  numerator  of  each  in  terros  of  this 
denominator  we  have  merely  to  divide  it  by  each  denominator, 
and  multiply  the  respective  numerator  by  the  quotient.  For 
this  we  have 


1.  Gripe    . 

2.  Grind'em 

3.  Grub    . 

4.  Grudge 

5.  Grippy 

6.  Gad 


— —  =  64,  Gripe's  Kultiptier 

3200  ,     ,        ,     , 

— —  =  128,  Grind  ems  multiplier 

3200 

— ^=  60,  Grub's  multiplier 

S200 

— ~-=100,  Grudge's  multiplier 

3200 

— —=  SO,  Grippy's  multiplier 

=  64,  Gad's  multiplier. 


We  have  neict  to  multiply  each  one's  share  by  his  multiplier, 
and  we  get  the  proportiiHial  shares  in  terms  of  the  denominator 


1.  Gripe  . 

13  X  64=833,  Gripe's  number 

2.  Grind'em 

6  X 128 = 768,  Grind-em's  number 

a  Grub    . 

11  X  60=fi60,  Grub's  number 

4.  Grudge 

6X100=500,  Grudge's  number 

e.  Grippy 

7x   60 =360,  Grippy's  number 

6.  Gad     . 

3x  64  =  192,  Gad's  number 

Sam  of  the  numbers  3192  =  numerator. 
Thus  the  shares  of  the  six  nephews  amount  altogether  t 
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- — ;  hence  we  iiATe, 
3200'  ^ 

3192         _ 

^oo"*"""  ■ 

The  value  of  a  is  evidently  the  difference  between  the  nume- 
ratoT  and  denominator- of  this  fraction.  If  the  nnmerator  weie 
the  greater  it  would  be  — ,  and  if  the  terms  -vrere  equal  it  would 
be  0  i  but  the  nomenitor  is  less  than  the  denominator,  thoreiore 

Goosewin^B  fe«  is  ^^^ ;  or,  disregarding  the  denominator,  as  it 

is  the  same  in  all,  his  dune  is  8,  and  the  money  yalue  of  it, 
according  to  the  will,  is  2500/. 

If  we  divide  2S00  by  8  we  get  3121.  I0«.  as  the  value  of  every 
nnit  in  the  numbers ;  and  this,  multiplied  by  the  proportional 
numbeis,  will  give  the  ihares,  the  sum  of  which,  together  with 
the  scribe's  fee,  will  be  the  whole  fortune. 

812/.  10«.  is,  changing  the  10«.  to  a  decimal,  312-5 ;  where< 


1.  Gripe    .    . 

2.  Grind'em 

3.  Grub     . 

4.  Grudge . 
6.  Grippy  . 
6.  Gad  .    . 

Goosewing 


832  X  312-fi  =  £260,000  to  Gripe, 

768x312-5=  240,000  to  Grind'em, 

650x312-5=:  171,876  to  Grub, 

500x312-5=  156,250  to  Grudge, 

350x312'5=  109,376  to  Grippy, 
192x3ia-6=     60,000  to  Gad, 
8xai3-5s:        9,500  Goo«ewing's fee, 

Total  fortune  .  ^1,000,000 
We  have  given  this  example  chieAy  on  accoont  of  its  aim- 
plidty,  and  the  consequent  ease  with  which  a  reader  not  much 
conversant  with  figures  can  tmderstand  it;  and  having  done  so, 
we  shall  proceed,  in  the  next  section,  vary  shortly  to  examine 
tkoee  piiscipLea  in  decimals  which  are  most  gtatatHy  nsefiil. 
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In  a  former  part  of  tiua  work  we  pointed  out  the  general 
nature  of  decimals :  such  aa,  that  they  are  a  couttnoation  of  the 
scale  of  numbers  below  the  last  place  of  integers,  or  the  place 
of  onits,  and  that  the  aeveral  places  in  a  decimal  tntmber  bear 
exactly  the  some  relation  to  each  oUier  as  the  places  in  an 
integer  number — that  is  to  saj,  that  I  in  any  place  is  equal  to 
10  in  the  place  immediately  to  the  right  of  it,  to  100  two  places 
t«  the  light,  and  so  on ;  that  decimal  nombers  ore  added,  sub- 
tracted, multiplied,  and  divided,  exactly  in  the  same  manner 
as  integer  nnmbeis ;  that  the  removing  of  the  decimal  point 
any  number  of  places  to  the  right  is  equivalent  to  the  multi- 
plying of  the  number  as  often  suocearavely  by  10  as  the  number 
of  places  which  the  point  is  so  removed ;  and  thst  the  removing 
of  the  decimal  point  in  any  number  of  places  toward  the  left  is 
equivalent  to  the  dividing  of  the  number  as  often  by  10  as  the 
number  of  places  that  the  point  is  removed.  It  will  abo  appear 
evident,  ftnm  what  has  been  s^  respecting  fractions,  that  the 
denominator  of  a  decimal  number  must  consist  of  1  with  as 
many  Os  annexed  as  there  are  figures  in  the  decimal;  and  as 
the  number  of  Os  is  always  equal  to  the  number  of  times  that 
10  is  a  factor,  if  the  dedmal  consists  of  n  figures,  the  expresnon 
&>i  the  denominator  wiU  be  10". 

The  ready  uee  of  the  decimals  enables  us,  however,  so  much 
to  dmplify  all  the  common  applica'Uons  of  arithmetu:  to  the 
business  of  life,  and  is  so  indispensable  whenever  the  relations 
of  magnitude  enter  into  those  catculationa,  that  it  is  necessuy 
for  every  one  to  understand  their  nature  more  thoroughly  than 
it  can  be  understood,  mtbout  a  knowledge  not  only  of  arith- 


bf  Google 


metical  fractions,  but  of  the  geneisl  relatums  of  fractional  quan- 
tities, aa  considered  and  expresBsd  algebraically.  We  shall 
therefoK  resume  the  subject,  in  a  very  short  section,  as  pre- 
paratoiy  for  understanding  tlie  nature  and  use  of  exponential 
numbers,  and  of  logarithms. 

If  a  decimal  number  is  given,  in  which  state  it  is  presumed 
to  express  s  complete  value,  its  denominator  is  always  known, 
being,  as  we  have  already  smd,  10*,  »  being  the  number  of 
figures,  whether  the  significant  ones  b^jn  at  the  decimal  point 
or  are  preceded  by  any  number  of  Ds.  But  decimal  numbers 
do  not  present  themselves  to  us  naturally  in  the  practice  of 
calculation,  unless  in  cases  of  division  where  the  divisor  is  s 
power  of  10,  that  is,  1  with  Os  attached;  therefore  the  cases 
where  we  are  called  upon  to  express  numerical  values  in  deci- 
mals are  those  in  which  we  have  to  divide  a  less  number  by  a 
greater,  and  this,  of  course,  may  occur  either  when  the  original 
dividend  is  less  than  the  divisor,  or  when,  a^r  we  have  found 
the  quotient  in  integers,  as  for  as  it  can  be  obtained,  there  is 
still  some  remainder  left. 

As  this  remainder  and  the  divisor  are  int^er  numbers,  or, 
which  amounts  to  the  same  thing,  numbers  ei:preeBed  in  the 
same  place  of  the  scale,  it  is  evident  that  the  largest  possible 
remainder  which  can  be  left  is  1  less  than  the  divisor,  and  that 
the  smallest  remainder  is  1.  Thus,  as  the  divisor  is  the  deno- 
minator of  the  fraction,  and  the  remunder  the  numerator,  it  is 
evident  that  the  denominator  —  1  is  the  limit  of  the  number  of 
fractions  having  any  denominator.    Thus,  if  the  denominator  is 

2,  there  can  be  but  one  fraction,  - ;  if  the  denominator  is  3, 

1         2 
there  can  be  but  two  fractions,  -  and  - ;  if  it  is  4,  there  can  be 

but  three  fractions;  and  so  on  in  all  other  cases. 
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The  baction  which  we  meet  with,  or  that  which  arises  in 
tOty  proposed  case  of  diTision,  may  be  any  one  of  the  nnmbem 
within  the  limits,  that  is,  wltaterer  may  be  the  denomioator 
the  numerator  may  be  1,  or  denominator  —1,  or  any  number 
intermediate  between  them.     Hence,  if  we  take  the  general 

fraction  -,  in  which  a  and  i  represent  anynumeiator  and  deno- 
minator whatever,  the  decimal  corresponding  to  that  fraction, 
or  expressing  its  value,  will  evidently  be  —  ;  and  the  finding 

of  the  dcdmalwill  consist  in  determining  the  value  of  R,  which 

represents  not  only  as  many  places  of  decimals  as  there  ore 

units  in  the  exponent  *,  but  also  the  particolar  values  of  the 

figures  in  those  places. 

Now,  from  what  wassud  of  fractions  in  a  former  section,  the 

general  formula  for  chaining  a  fraction  from  any  denominator 

to  an  equal  fraction  having  any  other  dmomiiiator,  calling  the 

ad 
proposed  denominator  d,  h  —■  ss  n.     But  in  the  case  of  a 

a  10" 
decimal,  d  ^  10";  therefore  the  formula  is  — — ,     The  multi- 
plier 10*  may  be  used  in  successive  factors,  as  —  will  give 

the  first  figure ;  and,  udng  the  reminder  r  in  place  of  a,  —-- 

will  give  another  figure ;  and  this  operation  may  be  continued 
as  long  as  is  neceBsoty,  the  multiplying  by  10  being  nothing 
more  than  annexing  0  to  the  remainder;  and  for  as  many  O's 
as  there  ate  nsed  there  will  be  as  mimy  places  of  the  decimal. 

The  oi!^:iiiaI  fraction,  ~,  may  be  understood  to  be  in  its  lowest 

temu^  tiai  is,  that  a  and  b  have  no  common  divisor;  for  if  they 
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have  they  may  be  divided  by  that  divisor,  ami  the  lowest  terms 
will  thereby  be  obtained.  Now  when  this  is  the  case  it  is 
evident  that,  as  a  ctnd  b  have  no  common  divisor,  b  and  a  10'  oan 
have  no  common  divisor,  unless  it  is  a  divisor  of  10',  Nothing 
will  divide  a  pi«dact  without  remainder  except  a  fector  of  that 
prodnct ;  and  therefore  no  prime  number  will  divide  10'  nnlees 
it  is  a  factor  of  10,  because,  how  many  multiplications  soever 
may  be  expressed  by  the  exponent  %  none  of  them  intTodoces 
any  prime  wunbeTS,  except  the  numbers  2  and  5,  which  are 
the  factors  of  10.  Therefore  a  fraction  which  is  in  its  lowest 
terms  cannot  be  wholly  reduced  to  a  dedmal  if  the  dendmi- 
nator  of  it  is  any  prime  number,  or  contains  as  a  factor  any 
prime  number,  except  2  or  5.  Decimals  arising  from  prime 
denominators  di^rent  from  2  and  5,  or  having  factors  different 
from  those  numbers,  are  c^ed  iTUermmate  dedmalt ;  and  their 
denominst^TS  and  10'  are  said  to  be  prime  to  eacb  other,  that 
is,  the  one  cannot  be  expressed  in  terms  of  the  other  by  a 
single  number,  though  tbe  expression  may  be  brought  as  near 
the  truth  as  is  uecessaiy  for  any  practical  purpose;  and  ws 
can,  in  all  cases,  after  we  have  carried  on  the  operation  to  a 
certain  lei^th,  find  the  law  of  its  continuance,  and  thus  extend 
it  to  any  length  without  more  labour  than  that  of  writing  down 
the  figures. 

The  reason  of  this  will  readily  appear  from  what  has  been 
slated  as  to  the  number  of  numerators  which  there  can  be  to 
any  one  denominator.  These,  aa  we  said,  must  always  be  1 
fewer  than  the  number  expressed  by  the  denominator;  aai  as, 
whatever  the  dividends  may  be,  there  cannot  be  more  remain- 
ders in  divifflon  than  this  number,  it  fbUows  that  every  decimal 
obtained  from  a  common  ftaction  by  adding  Os  and  dividing, 
must  repeat  some  serieg  or  circle  of  6gurea,  and  that  this  drcle 
of  figures  must  always  be  1  less  than  Qte  number  expttteei  by 
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the  product  of  all  the  prime  &ctora  cf  the  denaminator  which 
are  diflermt  from  2  and  6.  Hence  such  decimal*  are,  again, 
oalled  circulatUtg  decimals. 

There  is  some  diflerence  in  the  form  of  those  decimals,  Srccord- 
ing  as  the  denominators  from  which  they  arise  do  or  do  not 
contain  2  or  S  as  a  factor,  once  or  oftener,  besides  the  prime 
factors  different  from  2  and  6  ;  and  as  those  which  do  not  con- 
tain eiOier  2  or  6  as  a  &ctar  are  the  Eampleet  in  their  fonn,  we 
shall  consider  them  first.  ' 

It  will  be  easily  perceived  that,  in  order  to  ascertain  how 
many  figures  any  decimal  will  circulate,  we  have  only  to 
assume  1  as  a  numerator,  and  find  how  many  Os  must  be 
annexed  to  this  1,  so  that  the  last  lemunder  may  also  be  1 ; 
and  the  number  ct  Os  neceesary  for  this  purpose  will  be  thd 
number  of  circulating  figures ;  also,  if  the  quotient,  or  decimal 
with  1  for  numerator,  be  ascertained  for  any  denominator,  we 
jdioll  have  only  to  multiply  that  decimal  by  any  other  nume- 
rator, in  order  to  find  the  decimal  answering  to  that  numerator. 

There  is  no  general  method  hitherto  discoTCKd,  or  in  all 
probability  discoverable,  by  which  tins  can  be  done.  It  might 
be  extended  to  a  eertaJn  Imgth  by  a  process  umilar  to  that  by 
which  we  shovred  in  a  fbnuer  section  how  the  prime  muubera 
may  bo  discovered;  bat  the  method  is  more  laborious,  as  the 
tenns  of  comparison  are  the  powen  of  10,  instead  of  the  series 
of  the  natural  numbers.  We  shall,  howerer,  m^ttion  one  or 
two  cases  in  which  the  number  of  figuies  is  easily  determined, 
not  only  because  they  ate  somewhat  cnrions  in  themselvM, 
hot  because  they  throw  light  up<ni  some  of  the  properties  of 
numbers  to  which  we  may  have  occaaon  to  advert  sfter- 

In  the  first  plaee,  all  fractions  whose  denominators  are  1  lese 
than  any  power  of  10,  circulate  as  many  figures  as  the  expo- 
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Dent  of  that  power;  and  the  figuiea  which  they  do  circulate 
are  amply  those  of  the  numerator,  without  any  further  trouble 
than  prefixing  aa  many  Os  as  shaU  make  them  equal  to  the 

number  of  9a  in  the  denominator.    Thus,  —  is  =  '111,  &c. ; 

-r-  is  =  -0101,  &c. ;  —  is  =  -001001,  &c. ;  and  so  m  other 

cases.    That  this  is  true  is  apparent  from  mere  inspection  of  the 

numbers,  but  it  may  be  illustrated  by  actually  performing  the 

division.    The  valne  of  any  fraction  is  equal  to  the  product  of 

a  fraction  with  the  same  denominator  and  1  for  numerator, 

7  1 

multiplied  by  the  numerator,  as,  for  instance,  —  is  :=  -  X   7 ; 

and  BO  on  in  all  other  cases.  Hence  we  have  ttiia  general  prin- 
ciple : — if  the  denominator  of  a  fraction  con^sta  of  any  number 
of  9s,  the  circulatdng  decimal  answering  to  that  fraction  will  bo 

the  numerator,  with  Os  before  it  if  necessary.    Thus  ^  is  = 

decimal  -1313,  &c. ;  —  is  =  de»amal  -006006,  &c. 

From  this,  it  follows  that  the  denominator  of  a  circnlating 
decimal  congisla  of  as  many  9s  Bb  the  decimal  circulates  figures ; 
but  any  number  of  9s  is  1  less  than  the  power  of  10,  whose 
exponent  is  equal  to  the  number  of  Os ;  and  therefore,  in  eati' 
mating  the  values  of  circulating  dedmals,  which  are  the  nnme- 
ratois  of  froctions  having  denominators  of  this  form,  9  in  the 
right  hand  place  must  count  as  10,  because  it  counts  as  10  in 
the  denominator,  in  order  to  make  it  a  power  of  10.  This 
ptindple,  which  is  also  exfdainable  upon  other  grounds,  must 
be  attended  to  in  calculations  into  which  circulating  decimals 
enter. 

It  is  1  in  the  last  figure  which  the  denominator  of  a  circu- 
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lating  deciinal  reqnires  to  tnm  it  into  an  exact  power  of  10 ; 
and  as  proportional  parts  must  be  added  to  both  terma,  in 
Older  not  to  alt«r  the  value  of  the  fraction,  the  same  put  of  1 
in  the  numerator  must  be  added  to  that  term,  as  the  numerator 
is  of  the  denominator.     Thus  the  dtculating  decimal  19  is 

changed  to  a  common  decimal  by  a£Gxing  — ,  im  this  form 
*ld— ,  which  last  expi'esEDon,  with  the  denominator  written 

aown,«^'. 

In  the  second  place,  every  fraction  whose  denominator  is  I 
greater  than  any  power  of  10  drcnlates  twice  as  many  fignrea 
as  the  exponent  of  that  power ;  11  circulates  two  figures,  101 
circulates  four  figures,  1001  six  figures,  and  so  on.  If  the  nu' 
merator  in  these  cases  is  1,  an  0  more  than  the  expeneut  of  the 
power  of  10  mnst  be  annexed  before  the  first  figure  of  the 
quotient  can  be  obtained ;  and  that  figure  will  be  0,  so  that  the 
circle  of  the  decimal  will  conast  first  of  as  many  Os,  and  then 
of  ss  many  9b,  as  there  are  Is  in  the  exponent  of  tliat  power 

of  10  which  is  1  less  than  the  denominator.    Thus  —  =  "09, 

&c.;  -— =  0099,  &c.;  -— -  =  -OOOflSft,  &c. ;  and  so  of  aU 
'101  '  1001  '         ' 

o&ei  denominators  of  that  form.  If  these  dedmals  are  mul- 
tiplied by  the  denominators  it  will  be  found  that  the  products 
condst  of  as  many  9b  as  there  are  figures  in  the  drde ;  and 
hence  agun,  in  so  &r  as  tbey  are  concerned,  we  have  a  proof 
that  the  denominator  coninata  of  as  many  9s  as  the  decimal 
drculates  figures. 

We  may  arrive  at  the  same  conclusion  directly,  and  more 
genetally,  thus : — 
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Let  -285714  be  d  ciicnlating  decimal,  its  danominatot  ia  as 
many  9s  as  there  ore  figures  im  the  drcle,  that  is,  999999,  or 

,.     ,     .      .  286714 

the  fraction  is  ^  . 

999999 
Shifting  the  decimal  point  mx  fijmea  to  the  right  mnttiplies 
the  decimal  by  1000000.    Henc*, 

lOOOOOO  times  is  =  286714-285714,  &c. 
Subtract  1  time   =  0-286714,  &c 

999999  times  is   =  ^714^ 

Thewifore  1  time  =  :  or  the  denominator  ia  as  many 

999999' 
9s  as  the  decimal  circulates  fignret. 

If  the  circle  contains  tho  maximum  nnmber  of  figiures,  that 
is,  one  less  than  the  number  of  Is  in  the  denominator  of  iJte 
fraction,  it  is  erid^it  that  those  ^nres  mnst  follow  one  another 
in  the  same  order  i^  succession,  whatever  may  be  the  nume- 
rator of  the  fracti<ai.  Only  the  decimals  answering  to  different 
numerators  will  b^in  at  different  pai-ts  of  the  series.  In  such 
cases,  if  we  get  the  decimal  answering  to  numerator  1,  we  have 
all  the  others  by  examining  what  will  arise  from  multiplying 

the  first  and  second  figures  of  this  by  the  numerator.    Thua  — 

is  =  -142657 ;  and  as  this  contains  the  maxininni  number,  or 
only  one  figure  leas  than  the  Is  in  7,  we  hare  only  to  compare 
the  product  of  -14  by"  the  utunerator  to  see  whore  we  must 
begin.  Numerator  2  will  begin  -28,  nwnerati»  3  wQl  begin 
•42,  numerator  4  will  begin  -57,  6  will  hegiii  -71,  and  6  will 
b^jn  '85 ;  and  in  each  case  the  other  %uies  will  fellow  in 
their  order. 

When  we  know  that  a  decimal  contains  the  maximum  num- 
ber of  Sgaxea  in  a  circle  we  can  get  tiie  corresponding  fractitit. 
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with  lees  labour  than  that  of  reducing  to  the  lovest  terms,  in 
tlie  maimer  formerly  explaioed.    Thui, 

From      10  times  -142857  =  1-428571,  &c. 
Subtract  3  times  -142857  =    -438571,  &c 

Remams  7  times  -I428S7  =  1" 

But  if      7  times  -142857  =  1,  then  1  time  =  ^. 

We  shall  next  consider  the  decimelB  sriaing  from  those  frac~ 
tions,  the  denominators  of  which  cont^ii  2  or  5  once,  or  oitener, 
as  &ctors,  as  well  as  other  factors  which  are  not  divisois  of 
10.    These  will  be  best  illustrated  by  a  particnlBT  case,  and  we 

shall  take  — ,  the  factors  of  the  denominator  of  which  are, 

2  X  2  X  2  X  7>  If  wo  divide  the  munerator,  63,  by  these  in 
their  order,  we  shall  oht^  the  decimal  in  the  same  manner 

aa  if  we  divided  by  56  at  once.      ^    =:  26-5,  -—  =  13-35, 

— —  =  6-626 ;  so  that  if  the  given  fraction  is  in  its  lowest 

terms,  there  are  as  many  places  of  terminate  decinwls  as  the 
munber  of  times  that  2  is  a  &ctor ;  and  it  would  evidenUy 
be  the  same  in  the  case  of  5.  Let  ns  now  divide  the  last  result 
by  the  remaining  &ctor,  7,  and  we  have, =  -946^,  or, 

continoing  the  division,  we  have  -94642857l4i  which  consiste, 

first,  of  three  figures  of  common  or  terminalt  decimals,  answei^ 

ii^  to  the  three  times  that  2  is  a  fiwtor  of  56,  and  then  of  a 

circulating  decimal  of  6  %ares,  answerii^  to  7,  the  remaioing 

&ctor, 

946 
The  first  three  figures  are  evidently  =  Z^^>  because  they 

are  common,  or  terminate  decunals;  and  the  six  figures  ot  the 
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circulatiiig  part  are  ^^^^^,  because  they  are  a  circle  of  aix 

figures,  and  be^  at  the  fourth  place  froiu  the  dedmal  point. 

The  two  parts  of  the  decimal  have  not  the  Bame  denominatur, 
or  eren  denominators  n^iich  can  be  conmdered  as  atandii^  in 
the  same  relation  to  the  scale  of  numbeiB,  for  the  denominator 


denominator  of  — 


But  if  we  mnltlpljr  both  terms  of  — -  by  1000000—1,  we  shall 


obtcun  a  fraction  eq^oal  in  value  with 
mme  denominator  as  the  other;  for 


1000'  ^ 

946  X  (1000000—1)  _ 
1000  X  (lOOOOOO— 1)  " 
946000000—   046       94^999054 


-,  the  numerator  of  which 


— ^- ->  which  is  the  value  of  the 

1000000000—1000       999999000' 

terminate  figures,  answering  to  the  denominator  of  the  drcnlat- 

ing  port ;  and  adding  them,  we  hare  the  whole  decimal  = 

94g9990fi4  428671  _  948427625 

999999000      999999000  ~  999999000' 

ie  less  than  the  mixed  decimal  by  the  terminate  figures,  that  is, 

by  946. 

Hence,  in  order  to  change  a  mixed  dedmal,  «r  one  containing 

terminate  figoree  utd  then  a  circulating  part,  to  a  fraction,  we 

have  merely  to  subtract  the  terminate  figures  from  the  right  of 

the  ndiole,  and  the  remainder  will  be  the  numerator,  while  the 

denominator  will  coDfdst  of  as  many  Os  as  there  are  drcolating 

figures,  with  as  many  Os  after  them  as  there  are  terminate 

In  the  AritAmetic  of  Inferminate  Dedmals,  it  is  neceasaiy  to 
attend  to  dieir  denominatois,  in  order  to  make  the  compenaa- 
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tions  which  are  necesBory  from  those  denonunoton  not  being  com- 
plete powen  of  10,  or  not  b«ng  equal  to  each  other;  and  aa  the 
wiaking  of  these  compensations  is  caloolated  to  give  a  good  deal 
of  inaight  into  the  nature  of  unmbeis,  and  to  teach  expertness  in 
the  use  of  them,  the  time  which  may  t>e  devoted  to  it  is  useAilly 

The  first  thing  to  be  attended  to  is,  to  understand  how  they 
may  be  reduced  to  a  common  denominator,  so  that  they  may 
be  added  or  subtracted  with  perfect  accuracy. 

If  the  circulating  figures  begin  at  the  decimal  point,  they 
may  be  reduced  to  a  common  denominator  by  extending  them 
to  as  many  figures  as  there  are  in  the  least  common  multiple  of 
the  number  in  each.  Thus,  -29,  &c,  -314,  &c.,  -4231,  &c., 
and  -142857,  &c.,  will  all  have  a  common  denominator,  if 
extended  to  twelve  places  of  figures ;  thus : — 

■292929292929         29,  &c. 

■314314314314         31,  &c. 

■423142314231  ^,  &c. 

The  common  denominator  being  twelve  98,  or  999999999999. 

We  also  perceive  that  there  will  be  1  to  carry  from  the  neitt 
repetition  of  the  circle,  as  mariced  a  little  to  the  right;  and  if 
what  should  be  carried  is  attended  to,  the  addition  is  the  same 
as  that  of  any  other  numbers.  The  sum  of  the  above  (carrying 
or  adding  1  to  that  of  the  right-hand  figures)  is, 
1-030385921576  0303,  &c., 

which  drculates  the  whole  twelve  figures.  The  sum,  in  these 
cases,  never  can  circulate  more  than  the  number  of  figures  in 
the  extended  circles;  and  it  may  circulate  less,  or  become  a 
terminate  decimal,  or  an  integer  without  any  decimal ;  hut  there 
are  no  means  of  ascertaining  this  beforehand. 

The  subtraction  is  as  smple  as  the  addition,  for  we  have  only 
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to  see  wlietlier  it  is  or  is  not  necessaty  to  add  1  to  the  ri^t- 
hand  figure  of  the  number  we  Buhtract. 

Wlien  the  drculating  parts  do  not  begin  at  the  decunal  point, 
wo  must  extend  all  the  circulating  parts  till  thef  are  aa  long  as 
the  longest  terminate  one,  and  beyond  that  to  a  com^dete  circle 
or  multiple  of  all  their  numbers  of  figures. 

This  extending  does  not  alter  the  value,  for  we  may  conaider 
any  number  of  figures  on  the  left  hand  of  a  drcnlating  decimal 
as  terminate,  without  in  the  least  a^ctii^  die  value.  Thus,  if 
we  mark  the  bc^iiiming  and  ending  of  the  circulating  part  by 
an  inverted  comma,  we  have, 

•'412857,'  ■412'867412,'  and  -41286 '741286,' 

all  equal  to  each  other ;  for  if  we  subtract  the  figoies  which 
we  mark  as  terminate  &om  the  right,  we  have  the  same  num- 
ber of  Os  on  the  right  both  of  the  numerator  and  denominator; 

412867                                   412857000 
thus,  -'412867    =   ,   •412'867412"  =  — - —  ,  and 


■41286'742185'  =  ^^^1*^^ ;  and  these  are  aU  exactly  the 


same  feoction,  if  we  leave  out  the  Os,  which,  being  the  some 
both  in  the  numerator  and  the  denomiuBtor,  do  not  alter  the 

By  combining  the  results  of  these  investigatbns,  we  obtain 
this  formula  for  the  general  addition  of  dedmals,  whatever  they 
may  be,  terminate,  circulating,  or  mixed : — extend  the  intermi- 
nate  ones  till  they  contain  as  many  figures  as  the  loi^est  termi- 
nate, and  after  that  extend  them  to  as  many  figures  as  are  the 
least  common  multiple  of  the  places  in  each  circle ;  then  see 
what  would  have  to  be  carried  from  the  addition  of  another 
cirde,  and,  t«king  in  that  with  the  sum  of  the  ri^t-hand 
figures,  add  them  as  if  tliey  were  integers. 

In  order  to  acquire  readiness  in  the  man^ement  of  these 
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decimals,  it  ia  beat  to  take  examplea  in  fractions,  to  change 
them  to  decimals,  and  adding  both  the  decimals  and  the  frac- 
tions to  see  if  the  sums  are  the  same,  which  is  most  eauly  done 
by  multiplying  the  terms  of  the  decimal  by  those  of  the  frac- 
tioa  inverted ;  and  if  the  products  are  equal,  all  the  operations 
are  right.    We  shall  take  an  example : — 

" """"  "f  s + n + s + is  *"  "^""^ 

First  hy  fractions . — find  the  least  common  mnltiple  of  the 
dentnninators, 

16,  14,  62,  117 
-=-  ly  a,    a,    7,  26,  117 
-i-  by  2,    4,    7,  13,  117 
^byl3,     4,     7,     1,       » 
Then  4x7x9x13x2x2=  13104  =  least  common 
mnltiple  of  the  denominators,  or  common  denominatoi  of  the 
fractions. 

To  find  the  numerators  answering  to  this  denominator; — 


5X13104 

16 
13104 

_  4095 
~  13104' 

numerator 

409fi 

9x13104 

14 

13104 

_  8424 
"  13104' 

numerator 

8434 

49x13104 

£2 

_ 12348 
~  13104' 

numerator 

12348 

13104 

101 X 13104 

117 

_  11312 
~  13104' 

numerator 

11312 

13104 
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_  36179 
"  13104 


Sum  of  the  fractions  =         - ;  or,  dmding  the  numerator 


by  the  denominator  ^  2--- - ;  or,  again,  changing  the  frac- 
tional port  to  a  decimal  by  adding  Oe  to  the  numerator,  and 
dividing  by  the  deitominatoi  till  we  find  the  quotient  to  circu- 
late by  the  retnm  of  the  same  lemi^nder,  we  hare  the  som  ^ 
2-7609'I26984,'  in  which  the  inverted  commas  mark  the  circu- 
lating part,  which  may  be  repeated  as  often  as  we  please. 

In  this,  and  in  all  other  examples  in  which  multiplications 
or  divisions  of  numbers  occur,  we  shall  not,  in  general,  set  them 
down  at  length,  but  merely  indicate  them  by  the  sign  and  the 
result.  For  this  we  have  two  very  concluMve  reasons :  first,  it 
saves  room ;  and,  secondly,  any  one  who  may  be  inclined  to 
learn  the  subject  from  this  work,  has  these  as  dissected  exer- 
cises, in  which  he  has  something  to  do,  and  yet  cannot  eanly 
do  wrong. 

We  shall  now  treat  fhe  same  fractions  decimally ;  that  is, 
we  shall  find  the  decimal  corresponding  to  each  fraction,  and, 
having  found  the  whole,  add  tfaem  together,  and  if  the  sum 
corresponds  exactly  with  2-7609' 126984,'  the  decimal  of  the 
sum  of  the  fractions,  as  found  in  the  above  operation,  we  may 
conclude  that  the  operation  by  decimab  is  correct-  In  this  we 
shall  not  write  down  the  process  of  finding  the  decimals  at 
lei^lth ;  hut  if  the  reader  wishes  to  learn  the  subject  from  this 
book,  it  will  be  advisable  for  hitfi  to  perform  the  operations, 
and,  generally,  to  perform  all  operations  in  which  he  finds 
merely  the  data  and  the  reenlts  stated.  The  decimab  of  the 
above  fractions,  simply  stated  as  they  arise  from  dividing  the 
numerator  of  each,  with  Os  annexed,  by  the  denominator,  ate 
as  follow  r— 
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-—  =  -94 '230769' 


117 
;  have  next  to  state  these  decimals  so  that  they  hare  a- 
n  denominator ;  that  is,  a  denominator  consiBtiiig  of  as 
many  9s  as  there  are  figures  in  the  least  common  multiple  of 
the  number  in  all  the  ciTcles,  and  as  many  Os  as  there  are 
figures  in  the  longest  terminate  part.  Alt  the  circles  contain 
Hx  figures,  therefore  sis:  is  the  number  of  93 ;  and  '312S  is  the 
longest  terminate  decimal,  and  contains  four  figures  ;  so  that 
we  have  only  to  begin  the  circulating  part  of  each  with  the 
fifth  figure,  and  extend  each  circle  to  six  figures  beyond  that ; 
and  it  ia  convenient  to  write  a  figure  or  two  of  each  circle  after 
this,  and  at  a  little  distance  apart,  in  order  to  see  what  has  to 
be  carried.  The  operation  will  stand  thus : — 
■3126 

■6428'67142e'  67 

■9423'076923'         07 
■8632 '478632"         47 

Sum,  as  before  =  2-7609 '126984* 

The  mvUipIicalUm  of  intermiuate  or  circulating  decimals  is 
attended  with  a  little  more  difficulty,  and  before  we  proceed  to 
explain  the  principle  upon  which  it  depends,  it  may  not  be 
improper  to  mention  that  all  intenninate  decimals  to  which 
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the  principles  of  arithmetic  can  properly  be  applied,  so  as  to 
obtain  results  whieh  are  perfectly  accurate,  must  Ite  circulating 
ones ;  that  is,  decimals  the  values  of  which  can  be  accurately 
expressed  by  fractions.  We  hare  already  shown  that  the 
number  of  places  which  a  decimal  circulates  can  never  be 
greater  than  the  denominator  of  the  correapondrng  fraction 
—  1 ;  and  therefore,  though  we  cannot  beforehand  tell  the 
number  of  places  which  any  decimal  may  circulate,  without 
an  operation  much  more  laborious  than  the  actual  finding  of 
the  decimal  itself,  and  which,  therefore,  it  would  not  be 
judicious  to  perform,  we  always  know  the  limit  which  the 
number  of  places  in  a  circle  cannot  exceed.  But  there  ore 
other  numbers,  or,  properly  speaking,  other  quantities  or  values 
which  cannot  be  expressed  exactly  by  any  fractions  whatever; 
and  as,  when  those  values  or  quantities  are  less  than  1,  they 
are  fractions  of  which  the  denominators  are  indeterminate  or 
unlimited,  the  decimals  corresponding  to  them  never  can  circu- 
late, and  therefore  all  that  we  can  obtain  is  an  approximation. 
Such  are  called  irrational  numbers ;  and  before  the  invention 
of  decimal  arithmetic,  the  management  of  them  was  attended 
mth  a  great  deal  of  labour. 

T^ie  muUipiication  of  interminate  decimals  is  not  a  matter  of 
very  great  practical  importance,  because,  in  real  calculations, 
we  can  always  obtun  an  approTumation  much  nearer  the  truth 
than  we  can  come  in  any  of  the  fractional  divisions  which  are 
made  use  of  in  business.  It  is  necessary,  however,  to  under- 
stand  the   principle,   and   also    to   be    able   to    perform   the 

Now  the  fundamental  principle  is  this  : — we  are  to  con^der 
by  how  much  the  circulating  part  of  the  decimal  is  deficient  of 
what  it  wonld  be  if  it  were  a  terminate  decimal ;  and  this  is 
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obruHuly  as  much  added  to  the  numeiator  as  will  enable  1  <o 
be  added  to  the  denominator,  without  altering  the  relative  pro- 
portion of  the  two,  or  the  value  of  the  fraction.  Equal  parts 
of  the  two  terms  are  what  is  necessary  to  add ;  but  the  denomi- 
nator is  always  as  many  9s  as  there  are  places  in  the  circle ; 
and  therefore  ibe  part  added  to  the  numerator  will  be  the  circle 
of  figures  divided  by  as  many  9b  as  their  own  number. 

27 
For  esample,  ''27'  is  — ,  or,  adding  1  to  the  denominator, 

and  a  proporiiomd  part  to  the  numeratoT,  it  is  =  -r—^  the 
fraction  in  the  numerator  of  which  is  not  in  its  lowest  terms. 


being  divisible  by  9 ;  and  thus  the  entire  fraction  is  =  — i^  = 
300  _  3 

iioo~"n" 

From  this  example  it  will  readily  he  seen,  that  when  the 
circle  is  a  ^ngle  figure,  it  is  deficient  by  -th;  when  two  figures, 

by  -Tjith ;  when  three  figures,  by  ^^jith,  and  generally  by  one 

part  the  denominator  of  which  is  as  many  9b  as  there  are 
circulating  figures.  Hence  again  it  follows  that,  if  a  ciiru- 
latii^  decimal  is  multiplied  by  any  number,  or  used  in  multi- 
plying any  number,  it  will  require  the  product  to  be  increased 
by  its  dth  part  if  there  is  one  circulating  figure,  by  its  9dth  if 
there  are  two,  and  so  on  in  the  other  cases. 

Thus,  if  it  were  required  to  multiply  -'27'  by  any  number, 
say  by  1-876,  that  is,  to  find  the  product  of  1-875  X  ■'27',  the 
true  product  would  evidently  be — 

1-875  X   "S?"  +  1-875  X  -'27'. 
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Performing  these  multiplicationB  and  divlBions  we  have, 

1-876  X  -'27'  =  -60625 
l-87fi  X   •27' 


-  =  ■OOfilI'36* 
Trae  product  =  ■611'36,* 

On  esamining  this  operation,  it  will  be  seen  that  the  figures 
in  the  second  line  are  exactly  the  same  as  those  in  the  product, 
.  only  they  are  100  times  less  in  consequence  of  the  two  Os 
between  them  and  the  deciutal  point ;  so  that  the  product  is 
that  of  the  factors  considered  as  terminate,  and  then  divided  by 
99,  and  multiplied  by  100,  that  i^  every  99  is  changed  to  100 ; 
but  99  is  changed  to  100  by  adding  1,  and  therefore  we  may 
obtain  the  true  product  without  the  trouble  of  dividing,  by 
merely  repeating  the  first-found  line  of  the  product,  and  setting 
it  back  ^m  the  point  two  figures  each  time,  thus  : — 

Terminate  product  =  -60626 


As  before     .     .     .  -611*36' 

Therefore  we  have  only  to  find  the  product  as  if  both  factors 
were  terininate  decimals,  and  repeat  it,  setting  it  as  many  places 
to  the  r^ht,  at  each  repetition,  as  there  are  places  in  the  drcle, 
and  continue  the  repetition  till  we  find  a  circle  in  the  product, 
which,  in  the  case  of  a  single  interminate  factor,  can  never  be 
greater  than  the  number  in  that  lactor. 

This  method  of  dividing  by  99,  and  multiplying  by  100,  or  of 
changing  99s  to  100s,  may  be  used  in  cases  where  decimals  are 
not  concerned  ;  and  it  may  be  extended  to  other  cases,  as,  for 
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example,  to  change  96s  to  IDOs,  or  24b  to  258.     The  advantage 
of  this  last  case  -we  shall  see  by  and  by. 

When  only  one  of  the  factors  U  intermioate,  it  may,  if  the 
taq^er  number,  (that  is,  containing  the  moat  places  of  figarea,) 
and  especic^y  if  it  has  tenuinating  figm«a  before  the  circulating 
ones,  be  made  the  multiplicand,  and  the  compensation  may  be 
effected  by  taking  in  with  the  multiplication  of  the  right-hand 
figuie  of  the  circle  whatever  may  require  to  be  carried  from 
another  repetitiiHi  of  the  circle,  and  then,  when  the  lines  come 
to  be  added,  the  circulating  parts  may  be  extended  till  they 
become  rimilar,  as  in  addition. 

To  illustrate  this,  let  it  be  required  to  find  the  product  of 
4-S3'81'  by  25. 

Multiplicand  =    4-23'81'      81 
Multiplier       =    2*5 

X  "by  2.        =    B-47'63'     63 
X  by  .6        =    2-ll'»0*     90 

Product  =  10-S8*B4' 

When  this  method  is  adopted,  it  is  best  to  begin  with  the 
left-hand  figure  of  the  multiplier,  and  set  each  line  of  the  pro- 
duct a  pUce  &rther  to  the  right  than  the  line  before  it,  and  it 
is  eaey  to  see  what  idiould  be  token  in  in  multiplying.  Thus, 
in  multiplying  by  2  in  this  example,  there  is  1  to  carry  from 
the  next  repetitiori  of  the  drcle ;  in  multiplying  by  fi,  there  is 
4  to  carry;  in  adding,  there  is  1  f«  cany;  and  it  so  happens 
that  the  drde  begins  at  the  third  figure,  as  in  the  multipli- 

We  have  nest  to  consider  the  case  in  which  both  factors  are 
interminAte  decimals,  and  it  will  save  time  if  we  at  once  ta^e 
(he  most  complicated  part  of  this  case,  that  in  which  each  factor 
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coDtaiiia  both  terminate  figurea  and  circnlating  onea ;  and  it  is 
obviously  of  no  consequence  whether  the  terminate  figores  are 
wholly  integers,  wholly  decimals,  or  partly  the  one,  and  partly 
the  other.  In  order  to  Bee  the  general  principle  in  this  case 
more  cleariy,  it  wonld  be  better  to  take  it  olgebrakslly,  before 
ne  proceed  to  an  example  b  numbers. 

tet,  then,  0  +  6  be  one  mixed  factor,  of  which  a  repreaents 
the  terminate  figures,  and  b  the  drculatii^  ones;  and  \ete  +  d- 
be  Another  mixed  factor,  in  which  e  ia  tenninate,  and  d  a  circle ; 
the  product  is, 

(a  +  6)  X   (c  +  d). 

The  multiplication,  petfbrmed  ae  already  ej^lained,  standa 
thus:— 

o+  6 
c  +  d 

ac  +  bc  +  ad  +  bd. 

Aa  all  the  four  terms  of  this  product  conust  of  di&rent  com- 
binations of  letters,  no  two  of  them  can  be  added  together ;  and 
when  we  examine  them  according  to  the  conditions,  they  are 
as  ibliowa : — 

nc  =  product  of  the  two  terminate  parta. 

be  =  product  of  the  terminate  part  of  the  second  by  the 

interminate  part  of  the  tirst. 
o  d  =  product  of  the  terminate  part  of  the  first  by  the 

interminate  part  of  the  second. 
£  il  =  product  of  the  two  interminate  parts. 

The  sum  of  these  fbnr  products  make  up  the  entire  product 
of  the  two  next  decimals :  the  first  of  them  is  found  aa  in  com- 
mon numbers ;  the  second  and  third  are  cases  of  one  terminata 
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»  fecfor ;  so  that  the  foarih,  or  the  two  inter- 
ininftte  fect«ra,  ia  the  only  one  which  remains  U>  he  noticcil. 
In  practice,  aa  we  said,  this  is  seldoia  uaefiil,  as  it  is  better  to 
find  the  corresponding  fractions,  or  to  multiply  the  lactors  by 
any  numbers  that  will  clear  away  the  interminate  parts,  and 
divide  the  product,  when  found,  by  thoae  numbers;  but  slill, 
as  the  cose  may  occur,  we  shall  very  briefly  state  the  formula 
for  its  aotution- 

If  a  is  tlie  figures  in  one  of  the  circles,  and  b  the  figures  in 
the  other;  also,  if  n  is  the  number  of  those  figures  in  the  first, 
or,  which  is  the  same  thing,  the  number  of  !^  in  the  denomi- 
nator, and  m  the  number  of  figures  and  number  of  98  in  the 
denominator  of  the  second,  the  completed  fractions  will  be,  tlie 

first  :=  a  +  — ,  and  the  second  ^  6  +  — ;  and  the  true  product 

a  b 

will  be  that  of  a  +  -,  by  6  +  -,  which,  found  as  before  ex- 

ab       ab       a^b^ 
plained,  i3=a*H 1-  —  +  ;  of  which  it  is  unnet'cs- 

sary  to  give  an  example. 

When  intsrminate  decimals  occur  in  cases  of  division,  tlte 
quotient  may  be  obtwned  by  the  application  of  those  principleB 
in  mnltiplication  and  subtraction  which  have  been  already 
explained ;  but,  in  general,  every  practical  purpose  is  answered 
by  taking  an  approximation,  that  is,  simply  continuing  the 
dividon  to  some  length  when  only  the  dividend  is  interminate, 
uid  making  allowance  in  the  multiplication  and  subtraction 
when  the  divisor  is  interminate.  It  is  better,  however,  to  try 
for  some  number  which  will  exterminate  the  circulating  part, 
in  the  case  of  an  intenuittat«  divisor. 

In  those  calculations  in  common  matters  of  business  where 
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the  general  introduction  of  decim^  would  be  of  ao  mncli 
odvanb^,  cironlating  decimals  do  not  very  frequently  occiuf, 
neither  are  those  which  do  occur  of  very  formidable  nature. 
In  the  denominations  of  British  money,  all  the  factors  by 
which  pounds  are  changed  U>  forthii^,  are  divisors  of  the  sixth 
power  of  10,  that  is,  of  IQOOOOO,  with  the  exception  of  3 ; 
eo  that  no  decimal  of  a  pound,  espressible  in  &rttiings,  can 
circulate  more  than  a  single  figure;  and  every  auch  decimal 
must  terminate  or  circtilate  at  the  sixth  figure  &om  the  point, 
if  it  does  not  do  so  previously.  This  is  extremely  convenient, 
and  sufficient  of  itself  to  induce  every  one  who  has  occasion  to 
calculate  prices,  to  make  use  of  decimal  arithmetic ;  the  more 
so  that,  as  we  shall  have  occasion  to  show,  the  decimals  of  odd 
parts  of  a  pound  ore  just  as  easily  written  down  as  the  parts 
themselves,  and  as  there  is  not  more  difficulty  in  writing  down 
the  odd  money  which  answers  t«  the  decimals. 

In  Troy  Weight,  the  only  fectors  which  produce  circulating 
decimals  are  two  3a;  one  in  24  grains,  and  the  other  in  12 
ounces ;  and  these  piijduce  9,  which  is  a  circle  of  not  more  than 
one  figure.  In  common  Avoipdupois  Weight,  the  only  Intermi- 
nate  factor  which  occurs  is  7  j  and  if  all  the  statutory  weights 
and  measures  which  are  used  in  Britain  are  examined  in  a 
similar  manner,  it  will  be  found  that  the  number  of  interminate 
tactors,  in  their  several  denominations,  is  fewer  than  could  have 
been  expected,  in  a  case  where  there  was  certainly  no  reference 
to  decimals  when  the  numbers  were  originally  fixed  on.  We 
shall  close  this  section  by  a  abort  account  of  the  method  of 
turning  the  subdividons  of  a  pound  Bt«riing  to  decimals,  or  in 
finding  the  parte  of  a  pound  answering  to  any  given  decimal. 

In  the  first  place,  as  20  shiUinga  =  1  pound,  2  shillings 
make  1  tenth,  and  half  any  even  number  of  shillings  make 
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tenths ;  so  that  we  can  alwayH  determine  the  first  figure  of  a 
decimal  with  no  trouble.  If  there  is  a  shiUing  over  the  even 
number  which  make  tenths,  and  also  pence  and  fartlungs,  these 
camiot,  in  anj'  case,  amount  to  tenths,  bat  must  be  disposed  of 
in  the  foUowing  places  of  the  decimal. 

Now  here  again  the  matter  is  veiy  ea^.  There  are  960 
&rthings  in  a  pound,  which  wants  40  of  being  1000;  so  that 
thousandth  puts,  that  is,  decimals  to  three  places,  give  us  the 
nearest  &rthing.  But  40  is  1  twenty-fourth  of  960 ;  that  is, 
the  farthings  in  a  whole  pound  want  1  twenty-fourth  of  their 
number  of  being  1000 ;  and  therefore,  if  1  twenty-fourth  of 
their  number  be  added  to  any  number  of  farthings,  tJiey  will 
become  1000th  parts  of  a  pound,  or,  whiuh  is  the  same  thing, 
decimals  to  three  places  of  figures.  Adding  1  for  every  24  is, 
in  round  numbers,  adding  1  twenty-fourti ;  and  therefore  we 
have  only  to  turn  the  money  which  is  over  even  shillings  into 
farthings,  and  add  1  for  every  24,  to  get  the  second  and  third 
figures  of  the  decimal ;  and  all  the  operations'  are  of  so  simple 
a  nature,  that  we  can  perform  them  as  fast  as  the  figures  can 
be  written.  Thus,  to  turn  16«.  ll^d.  to  decimals  of  a  pound : 
half  the  shillings  is  7,  and  1».  over;  and  I«.  lljd.  is  93  far- 
things, and  9S  contains  three  24s,  so  tliat  we  must  add  3,  and  a 
whole  decimal  is  £796.  It  must  be  recollected  that  the  figures 
thus  found  must  make  two  places,  aad  consequently,  if  they 
amount  only  to  one,  the  second  place  must  have  0. 

But  it  is  not  1  for  every  24  which  we  should  add  ;  it  is  1 
twenty-fourth ;  and  here  again  we  can  have  a  modification  of 
the  way  in  which  the  compensations  are  made  in  circulating 
decimals.  4  times  34  make  96,  and  4  times  25  make  100; 
therefore,  if  we  take  our  number  of  forlhings  without  any  addi- 
tion, and  repeat  them,  setting  the  first  repetition  under  the 
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thousandtha,  and  every  Bucceediug  one  two  places  farther  back, 
we  shall  get  the  exact  decimal. 

£0  16  llj  =  -793,  as  before. 

93  X  4,  and  set  back  =  372 

372  X  4,  uid  set  back  =  1488 

Again            =  59 

Vet  again      :=  3 

Exact  dedmal  .  .  .  -7968750 

This  operation  shows  the  principle,  but  it  ia  a  little  clumsy, 
and  may  be  simplified  and  peiformed  mentally,  by  adding  1 
for  every  24,  and  rejecting  the  hundreds  of  the  next  step. 
Thus,  to  revert  to  our  example,  half  15  ia  7 ;  93  bithings  and 
3  added  are  '796 ;  4  times  96  =  384 ;  blot  out  the  hundreds,  3 ; 
add  1  to  the  units  and  tens  for  every  24,  which  is  3 ;  and  we 
have  -79637 ;  multiplying  87  by  4  is  348 ;  blot  out  3 ;  add  1  to 
48  for  eveiy  24,  is  2,  which  makes  50,  or,  for  the  whole  decimal, 
-7968750,  as  before.  If  the  decimal  terminates,  it  alwa3r8  does 
so  in  25,  50,  or  75,  because  these  numbers  multiplied  by  4  leave 
no  more  imits  and  tens  to  be  added ;  and  when  it  is  interniinate, 
it  of  course  drculates  a  wngle  figure. 

The  converse,  or  method  of  finding  the  shillings  and  pence  to 
the  nearest  farthing,  is  stUl  easier.  "05  is  ^th,  uid  therefore 
the  decimal  of  a  shilling;  wherefore,  divide  the  first  and  second 
%nies  from  the  point  by  5  for  shillings;  take  1  from  every 
25  of  the  rem^der  of  the  second  figure,  with  the  third 
after  it,  and  the  rest  is  farthings,  which  divide  by  24  fot 

Thus,  £-796876  =  15s.  ll^rf. 
These  methods  are  exceedingly  umpLe,  and  it  is  well  worth 
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the  hou^B  labour  which  it  tequireB  to  learn  dexterity  and 
acciuacy  in  the  practice  of  them ;  but  we  can  only  recommend 
that,  and  pass  to  another  section  and  branch  of  the  science. 


SECTION  IX. 


As  there  aie  some  of  thoee  considentions  in  the  general 
sdence  of  quantity,  which  come  next  to  be  examined  in  that 
order  which  we  conceive  to  be  moat  conducive  to  clear  and 
simple  viewB  of  the  elements  of  the  whole,  whidi  have  as  much 
reference  to  geometry  as  either  to  arithmetic  or  to  quantity 
generally,  it  will  be  proper  to  take  some  notice  of  the  ampler 
portion  of  that  branch,  or  rather  application,  of  the  g«ieral 
science. 

It  has  been  already  mentioned,  that  geometiy  is  the  science 
of  magnitude,  or  quantity  considered  as  extended  -in  some  way 
or  other,  so  as  to  occupy  space ;  but  that  which  occupies  apace 
is  not  the  only  subject  of  geometrical  investigation,  toi,  before 
we  can  arrive  at  a  distinct  notion  of  even  the  mmplest  body 
which  can  be  euppoaed  to  occupy  space,  there  ore  many  elements 
to  be  considered,  and  many  relations  to  be  underatood ;  for, 
thou^  we  do  not,  in  our  geometrical  inqntriea,  trouble  ourselvea 
about  those  {Aysical  qualities  of  real  bodies  which  form  tb« 
distinctions  between  one  kind  of  body  and  another,  and  which 
give  to  each  of  them  its  peculiar  pisctical  value,  yet  that 
which  we  call  a  body,  or  solid,  is  not  an  origioat  perception 
of  our  senses,  but  a  compound  result  of  various  relations  of 
elements,  all  of  which  we  must  thoroughly  understand  before 
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we  can  have  a  proper  geometrical  notion  of  the  body  or  solid 
itself;  and  if  aay  of  those  relationa  liappen  to  be  indeterminate, 
our  knowledge  of  the  solid  is  vague  and  imperfect.  Thus,  for 
instance,  thoi^h  we  have  a  general  notion  that  the  earth  which 
we  inhabit  approaches  pretty  nearly  in  form  l«  a  round  ball,  or 
globe,  as  we  call  it;  that  the  diameter,  or  measure  atra^ht 
through  the  centre  of  it,  is  nearly  8,000  miles ;  that  the  diameter 
measured  at  the  equator,  or  tliat  region  where  day  and  night 
are  about  equal  at  all  times  of  the  year,  is  about  30  miles  longer 
tlian  the  cross  diameter  extending  from  pole  to  pole,  or  from 
the  one  or  the  other  of  those  places  where  we  know,  by  well- 
founded  infei«nce,  though  not  by  positive  observation,  that  the 
year  consists  of  one  day  and  one  n%ht,  of  nearly,  but  not 
exactly,  equal  length, — though  we  know  all  this,  and  ^oug^ 
some  of  the  most  able  men  of  all  ogea,  having  the  beet  claim 
to  be  considered  scientific,  have  devoted  their  best  attention  to 
the  determining  of  the  earth's  figure,  yet  there  are  many  par- 
ticulars which  prevent  the  results  of  their  labours  from  being 
perfectly  accurate,  and  even  deprive  them  of  the  means  of  ascer- 
taining the  degree  of  accuracy  which  they  actually  attun.  Nor 
is  this  the  case  vrith  the  globe  itself  merely,  but  with  every 
portion  of  it,  and  vrith  every  portion  of  matter  to  which  we 
practically  apply,  or  can  apply  our  geometry.  If  a  field  of 
ground,  or  even  the  length  of  a  road,  or  the  breadth  of  a  river, 
or  the  distance  of  any  one  point  of  the  earth's  surface  from  any 
Other  point,  is  measured  with  the  greatest  care  by  two  different 
surveyors,  or  even  twice  over  by  the  same  surveyor,  the  chance, 
nay,  almost  the  certunty  is,  that  the  results  will  not  corre- 
spond, and  one  would  be  half  inclined  to  suppose  that  things 
alter  their  diapes  and  sises  for  the  very  purpose  of  perplexing 
us  in  onr  measurements.  £ven  the  standard  of  our  mensura- 
tion is  liable  to  vary  :  if  it  is  a  piece  of  tqie,  or  a  twisted  cord, 
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it  is  shorter  when  the  weather  ia  damp  than  when  it  ia  dry ; 
and  if  it  ii  a  metal  chun  or  tod,  it  ia  longer  when  the  weather 
is  worm  than  when  it  Is  cold. 

There  are  many  other  known  caneeB  of  incorrectness  than 
these,  and  of  what  are  not  known,  but  may  exist,  we  are  of 
course  ignorant.  Those  drcumstances  are  mentioned,  not  with 
a  view  of  decrying  the  merits  of  geometry,  but  merely  to  show 
that,  however  any  of  our  sciences  may  profess  to  be  perfect  in 
theory,  we  must  not  rest  satisfied  with  a  single  branch,  when 
we  come  to  apply  them  to  real  practice,  but  mnst  know  the 
properties  of  things  themselves,  and  the  variations  to  wliich  they 
are  liable,  as  well  as  those  abstract  sciences  of  which  we  make 
them  the  subjects. 

It  will  be  readily  admitted,  that,  as  we  have  so  many  causes 
of  error  to  contend  with  in  the  application  of  our  geometry,  it 
behovee  us  to  be  very  accurate  in  that  geometry  itself,  and  not 
t«  allow  ourselves  to  add  the  disadvantage  of  an  imperfect  and 
badly  understood  tool,  to  that  of  ungainly  or  unmanageable 
materials. 

Msny  of  the  words  which  we  use  in  a  strict  sense  in 
geometry,  are  used  much  more  loosely  in  common  language, 
and  therefore  we  require  to  make  ourselves  well  acquunted 
with  the  difference  between  the  scientific  and  the  popular 
meaning.  Indeed  it  is  the  want  of  attention  to  these  differ- 
ences, and  the  consequent  looseness  of  our  fundamental  defini- 
tions in  science,  that  the  grester  number  of  the  hardships  which 
we  feel  In  the  study  of  it,  and  the  blunders  which  we  make  in 
its  application,  are  mainly  to  be  attributed. 

Even  the  word  tolid  has  popular  meanings  different  from  its 
geometrical  one;  and  the  geometrical  solid  is  not  necessarily  a 
solid  body,  or  a  body  which  has  real  existence  at  all;  it  is 
a  certain  portion  of  space,  the  boundaries  of  which,  in  all  their 
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Himwudnrw  and  relatioDS  to  each  other,  are  known  and  deter- 
mined; and  if  those  dimenaions  and  tlieir  relations  to  each 
other  are  the  sEune,  it  is  of  no  conaequenoe  whether  the  space 
which  thej  boond  is  filled  with  any  ime  kind  of  matter,  solid, 
or  liquid,  or  aii,  or  whether  it  is  empty  space,  or  even  has  any 
existence.  Its  existence,  full  or  empty,  must,  however,  be 
possible  upon  geometrical  principles ;  that  is,  there  must  be 
nothing  absurd  in  any  of  the  relations  which  the  dimenatons  or 
odier  characters  of  the  geometrical  solid  bear  to  each  other ;  as, 
for  instance,  the  solid  must  have  length,  and  breadth,  and  thick- 
ness, that  is,  three  dimenaiona  situated  with  n^ard  to  each 
other,  in  directions  afterwards  to  be  explained;  but  whether 
any  of  these  are  the  same  with  each  other,  or  whether  any  one 
of  them  is  the  seme  at  two  points  of  the  soUd,  must  depend 
upon  circumstances.  So  also  the  solid,  in  order  to  be  geome- 
trical, must  have  boundaries  which  inclose  it  everywhere,  but 
do  nothing  more,  and  which,  from  their  known  figures,  dimen- 
Nons,  and  situations  with  r^aid  to  each  other,  determine  the 
form  of  the  solid- 

We  can  determine  nothing  geometrically  without  measuring, 
and  measuring  by  the  application  of  a  standanl,  which,  as  must 
be  the  case  with  all  standards,  must  be  of  the  same  kind  with 
that  which  we  caa  measure ;  and  not  only  must  we  have  a 
standard  and  triply  it,  but  we  must  begin  at  some  beginning, 
and  this  beginning  is  the  primary  and  Amplest  of  all  geome- 
trical cooperations.  In  order  that  we  may  have  a  definite  or 
known  measurement,  we  must  have  an  end  as  well  as  a  begin- 
ning; and  as  any  distance  or  extent  in  space  is  the  same, 
whether  we  measure  it  in  one  direction  or  in  the  opposite,  the 
end  sod  the  beginning  stand  precisely  in  the  same  relation  to 
the  measure  of  which  they  are  the  terminations.  Thus,  for 
example,  it  would  take  exactly  the  same  number  of  revolutions  - 
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of  the  same  csrri^ie -wheel  to  pass  over  the  road  between 
London  and  York,  whether  the  carriage  began  the  jonmey  at 
London  and  ended  at  York,  or  began  it  at  Yoik  and  ended  it  at 
London. 

This  BvmpleBt  of  geometrical  elements  is  called  a  poikt,  and, 
sunple  aa  it  is,  it  19  necessary  to  have  veiy  clear  notions  of  it, 
becauBe  even  it  has  given  rise  to  some  idle  ose  of  words.  A 
point  meansposition  merely,  and  therefore  it  is  not  conddered  as 
occupying  any  portion  of  that  ^Mce  in  which  it  is  ntuated ;  and 
when  we  consider  nothing  but  a  mere  point  and  apace,  we  may 
r^ard  any  point,  wherever  we  imagine  it  to  beutuatedas  the 
centre  of  space,  that  is,  as  being  in  the  veiy  middle  of  space,  or 
having  equal  measures  of  extension  in  all  directions  around  it. 
Thus,  in  whatever  part  of  its  orbit  the  earth  may  be,  oron  whatever 
part  of  its  surface  a  spectator  may  be  situated,  tlie  centre  of  his 
eye,  while  he  surveys  the  heavens  around  bim,  is  to  him  the 
centre  of  space.  But  when  a  point  has  reference  to  any  par- 
ticular  dimension  or  measure,  it  may  be  either  of  the  extremi- 
ties of  that  measure,  or  anywhere  between  them,  to  which 
alluuon  may  have  occasion  to  be  made ;  yet,  having  no  dimen- 
sions itself,  it  can  form  no  part  of  any  dimenrion ;  h  bears,  in 
feet,  to  extension  nearij  ttie  same  relation  that  0  bears  to  num- 
ber in  arithmetic,  for  as  no  multiplication  of  0  can  produce  even 
the  smallest  possible  number,  so  no  repetition  of  a  point 
can  produce  even  the  smallest  dimenmon ;  and  so  also,  as  no 
division  by  0  can  in  the  slightest  degree  diminish  the  smallest 
number,  no  division  hy  points  can  diminish  the  smallest  possible 
dimension. 

A  LiNB  is  the  geometrical  element  next  in  simplicity.  There 
are  various  kinds  of  lines,  straight  lines  and  crooked  or  curved 
lines,  and  the  latter  may  have  sin^e  or  double  curvatures : 
thus,  a  road  which  makes  a  sweep  upon  perfectly  level  ground, 
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is  a  familiar  iaatance  of  a  curve  of  nngle  curvature,  and  a  road 
which  makes  a  sweep  across  a  hill  or  a  valley,  is  a  faimliar 
instance  of  a  cUrve  of  double  cuirature.  A  curve  of  single 
curvature  may  dther  curve  to  one  hand  only,  as  is  the  case 
with  the  outline  of  the  full  moon,  or  it  may  curve  firat  to  the 
one  hand  and  then  to  the  other,  as  a  serpent  does  when  it  crawls 
on  level  ground,  or  au  eel  when  it  awima  in  the  water ;  and 
then  it  is  a  curve  of  contrary  flexure,  or  it  may  be  curved 
round  a  central  line,  like  the  thread  of  a  screw.  In  fact,  there 
is  an  endless  variety  of  curved  lines,  or  curves,  as  tliey  are 
usually  called,  but  they  do  not  properly  belong  to  the  mere 
elements  of  geometry. 

A  STRAIGHT  LINE  IS  the  dimple  elementary  line,  and  it  is 
this  which  we  always  mean  when  we  use  the  word  line  in  a 
geometrical  sense,  without  using  some  other  word  to  express 
the  kind  of  line. 

A  straight  line  is  the  shortest  distance  between  those  points 
which  form  its  extremities,  and  tlierefore,  as  there  cannot  he 
two  shortest  in  the  same  case,  there  cannot  be  two  straight 
lines  joining  the  same  two  paints,  neither  can  any  portion  of 
space  be  inclosed  by,  or  situated  between,  two  straight  lines 
which  meet  each  other  at  any  two  points. 

As  a  straight  line  is  extension  in  one  direction  only,  it  can 
have  no  material  existence  as  a  separate  quantity,  but  merely 
means  the  shortest  distance  in  some  direction. 

If  the  points  which  m^k  the  extremities  of  a  strmght  line 
are  knovm,  the  magnitude  or  length  of  that  line  is  determinate ; 
and  if  these  points,  or  any  other  two  points  in  the  line  have 
fixed  portions,  the  position  of  the  whole  line  is  also  determi-- 
nate.  But,  because  a  straight  line  has  no  material  existence, 
we  can  imagine  one  to  be  drawn  from  any  point,  in  any  direc- 
tion, and  to  any  distance  i  or  we  may  imagine  a  straight  line  to 
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be  continued  to  any  additional  length.  Wo  may  also  imagine 
a  straight  line  to  be  drawn  through  any  point,  in  any  dii«ction, 
and  to  any  length  both  ways ;  or  we  may  also  Imagine  an  end- 
less number  of  straight  lines  to  be  drawn  through  the  same 
point,  all  in  different  directions. 

A  BunPACE,  or  surBRPiciBS,  is  the  neict  element  In  the  order 
of  procedure  from  the  more  simjJe  to  the  more  complex,  and  of 
this  there  are,  as  there  are  of  lines,  several  Idnds,  independently 
(^  the  mitlioe  or  figure  of  the  boundary.  A  plane  suriace,  or 
simply  a  PLANE,  is  the  elementary  one,  and  it  is  that  which,  in 
common  longoage,  we  are  accustomed  to  call  "  perfectly  level," 
or  "perfectly  flat"  The  ububI  definition  is,  that,  if  a  strwght 
line  toucha  a  plane  in  two  points,  it  must  touch  it  in  every 
point,  so  far  as  both  extend ;  and  if  two  stra^ht  lines  are  drawn 
■cross  each  other,  a  ■  plane  will  touch  all  the  four  crosses,  or 
branches  formed  by  the  crossing,  as  far  as  their  Mms  and  the 
plane  extend  :  also,  if  two  planes  touch  each  other  in  three 
points,  they  will  touch  each  other  in  every  point,  as  far  as  they 
ext^id. 

A  plane  surface  which  has  definite  boundaries  is  called  a  ^ure, 
and  those  boundaries  must  be  eitlier  straight  lines  or  curves 
of  dugle  corvatnre.  If  the  boundaries  are  straight  lines,  the 
figure  is  called  "  right  lined,"  or  rectilineal,  the  word  "  right" 
being,  in  geometry,  often  used  as  synonymous  with  the  word 
straight. 

A  sur&ce,  whether  plane  or  not,  has  no  separate  material 
existence,  any  more  than  a  point  or  a  line :  it  is  the  boundary 
of  a  solid,  whether  considered  as  mere  space,  or  applied  to  a 
portion  of  matter ;  but  it  is  not  a  part  of  the  solid  in  either 
case ;  for  as  no  multiplication  of  a  point  could  produce  a  line, 
no  multiplication  of  a  line  can  produce  a  sur&ce,  and  no 
multiplication  <^  a  sui&ce  can  produce  a  solid.    But  lines  sod 
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BOrbces  are  magnitwiet,  or  geometrical  quantities,  as  well  as 
solids,  for  they  can  extend  a  greater  or  a  less  distance  in  Space, 
only  a  lino  extends  in  one  direction  in  space,  a  surface  in  two 
directions,  and  a  solid  in  three. 

Arithmetically,  a  line  is  represented  by  a  simple  number,  4 
surfoco  by  a  product  of  two  fectors,  and  a  solid  by  a  product 
of  three  fectors.  Length  and  breadth  are  the  factors  of  a  sur- 
face ;  length,  breadth,  and  thic)meis  the  factors  of  a  solid ;  and 
both  breadth  and  thickness  in  a  solid  "stand  in  the  saine  rela- 
tion" to  length  that  bieadth  does  to  length  in  a  snr&ce. 

As  str^ght  lines  have  only  one  quaUty,  namely,  length,  they 
can  bear  only  one  kind  of  relation  to  each  other,  that  of  being 
of  the  same  length,  or  difieient  lengths;  and  therefore  it  is 
important  to  consider  in  what  relation  they  can,  in  addition  to 
this,  ttatid  to  each  other.  Now  the  only  circumstance  in  which 
a  straight  line  can  vary,  or  in  which  one  stiaight  line  can  be 
diCferent  from  another,  except  length,  is  direction;  and  the  dis- 
tinction here,  as  in  the  former  case,  is,  that  any  two  lines  most 
either  stand  in  the  same  direction  with  each  other,  or  they 
must  stand  in  different  directions. 

This  relation  of  lines,  in  respect  of  the  positions  or  directions 
in  which  they  stand  to  each  other,  is  one  of  the  most  important 
considerations  in  gcoDietiy ;  but  it  is  one  in  which  bt^inners 
usually  feel  some  difiiculty,  and,  indeed,  there  is  at  least  one 
point  connected  with  it,  which,  though  clear  enough,  cannot  be 
explained  or  proved  in  a  rigidly  geometrical  way,  and  therefore 
it  is  a  portion  of  the  subject  to  which  the  most  careful  attention 
should  be  paid. 

There  is,  indeed,  another  difficulty ;  for  when  we  speak  of 
the  relation  in  which  two  lines  stand  to  each  other  in  regard  to 
pomticoi  or  direction,  we  speak  of  a  quantity  which  has  no  con- 
oecUon  with  the  length  of  the  Uues  as  magnitudes,  and  there- 
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fore  that  which  we  seek  to  know  hardly  admits  of  ordinaiy 
description.  Some  general  notion  of  the  two  leading  dividone 
of  this  relation,  having  the  same  direction,  and  having  difiereut 
directions,  may,  however,  prepare  us  for  understanding  more 
readily  the  particular  cases. 

What  is  meant  by  two  straight  lines  having  the  tame  direo- 
tion  f  This  is  the  part  of  the  case  in  which  technical  geometry 
has  usually  broken  down,  in  the  hands  even  of  the  ablest  of  ite 
pTofeaaora,  and  therefore  it  is  very  trying  for  popular  illustra- 
tion ;  but  still  we  must  attempt  it,  and  if  we  fail,  we  shall  foil 
only  where  many  have  Mled. 

Let  us  analyse  it,  and  inquire,  first,  what  is  meant  by  the 
direction  of  a  line,  and  then  when  the  directions  of  two  lines 
can  be  said  to  be  the  same.  In  the  case  of  a  line,  the  direction 
is  the  stretch  of  the  line,  the  way  that  it  extends,  or  goes  out 
or  away  from  any  point ;  and  hence  the  Greek  geometer  defines 
a  straight  line  as  that  which  goes,  (|  laov,  (etjiialiter,  "goes 
equally" — ac  tequo,  "equally  from")  "evenly  out,"  without 
turning  or  deviation  in  one  way  or  another ;  a  line,  in  shwt, 
which  is  all  in  one  direction.  This  direction  is  one  and  the 
same  through  the  whole  of  one  straight  line,  through  all  ports 
of  it,  and  through  every  continuation  of  it  which  can  be  made 
either  way  throi^h  space.  But  the  direction  is  not  fixed  or 
definite  with  regard  to  anything  but  the  line  itself,  unless  the 
line  passes  through  two  fixed  points,  and  then  it  is  in  the  direc- 
tion of  those  two  points.  Thus,  if  we  suppose  one  point  at 
London,  and  another  at  York,  a  str^ght  line  passing,  or  which 
would  pass  thro<^h  both  these  points,  has  the  direction  of  them, 
whether  we  suppose  it  to  extend  all  the  way,  from  point  to  point, 
and  no  ferther,  or  imagine  it  continued  through  space  from  the 
one  point  or  from  both,  or  whether  we  consider  any  small  por- 
tion of  it^  as,  for  example,  a  foot,  or  an  inch.    It  is  evident  that 
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there  can  be  only  one  itra^tlit  line  paasbig  through  any  two 
points ;  and  as  the  ports  of  this  line,  in  what  manner,  or  iii 
what  lengths  soerer  they  may  be  divided,  have  all,  from  the 
vety  definition,  and  even  the  posuble  notion  of  the  line  itself 
one  ditection,  the  parts  of  this  one  line  (that  is,  of  any  one 
Btnught  line  whatever,)  do  not  form  those  lines  which  we  say 
have  ^e  same  direction,  because  to  say  that  any  quantity, 
whether  line  or  anything  else,  is  the  same  as  itself  Is  a  truism, 
or  identical  proposition,  that  is,  the  mere  repetition  of  the  same 
troth  in  difierent  words,  which,  of  course,  conveys  no  informa- 
tion whatever.  Hence  we  arrive  at  one  negative  part  of  ihe 
notiniof  strught  lines  having  the  same  directitm;  that  is,  they 
cannot  both  pass  through  the  same  two  points ;  but  as  this  is 
a  pn^terty  common  to  all  strdght  lines  it  gives  as  but  little 
informatbn. 

Every  straight  line  mutt  lie  wholly  in  one  plane,  from  the 
very  nature  of  a  straight  line  and  a  plane ;  and  it  follows  from 
this,  that  two  straight  lines  which  have  the  same  direction  must 
he  in  the  wune  plane,  and  this  brings  us  a  little  nearer  to  the 
definitioii,  and  winild  bring  us  to  it  altogether  if  geometricians 
would  acknowledge  their  obligations  to  a  principle  which  they 
reject  in  words,  but  without  which  they  cannot  advance  one 
step  in  reality. 

This  prindple  is  nwffon,  or  progreee  through  space,  as  from  one 
point  to  another ;  and  it  is  from  this  motion,  whether  we  admit  it 
or  not,  that  we  derive  both  our  original  conception  and  our  geo- 
metrical representation  of  a  line.  Ouroiiginal  conception  of  ex- 
tennon  is  progreedve  motion;  when  we  look  atuiy  object  we  judge 
of  the  measure  along  or  across  it  by  carrying  the  eye,  or  making 
the  a:ds  of  viaion  travel  from  the  one  extremity  to  the  other; 
when  we  measure  any  line  in  pisctiee  we  pass  over  it  with  the 
me&BOting  instrument ;  and  we  have  no  means  of  obtaining  a 
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knowledge  of  the  length  of  any  one  line  whatever,  iinlesa  we 
9re  enabled  to  connect  it,  by  clear  and  wcIl-undent4X>d  rela* 
HoDB,  with  some  line  the  length  of  which  we  have  discovered 
by  passing  Bui»:eBaTely  over  the  different  parts  of  it,  in  Bome 
way  or  other.  When  a  ship  traveraes  the  ocean,  a  bird  flies 
thnnigh  the  air,  or  the  eartWc  any  other  celestial  body  caieers 
on  through  the  regions  of  ^aee,  though  neither  of  these  leaves 
any  trace  of  its  progress  behind  it,  we  are  in  the  constant  faabit 
of  saying  that  each  "deacribes  a  line"  as  its  path,  and  we  speak 
of  the  course  of  the  ship,  and  the  orbit  of  the  revolving  planet, 
as  if  they  were  actnally  existing  quandties,  and  trace  them 
upon  our  maps,  or  other  tablets  of  instruction  and  reference,  in 
the  same  manner  as  though  there  were  lines  answering  to  them, 
palpably  and  permanently  drawn  in  nature,  along  which  we 
could  proceed  from  the  one  extremity  to  the  other,  step  by  step, 
«s  we  do  along  a  common  highway  upon  the  land  ;  in  &ct,  if 
we  are  to  know  any  line  originally,  and  not  by  conoluaons  de- 
duced by  reasoning  from  another  line  or  lines,  we  must  travel 
along;  and  if  the  original  demand  on  us  were  the  length  of  the 
line  from  London  to  York,  we  have  no  original  means  <^  satis- 
^ring  the  demand  without  travelling  from  London  to  Yoric,  or 
&om  York  to  London,  and  taking  heed  of  our  pH^ress  as  we 
went.  View  the  matter  as  we  will,  our  notion  of  the  distance, 
extent,  or  line  between  one  point  and  another,  always  resolves 
itself  into  motion  from  the  one  end  to  the  other;  and  there- 
fore,  instead  of  motion  being  an  ungeometrical  conception,  it  is 
really  the  primary  foundation  of  all  geometiy,  and  without  it 
we  could  have  no  knowledge  beyond  that  of  an  unextended 
point,  if  indeed  we  could  possibly  have  so  much. 
.  And  when  we  come  to  get  a  representation  of  a  geometrical 
line,  by  what  means  do  we  obtun  it  but  by  taking  the  pen,  the 
pendl,  or  the  other  drawing  instrumejit,  404  movl^  it  from 
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the  one  extremity  to  the  other  ?  and  until  thia  motion  has  been 
petformed  there  can  be  no  repreaentatiou  of  the  line.  Eren 
they  who  reject  motion  as  luigeometrical  never  can  perform  a 
single  problem  in  their  science,  or  expl^  the  performance  of 
it,  without  drawing  lines,  and  there  lb  no  way  of  drawing  a  line 
but  by  pTing  that  which  ia  dram  a  motion  from  the  one  ex- 
tremity of  the  line  to  the  other.  Upon  no  occonnt,  therelbre, 
ought  the  idea  of  motion  to  be  excluded  from  the  very  first 
elements  of  geometry ;  for  it  ia  really  the  tie  which  binda  the 
truths  of  geometry,  both  to  the  material  worid  and  to  the 
human  understuiding,  and  it  were  as  hopeless  t*  deprive  man 
of  the  use  of  all  his  senses  in  order  that  he  might  thereby  better' 
study  the  productions  of  nature  and  the  works  of  art,  aa  to 
exclude  the  doctrine  of  motion,  in  order  that  geometry  might  be 
more  succesafuUy  studied. 

We  have  said  that  lines  which  are  in  the  same  direction  fcust 
be  in  the  same  plane,  and  that  they  cannot  meet  in  two  pointy 
however  near  or  however  far  asunder  these  points  may  be, 
without  coinciding  altogether,  or  being  one  and  the  same.  Now- 
straight  lines  which  are  in  the  some  plane  most  either,  if  con- 
tinued &r  enough,  meet  each  other  in  one  point,  or  they  must 
not ;  and  therefore  it  may  be  s^d  of  any  two  straight  lines  in 
the  same  plane,  that  they  must  both  he  directed  or  tend  to  the 
sdine  point,  or  they  must  not ;  and  if  they  both  tend  to  the 
same  point,  or,  which  is  the  same  thing,  lie  in  the  direction  of 
the  same  point,  they  must  reach  that  point  if  continued  &r 
enough  ;  and  they  must  reach  it  as  atr^ht  lines,  tltat  is,  with- 
out the  sli^test  change  in  the  direction  of  either;  and  farther, 
as  there  is  no  reason  why  we  should  suppose  them  to  stop  at 
this  point,  they  must  cross  one  another  at  the  point  where  they 
meet,  and  change  sides,  so  that  the  one  which  was  formerly 
toward  the  left  hand  ahall  now  be  toward  the  right. 
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Let  us  take  an  iUaetiation : — if  we  stand  anywhere  on  the 
road  between  London  and  Bath,  and  imagine  one  sti^ht  line 
to  proceed  from  London,  and  anotlKr  from  Bath,  each  in  the 
direction  to  York,  tlie  Bath  line  if  we  are  looking  toward  York 
will  be  on  our  left  hand,  and  the  London  line  on  our  right,  and 
the  distance  between  the  extremities  whence  they  proceed  will 
be  the  distance  between  London  and  Bath. 

Now  let  the  extremities  of  the  lines,  or  which  is  the  same 
thing,  that  which  we  imagine  to  describe,  each  (a  carrier  pif^n 
if  you  will)  speed  onward,  by  motion,  to  the  point  to  which 
both  are  directed,  namely,  to  York,  is  it  not  evident  that  they 
will  come  nearer  and  nearer  to  each  other  as  they  approach 
nearer  to  York ;  and  that,  when  tbey  pass  that  city,  the  Bath 
pigeon  will  cany  onward  his  line  to  Uie  ri^t  and  the  London 
one  to  the  left  7  MoTeover,  as  they  get  fitrther  and  farther 
beyond  York  they  will  get  more  and  more  tqiart  from  each 
other,  and  never  by  any  possibility  again  be  both  directed  to- 
ward the  same  point.  In  this  instance  it  must  be  supposed 
that  the  pigeons  move  in  perfectly  straight  lines ;  and  it  is  of 
no  difference  with  regard  to  the  poritlon  or  direction  of  the 
lines,  whether  they  botii  arrive  at  York  at  the  same  time  or  the 
one  before  the  other. 

The  lines  which  we  have  instanced  as  meeting  at  York,  are 
inclined  Umard  eadi  other  in  the  direction  toward  that  point, 
whether  we  consider  them  on  the  London  side  of  Yoric  or  on 
the  opposite  side;  and  if  we  consider  them  as  viewed  from 
York,  the  point  where  they  cross  ea<Ji  other,  they  are  mcUned 
from  each  other.  We  ore  condderjng  them  both  ae  stnught 
Hnea,  and  therefore  their  inclination  must  be  the  same  to  what- 
ever length  we  may  suppose  them  to  be  continued  either  way. 
Their  poMtions  with  n^rd  to  each  other  are  reversed  on 
oppotite  sides  of  the  point  where  they  meet  and  cross  each 


bf  Google 


184  LINES   WHICH   ARM 

Other;  bot  ctill,  aa  stni^t  lin^  alwsjs  preaeive  the  Home 
direction  (wiiich  is  in  fact  the  very  meaning  of  stiaightneesj, 
their  inclination  must  he  «Teiywhere  the  same  in  amount.  If 
we  view  them  aa  from  the  point  where  they  croas,  they  must 
have  the  same  inclination  from  each  other  on  the  one  side  of 
thia  point  and  on  the  other ;  and  if  wo  vievr  them  toward  the 
cioesing  point,  they  moirt  have  the  same  inclination  toward  each 
othM*  when  viewed  either  way,  and  whetlier  their  lengths  be 
greater  or  less,  whether  not  the  thousandth  part  <^  an  inch  or 
greater  than  any  distance  to  which  we  can  f^ve  a  name. 

As  thia  ia  exactly  the  fact  of  the  case  in  which  Bystematic 
geometeia  find,  or  rather  make  the  difficulty,  we  have  taken  on 
illustration  from  two  particular  lines,  in  order  to  impreae  the 
principle  more  strongly  upon  the  reader;  hut  it  will  be  ea»ly 
understood,  from  what  we  have  said  of  the  two  straight  lines 
b^^inning  at  London  and  Bath,  meeting  and  croesing  each  other 
at  York,  and  then  proceeding  onwaid,  at  the  very  some  incli- 
iiatiun  aa  before,  but  in  reversed  poeitioos,  that  tlie  fact  must 
be  true  of  ^ny  two  str^ht  lines  whatever  which  are  situated 
ib  the  same  plane.  We  may  therefore  assume  it  as  a  necessary 
conduuon,  from  the  very  nature  of  straight  lines,  from  the  feet 
that  every  straight  line  lies  wholly  in  one  unchangeable  direc- 
tion to  whatever  length  it  may  be  continued,  that  if  any  two 
str^ht  lines  situated  in  the  same  plane  have  any  inclination 
whatever  toward  each  other  at  the  one  extremity,  they  must 
continue  to  have  the  same  inclination  towards  each  other,  how 
far  soever  we  continue  them  in  that  direction ;  and  that,  be  the 
indinatiim  however  so  small,  they  must  meet  if  we  continue 
them  for  enoi^h.  Also,  if  this  be  the  foct,  as  it  evidently  is 
in  the  csee  of  their  actual  continuance,  we  may  assume  it  as  a 
fact  in  the  case  of  any  two  lines,  however  short,  which  have 
any  inclination  towards  each  other. 
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And  if  they  are  inclined  towards  eadi  other  in  the  direction 
of  their  extremities  one  way,  they  must  be  exactly  as  much 
inclined  irom  each  other  in  the  direction  of  their  extremities  in 
the  opposite  nay ;  and,  instead  of  meeting  and  crowii^  each 
other  in  this  opposite  wsy,  they  mnst  get  farther  and  &rther 
^lart  fiom  each  other,  the  fiirther  they  are  cmtjnaed. 

That  the  inclination  most  be  constant,  that  is,  the  same  at 
every  point  of  the  lines,  ftJlows  alao  from  the  very  &et  of  their 
being  straight,  becanse  the  inclination  could  vary  only  in  con- 
sequence 1^  a  change  in  the  direction  of  one  of  the  lines,  or  of 
both,  and  if  this  change  took  place  one  or  both  wonld  cease  to 
be  straight.  Therefore,  we  may  repeat  again  as  a  troth  as 
le^tjmate  and  as  clear  as  any  in  geometry,  that  "  if  two 
straight  lines  situated  in  the  same  plane  have  towards  each 
other  any  inclination  whatever,  they  most,  if  continned  br 
enough,  meet  each  other  in  the  direction  towards  which  they 
are  inclined." 

But  it  may  be  desirable  to  examine  this  a  little  forther :  the 
lines,  wiiatever  may  be  their  length  and  in<^inati(Hi,  must  be  at 
some  definite  distance  from  each  other  at  those  extremities 
which  are  &rtheflt  qiart,  and  they  most  be  at  »  less  distance 
than  diis  at  those  extremities  which  are  nearest  to  each  other, 
otherwise  they  could  not  be  inclined  to  each  other.  Now, 
whatever  these  distances  may  be  individually,  as  the  one  is,  in 
virtue  of  the  very  fact  of  the  lines  being  inclined  greater  than 
the  other,  they  mnst  have  a  difierence,  and  this  difference  mnst 
be  the  same  in  eqaaX  lengths  of  the  lin^,  odierwise  there  wonld 
be  a  shifting  in  the  direction  trf'  one  or  both  of  them,  and  con- 
sequently they  wonld  cease  to  be  straight. 

Here,  again,  it  may  be  desirable  to  refer  to  a  particular  in- 
stance of  definite  tines,  for  the  sake  of  illustrating  the  general 
argument  :-~well,  suf^wse  the  lines  are  a  foot  in  length  each) 
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that  they  are  10  ioches  apart  at  the  one  extremity,  and  9 
inches  at  tlie  other,  die  difRerence  between  their  distance  is  1 
inch.  Continue  them  another  foot  in  the  direction  in  which 
they  arc  incUned  to  each  other,  and  their  distance  will  diminish 
another  inch,  or  their  extremities  will  be  8  inches  apart,  con- 
tinue them  a  second  foot  and  they  will  be  7  inches  apart,  a  third 
end  they  will  be  6,  a  fourth  and  they  will  tie  S,  a  fifth  and  they 
will  be  4,  a  dxth  and  they  will  be  3,  a  seventh  and  they  will 
be  2,  an  eighth  and  they  will  be  1,  a  ninth  and  they  will  be 
0,  that  is,  they  will  meet  each  other.  Continue  them  beyond 
this,  and  they  will  open  an  inch  from  each  other  for  every  foot 
they  are  continued,  only  the  portions  wi]l  be  reversed  in 
respect  of  what  they  were  before  the  point  of  meeting  was 
arrived  at. 

Now,  though  the  definite  measures  which  we  have  assumed 
for  the  length  of  these  lines,  and  for  theh'  distances  at  their 
opposite  extremities,  determine  the  point  at  which  these  par- 
ticular lines  meet,  which,  by  looking  t>ack  to  the  analysis,  will 
be  found  to  be  10  feet  from  the  most  distant,  and  9  from  the 
nearest  extremities  of  the  lines ;  yet,  if  we  take  general  expree- 
uons  for  the  lengths  and  distances,  we  shall  obtain  a  general 
expresuon  in  terms  of  these,  for  the  point  at  which  the  lines 
must  meet. 

Thus,  let  a  =  the  length  of  the  lines,  d  the  ditFerence  of 
their  distances  at  the  two  extremities,  md  the  greater  distance, 
and  md — d  the  less,  which  expressions  are  merely  the  former 
ones  generalised.  Now,  when  the  lines  are  extended  to  2a 
their  distance  wiU  be  md  —  2d,  at  3a  it  will  be  tnd—3d,  and 
BO  on,  till  at  m  a  from  the  most  distant  extremities  of  the  lines, 
it  will  be  md — mrf  =  0,  that  is,  the  lines  will  meet. 

Wherefore,  it  is  not  only  universally  true  tliat  two  stnught 
lines  which  are  in  the  same  plane,  and  have  an  inclination  to 
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each  other  rauetmeet  if  produced  for  enoi^h;  but  also,  that  if 
the  length  of  the  lines  and  their  distances  from  each  other  at 
both  extremitiea  ate  given,  we  have  data  sufficient  for  calcu- 
lating by  a  very  simple  operation  the  length  to  which  they  will 
require  to  be  continued  in  order  to  meet ;  and  their  length. 
We  have  seen  that  if  d  be  the  difference  of  distances  for  any 
length  a,  and  md  the  greater  distance,  then  md  becomes  =:  0 
when  the  length  of  the  lines  reckoned  from  their  most  distant 
extremities  becomes  =.  ma,  therefore  the  difference  of  the  dis- 
tances is  the  same  part  of  the  greater  distance  that  the  giveil 
length  of  the  lines  is  of  the  length  to  which,  including  the  given 
length,  they  must  be  extended  in  order  to  meet. 

To  whatever  extent  two  stra^ht  lines  in  the  same  plane  are 
inclined  toward  each  other  at  their  extremities  one  way,  and 
from  each  other  at  their  extremities  the  other  way,  their  direc- 
tions differ  from  each  other  by  exactly  this  quantity  of  incBna- 
tion,  whatever  it  may  be ;  and  consequently,  on  the  other  hand, 
if  two  str^ht  lines  in  the  same  plane  have  no  inclination 
toward  each  other  one  way,  and  from  each  other  the  other  way, 
these  two  lines  have  exactly  the  same  direction,  that  is,  what- 
ever can  be  proved  by  the  direction  of  one  of  them  vrill  neces- 
sarily hold  good  aa  equally  true  of  the  direction  of  the  other. 
Nor  is  this  confined  to  two  lines,  for  we  may  state  generally 
that  if  any  number  of  lines  whatever  in  the  same  plane  have 
no  inclination  to  and  from  each  other,  they  are  all  in  the  same 
direction,  and  whatever  can  be  proved  of  the  direction  of  »ny 
one  of  them,  will  follow  aa  necessarily  true  of  that  of  each  and 
all  of  the  others. 

Thus  we  have  two  distinct  dasses  of  straight  lines  in  the 
same  plane ;  first,  lines  which  are  inclined  to  and  from  each 
other,  which  lie  in  directions  difEering  from  each  other  by  the 
exact  measure  of  their  inclination,  and  which,  if  produced  far 
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enough,  mnst  meet  the  length  leqnired  far  this  purpose,  also 
vuying  with  the  inclination ;  secondly,  lines  which  have  no 
inclination  to  each  other,  bnt  are  in  the  same  direction,  and 
which,  consequently,  have  not  the  property  which  depends 
upon  inclination,  namely,  that  of  meeting  each  other  when  pro- 
duced. Lines  which  have  no  inclinadon  are  called  pahiixbl 
UNEH,  which  means  that  they  are  "  qmken  of  as  away  or  apart 
from  each  other,'  which  name  cornea  veiy  nearly  to  the  defini- 
tion, as  it  involves  the  notion  that,  produce  them  ever  so  br, 
there  is  no  point  at  which  we  can  speak  of  th«m  as  being  toge- 
ther :  and  this  difiere  but  little  from  Ehiclid's  definition,  which, 
though  it  has  not  baen  adopted  by  all  geometers,  is  at  once  the 
umpleat  and  the  best : — "  Straight  lines  which  are  in  the  same 
plane,  and  being  produced  ever  so  &r  both  ways  do  not  meet, 
ore  called  parallel  lines." 

It  will  be  perceived  that  the  words  "  b«big  produced  ever  so 
far  both  ways"  in  this  definition  take  for  granted  that  very 
principle  of  motion  which  the  m<»e  rigid  geometen  proSau  to 
reject ;  and  not  only  motion,  bnt  motion  "  both  ways,"  that  is, 
from  both  extremities  of  the  lines,  and  continued  indefinitely 
both  ways  "ever  so  far."  Now  if  motion  ia  assumed  as  a 
pottuJate  of  action,  the  posnbility  of  performing  which  is  sdf- 
evideot;  and  farther,  if  the  same  notion  is  involved  in  the 
three  postulates  of,  joining  two  points,  producing  a  sti^ht  line, 
and  drawing  a  circle,  it  is  not  easy  to  see  upon  what  principle 
it  can  be  eidaded  in  the  definition  of  straight  lines  in  the  same 
plane  which  are  inclined  to  each  other;  and  that  this  should 
be  the  case  is  the  more  wondeifiil,  and  the  more  to  be  regretted, 
that  its  admisaion  there  removes  much  of  the  labour  and  more 
«f  the  difficulty  t^  elementary  geometry. 

It  may  be  said  that  the  words  "inclined  to  and  from  each 
other"  stand  in  need  of  explanation;  bnt  the  word  "inclined? 


bf  Google 


Ifi  Bs  generally  nnderstMMl  as  any  wonl  im  lai^Dflge ;  and  if  we 
were  to  give  im  elaborate  definitioa  of  every  word  we  m^e  use 
of  in  onr  attempts  to  explain  the  principles  of  science,  we 
■biould  nerer  be  able  to  let  anybody  iee  one  of  those  prin- 
^^ea  thmngfa  anch  a  miBty  multltade  of  words  as  would  in 
Ihat  case  envelope  them  all. 

We  may  now  alter  the  expresaioii  a  little,  and  say,  "  aU 
stndght  lines  in  the  same  plane  which  are  not  parallel  to  each 
other,  must,  if  produced  &r  enough  both  ways,  meet  each 
other  either  the  one  way  or  the  other,  but  not  both." 

They  most  meet  when  produced  at  those  extremities  where 
they  are  indined  to  each  other;  and  they  must  become  farther 
apart  the  farther  they  are  produced  at  the  oppoeite  extremities, 
or  at  those  at  which  they  are  inclined  fiom  each  other ;  but 
throughont  the  whole  of  their  length,  wboteTer  it  may  be,  and 
whedier  they  are  produced  till  they  meet  or  not,  their  inclino- 
tioB  to  and  from  each  other  is  exactly  the  same,  and  cannot 
vary  unless  one  or  bo^t  change  in  direction,' imd  thus  lose  the 
character  of  straight  lines.  We  have  uaed  die  words  "  from  " 
and  "to"  together  in  the  course  <^  these  explanations,  because 
they  are  inseparable  by  the  very  nature  of  the  case ;  an  iudi-' 
nation  to  the  one  way  bang  as  necessarily  an  inclination  Jrom 
Qk  other  way,  as  a  road  viiich  when  taicen  at  the  one  end  leads 
directly  to  London,  leads  as  directly  from  London  if  we  take  it 
at  the  other  end. 

The  inclination  of  lines  t«  each  other  furnishes  us  with 
another  set  or  kind  of  quantities  in  elementary  geometry 
bceideB  lines,  turfaeei,  and  goKdt.  The  measure  of  this  inclina- 
tion is  called  an  akslb,  which  means  a  comer ;  and  as  we  have 
spoken  of  ttrai^  lines,  which  are  also  called  ri^ht  lines,  in 
the  same  pfane,  the  Amplest  angle  which  occurs  in  elementary 
geometry  is — 

A  KiANB  KscTiLiNEAL  Avtix,  which  may  be  defined  as 
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"  the  comer,  or  opemng  made  at  the  p«Ait  where  they  meet  by 
two  etrai^t  lines  which  are  inclmed  to  each  other." 

As  the  iDcIinatioa  and  the  angle  which  measures  it  are  qnan- 
titiee,  they  must,  like  other  quantitieB,  admit  of  variation,  that 
is,  there  may  be  aa  endless  variety  of  angles  answering  to  and 
measuring  an  endlesa  variety  of  inclmations,  just  as  there  may 
be  aa  endless  variety  of  lengths  of  lines,  extent  of  sur&ces,  and 
capacity  or  content  of  solids ;  but  as  the  angle  depends  alto- 
gether npon  the  inclination  of  the  lines,  and  not  upon  the 
length  of  any  one  of  them  or  of  them  both,  or  even  on  the 
direction  In  which  any  one  of  them  extends,  an  angle  is  not  a 
quantity  of  the  same  kind  with  a  line,  neither  is  it  a  quantity 
which  can  be  accuiately  expressed  by  any  prodnct  of  straight 
lines,  as  a  sur&ce  is  by  the  product  of  length  and  breadth,  and 
a  solid  by  the  product  of  length,  breadth,  and  thickness. 

The  fonr  different  kinds  of  quantities,  lines,  angles,  surfaces, 
and  solids  (for  that  is  the  proper  order  m  which  to  take  them), 
of  which  we  have  attempted  to  give  aa  dear  and  simple  an 
explanation  as  posdble,  are  the  only  quantides  which  are  purely 
geometrical ;  and  with  the  exception  of  one  curved  line  (to  be 
afterwards  described),  and  the  curved  surfaces  and  solids  which 
are  founded  on  the  line,  the  relations  of  straight  lines,  rectilineal 
angles,  plane  surfaces,  and  plane  solids,  include  all  which  belongs 
to  elementary  geometry. 

We  have  endeavoured  to  explain  the  nature  of  the  quantities 
at  greater  length  than  is  usually  done,  and  in  different  terms, 
though  not  upon  different  principles ;  for  we  trust  it  has  been 
shown  that  motion,  which  we  have  taken  aa  an  element,  has 
been  tacitly  assumed  by  every  geometer ;  and  we  feel  convinced 
that  it  has  been  this  latent  principle,  which  works  poweriiilly, 
but  unconfessedly,  which  has  made  the  science  of  geometry — a 
science  beautifully  clear  in  itself— so  perplexing  to  the  majority 
of  students. 
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OEIMIETRICAI.    QUANTITIES,    METHODS    OF    EXPRESSION,    . 


In  the  generol  account  of  the  elementary  noticms  of  g«ometi7 
and  geometrical  quantities  given  in  the  laat  section,  vre  studi- 
ously avoided  all  allusion  to  the  methods  of  expreaaing  quantities 
geometrically,  to  the  short  elementary  definitions,  self-evident 
principles  (or  ortonw),  and  also  to  the  objects  of  geometrical 
operations  or  inquiries,  as  usually  given  in  books  on  the  elem^ts. 
When  the  general  notion  is  explained  by  allusion  to  a  particular 
symbol,  there  is  some  danger  that  the  symbol  will  lay  hold  of 
the  student's  conception,  and  particularise  it ;  and  this  is  eepe- 
cially  the  case  when  the  quantity  under  explanation  is  a  rela- 
tion, and  as  such,  not  exprcasible  by  any  separate  symbol,  hut 
merely  by  the  position  of  those  other  quantities  of  which  it  is  a 
relation.  TTius,  for  instance,  a  line,  a  snrfiice.  Or  a  solid  may  be 
represented  by  a  picture,  or  diagram,  as  it  is  usually  cidled ;  but 
no  digram  can  represent  simply  and  singly  that  which  we 
mean  by  an  angle.  This  magnitude  (an  angle)  can  be  repre- 
sented in  a  diagram  only  by  the  two  lines  of  whose  inclination 
it  is  the  measure ;  and  as  these  lines  must,  in  any  diagrani 
which  can  be  drawn,  have  some  visible  length,  and  also  include 
between  them,  as  far  as  they  extend  from  the  point  of  meetii^, 
some  visible  portion  of  sui&ce,  it  is  very  difficult  for  a  beginner 
to  avoid  mudng  up  the  notion  of  the  lei^hs  of  the  lines,  and 
also  that  of  the  space  between  them,  with  the  proper  notion  of 
the  angle.  If  will  be  found  that,  in  consequence  of  this  con- 
Aiuon,  those  who  have  made  but  little  progress  in  geometry, 
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even  thotigh  they  have  made  some,  have  very  vagne  and  con- 
fused notkinB  of  what  is  really  meant  by  an  angle,  independently 
of  the  lengths  of  the  lines  of  whose  iudination  it  is  the  measure, 
and  of  the  quantity  of  surface  wKich  may  be  contained  within 
or  between  those  lines.  If  the  expl&nation  which  we  gave  in 
the  last  section  has  been  read  and  stndied  with  due  attention, 
the  reader  will  not  find  much  difficulty  in  forming  a  correct 
notion  of  what  an  angle  is,  without  mixing  it  up  with  any 
notion  of  the  length  of  particular  lines,  or  the  extent  of  par- 
ticular mrlaces ;  and  if  we  have  succeeded  in  doing  this,  the 
reader  will  have  guned  more  than  he  is  awaro  of. 

We  may  now,  therefore,  proceed  to  point  out  the  modes  by 
which  qnentities  are  geometrically  represented,  and  the  names 
which  are  given  to  a  few  of  tbe  simpler  modifications  of  them ; 
and  in  the  mean  time  we  shall  confine  ourselves  to  the  elements 
of  Plane  GBOKBTitY,  that  is,  to  lines,  plane  rectilineal  angles, 
and  sur&ces ;  only,  because  the  knowledge  of  the  only  curve 
which  enters  into  the  elements  of  plane  geometry  is  necessary, 
in  order  rightly  to  understand  the  distinctions  of  those  leading 
varieties  of  angles  which  we  require  to  define  at  the  outset,  we 
shall  include  that  curve  among  lines,  thouji^  it  cannot  appear 
as  a  line  without  appearing  at  the  same  time  as  the  boundary 
of  a  surface  or  figure. 

1.  Op  Lines. 

There  are  only  two  tdnds  of  line  in  elementary  geometry,  the 
strdght  line  and  the  circle. 

Straight  /ifwv  liave  been  already  defined.  They,  when  we 
consider  them  as  dngle  lines,  liave  length  only ;  but  a  straight 
line  may  be  of  any  length,  known  or  unknown ;  and  no  straight 
line  can  be  of  a  known  length,  unless  we  can  measure  it,  and 
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have  mesBuied  it,  or  can  deduce  ita  length  hj  correct  reasoDing 
{rom  that  of  some  line  which  ne  hare  measared. 

A  strdght  line  is  represented  geometricaUj  by  a  line  drawn 
as  sti^ht  as  poewble ;  and  it  is  named  hy  two  letters,  placed 
either  one  at  each  end  of  the  line,  or  at  any  point  in  it ;  and 
the  line  is  named  by  those  two  letters,  it  being  of  no  consequence 
which  of  them  is  mentioned  first. 

In  geometry  it  is  customary  and  adrisable  to  nse  caiatal  let- 
ters,, as  a  distinction  from  the  letters  used  in  algebra,  just  as  in 
algebra  we  use  italic  letteis  to  distinguish  them  from  the  Boman 
letters  generally  used  in  printing  couunon  lai^nage.  But  when 
a  geometrical  mBgnitnde  is  afiected  by  a  number  stated  gene- 
rally by  means  of  a  letter,  it  is  cnstomary  to  use  amall  or  lower- 
case letters,  and  generally  to  use  Koman  ones,  to  distinguish 
them  from  the  algebrw»l  representations  of  quantities,  just  in 
the  same  manner  as  it  is  de^rable  to  nse  Roman  letters  for 
exponents  in  algebra.  We  ^ve  an  instance  cf  the  lepneenta- 
tion  and  naming  of  a  straight  line  geometric^y ;  thus,  the 
following  line  is  the  line  ^  b,  if  viewed  from  left  to  right,  or  the 
Une  B  A,  when  viewed  from  right  t«  left,  but  it  is  esactly  the 
same  line  both  ways  :— 


A  circle  is  a  plane  figure,  or  portion  of  surfitce,  bounded  by 
one  line,  which  is  called  the  circumietence,  and  the  property  of 
the  circle  by  which  it  is  defined,  and  from  which  all  its  other 
properties  are  derived,  is  that  the  circumference  is  everywhere 
equally  distant  from  a  point  within  the  %ure,  which  is  called 
the  centre  of  the  circle. 

The  cinnmiference,  wUch  means  the  measure  round,  or, 
UtereUy,  the  '^carrying  round,"  and  sometimes  the  periphery, 
which  has  the  same  meaning,  is  oflen  called  a  di^e,  as  well  as 
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the  Bui&ce  which  it  incloaes.  The  drcnmferenGe  is  named  by 
any  number  of  letters  mon  than  two,  marked  either  without  it 
or  wittun ;  the  centre  hj  a  letter  marked  as  near  to  it  aa  pos- 
sible ;  and  the  eui&ce  of  the  circle  either  by  &e  letters  wliich 
mark  the  cipcumference,  or  by  any  letter  witltin  the  figure.  In 
the  meajitime  we  are  conudering  the  circnmfeience  only,  and 
the  relation  which  it  liaa  to  the  centre,  namely,  that  above 
stated,  that  of  Iteing  everywhere  equally  distant  from  it.  Thus 
the  foUowing  isany  cirde,  abu,  of  which  c  is  the  centre: — 


The  property  of  a  circle,  upon  which  its  definition  is  founded, 
follows  immediately  from  the  way  in  wliich  the  circle  ia  drawn 
or  described.  Thus,  suppose  a  bit  of  thread,  a  bit  of  sUcb,  or 
anytliing  else  of  a  constant  lengtli,  as  the  line  a  o,  has  one  end 
made  &st  at  the  centre  o,  and  being  kept  perfectly  and  equally 
stretched  so  aa  to  represent  a  stnught  line,  and  has  its  other 
extremity  a  carried  round,  either  by  b  and  s,  or  by  D  and  b, 
till  it  conies  back  to  the  position  a,  the  cirele  will  be  described; 
and  if  a  pen,  a  pencil,  or  anything  else  that  will  leave  a  marie,' 
is  carried  round  at  the  point  or  extremity  a,  and  made  to  mark 
a  plane  surface,  a  circle  will  be  drawn  upon  that  sur&ce. 

The  line  c  a,  extending  irom  the  centre  to  the  circnmierence, 
is  called  the  radian,  or  rap  of  the  drde ;  and  it  is  evident,  from 
the  manner  in  which  the  circle  is  described,  that  the  magni- 
tude or  size  of  the  circle  depends  upon  the  length  of  the 
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It  fellows  firom  this,  tliat,  as  the  radhia  ia  simply  a  itraight 
line,  which  has  so  property  bnt  leii^:th,  soA  the  length  of 
which  u  the  HHue  at  eveiy  part  of  the  circle,  the  eircnmferences 
of  different  cbdes  can  vary  only  in  the  same  proportion  ae  the 
IwigUiB  i£  the  radii ;  that  is  to  say,  if  the  radina  is  double,  the 
'  circumference  most  be  double ;  if  the  radius  is  three  times,  the 
drcnmfeienoe  most  be  three  tunes,  and  so  OH  in  all  other 
proportions. 

In  practice,  circles  of  small  dimensions  are  usnally  drawn 
with  an  instrument  called  a  pair  of  compaaaei,  the  two  points 
of  the  compaases  beii^  set  at  exactly  the  some  distance  from 
each  other  as  the  radius  of  the  intended  circle ;  and  this  is  an 
Instance  in  which  thJe  representation  of  a  line  by  its  extreme 
points,  answers  the  same  purpose  as  the  line  itself;  from  which 
we  may  conclude  generally,  that,  if  the  two  points  which  are 
the  extremitiea  of  a   line  are   determined,  the  line  itself  is 


In  describing  a  circle  with  compasses,  it  is  neceasaiy  that  the 
distance  between  the  points  should  remain  exactly  the  same, 
otherwise  the  fundamental  property  of  the  circle  is  departed 
from,  and  there  can,  in  fact,  be  no  circle. 

The  postulate,  or  operation  assumed  as  being  self-evidently 
postdble  in  the  case  of  rarcles,  is,  that  "  a  cinJe  may  be  drawn 
from  any  point  as  a  centre,  and  at  any  distance  from  that 
centre."  The  word  "  any,"  in  both  parts  of  this  postulate, 
includes  all  points  and  all  distances  which  we  can  by  posaibility 
imagine ;  and  it  is  not  confined  to  circles  which  we  can  actually 
draw  or  describe  in  pradice,  and  show  them  after  they  are 
drawn.  H«ice  we  have  a  distinction  between  geometrical  possi. , 
hQity  and  practical  or  mechanical  posdbUity.  Geometrically, 
it  is  posuble  to  take  the  sun  as  a  centre,  and  imagine  a  circle 
to  be  drawn  pas»ng  through  the  most  distant  star  which  we 
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can  fimc; — the  diatonce  of  the  aim  and  star,  immeasnrable  as  it 
ia,  being  the  radius  of  the  imagined  circle,  and  the  dide  itaelf 
will  be  nmre  correct  than  any  which  we  could  actually  describe 
by  means  of  any  inetnunent ;  but,  in  practice,  no  power  of  man 
could  describe  a  drde  of  even  a  single  mile  in  radina,  simply 
because  uo  power  of  man  could  beep  an  instrument  a  mile  long 
on  the  stretch,  aaA  cany  it  round  at  the  same  time. 

Greometrical  posubility,  or  (for  we  may  state  it  generally) 
mathematical  poambility,  extends  to  everything  which  ia  pos- 
sUiIe  in  thought,  however  impossible  it  may  be,  practically  or 
mechanically,  to  the  hwid  or  die  instrument.  This  is  a  dmple 
Donsidcration,  but  it  is  both  a  necessary  and  an  important  one ; 
for  there  are  many  things  in  geometiy,  and  in  other  parts  of 
mathematics,  which  we  assume  as  being  done,  though  in  the 
cases  before  as  we  conld  not  possibly  do  them ;  and  when  vre 
know  that  mathematics  reach  ereiy  thing  which  can  be  the 
subject  of  tbinldiig,  and  give  the  pwcision  of  mathematical 
science  to  our  reasoning  upon  all  subjects,  we  are  better  able 
to  appreciat«  the  value  of  this  science,  and  to  profit  by  the 
^pieciation. 

2.  Op  Surfaces  or  Fiqurbb. 

We  have  already  given  a  geneml  defimtion  of  a  plane 
sur&oe,  and  therefore  sll  that  remains  for  ns  to  do  is  briefly 
to  define  a  few  of  the  kinds  or  varieties  of  plane  sur&cea,  and 
to  point  out  the  means  by  which  they  are  represented  geome- 

In  plane  geometry,  there  are  two  generel  divisons  of  sor&ces; 
first,  the  circle,  of  which  some  mention  has  already  been  mode ; 
and,  secondly,  rectilineal  figures,  of  which  there  may  be  an 
endless  variety,  both  as  to  the  numbers  of  straight  lines  which 
fctnn  their  boundaries,  and  as  to  the  lengths  of  thoae  lines  a« 
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compared  with  each  otJier.  To  these,  however,  may  be  added 
plane  figntee  which  are  boonded  portly  by  Btraight  lines,  and 
partly  by  drcke. 

As  the  boundary  of  a  circle,  which  ia  one  uniform  cuire, 
and  ia  formed  by  one  end  of  the  radiaa  being  carried  round, 
while  the  other  end  remaine  at  the  centre  of  the  drcle,  is  called 
the  drconifbrence  or  the  canying  round  the  whole  boondary ; 
and  the  sum  of  the  lengths  of  all  the  ddea  of  any  rectilineal 
fignre,  is  colled  the  perimeter,  or  meaattre  about  the  figure. 

The  circle  has  already  been  mentioned,  and  the  way  in  which 
the  nii&ce  of  it  is  named ;  but  there  are  one  or  two  particulars 
which  are  worthy  of  notice.  Thus,  if  a  line  is  drawn  throu^ 
the  centre  to  meet  the  circamference  both  ways,  it  is  called  the 
diameter^  or  measnie  through  the  circle ;  and  as  thia  diameter 
h  eridently  double  the  radius,  and  oa  the  radius  is  the  same  in 
(tU  parts  of  the  same  cirde,  it  follows  that  the  diameter  is 
always  of  the  same  lei^th  In  the  some  drole,  in  what  direction 
soerer.  Thna,  ia  the  following  circle  as  be,  of  which  o  is  die 
centre,  tlie  line  a  b,  drawn  through  the  centre  o,  uid  naaeting 
the  circumference  in  a  the  one  way,  and  in  b  the  other,  is  the 
diameter,  and  a  lino  in  any  other  direction,  drawn  through  c, 
and  meeting  the  drcomfoimce  at  each  estreniity,  would,  in  the 
same  circle,  be  equal  to  the  line  a  b. 


The  diameter,  *  b,  or  any  diameter  which  could  be  drawn  in 
any  other  direction,  evidently  divides  the  circle,  both  dicum- 
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ference  and  Bui-fece,  into  two  equal  parts,  eacli  of  which  is  called 
a  temicircie,  which  ia  only  another  name  for  a  half  circle.  That 
a  diameter  divides  both  the  cuxumference  and  the  sur&ce 
equallj,  is  erident  without  any  proo^  because  there  ia  nothing 
atTects  the  portiou  of  either,  on  the  one  side  of  the  diameter^ 
which  does  not  equally  aflfect  the  portion  on  the  other. 
-  If  a  line,  not  passing  through  the  centre,  is  drawn  till  it  meet 
the  cdrcnmference  both  ways,  as,  for  instance,  the  line  d  e  in 
the  above  circle,  it  is  called  a  cAorrf,  and  the  portion  of  the  cir- 
cumference which  is  cut  or  marked  off  by  a  chord,  is  called  an 
orcb,  or  arc.  Thus,  the  chord  ob  cuts  the  circumference  of 
the  above  circle  into  two  arcs,  a  greater  one  sorrounding  the 
por^n  of  Burfoce  in  which  the  centre  is  atoated,  and  a  smaller 
one,  in  which  the  centre  is  not  situated. 

The  portions  into  which  the  gnrface  of  a  circle  is  divided  by 
a  chord,  are  called  gegmetUt ;  and  when  a  drcle  is  divided  into 
two  segments,  one  ia  always  greater  than  a  semicircle,  and  the 
other  less. 

It  may  not  be  improper  to  mention  here  that  the  word  a^va 
LB  often  used  for  sarja^  and  that  the  two  words  have  exactly 
the  same  meaning. 

A  circle  may  be  unequaUy  cut  by  two  radii,  as  well  as  by  a 
chord,  uid  in  this  case  the  parts  into  which  it  is  cut  are  called 


leelort.    Thus,  In  the  circle  abd,  either  of  the  portions  divided 
off  by  the  ladii,  a  o  and  b  o,  opposite  to  n,  and  towards  n,  is  a 
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The  cinml&r  part  of  the  bonndarj'  of  a  sector  is  called  an  aic, 
aa  well  as  that  of  a  segment ;  but  there  ia  this  difference  between 
them,  that  a  segment  baa  only  one  atraigbt  boundary,  while  a 
sector  has  two ;  that  the  straight  boundary  of  a  segment  may 
be  any  line  leas  than  the  diameter,  bat  that  the  two  straight 
boundaries  of  a.aectoi,  being  each  equal  to  the  radius,  are 
always,  both  together,  equal  to  the  diameter :  and  that,  while 
a  sector  always  extends  to  the  wmtie  of  the  diclo  of  which  it  is 
a  sector,  a  s^ment  never  does.  A  s^iment,  too,  is  never  more 
than  A  two-raded  figure,  the  one  side  a  chord,  and  the  other  an 
arc ;  a  sector  is  always  a  thTeo-sided  figun,  one  of  the  sides 
beii^  an  arc,  mid  two  b^ng  tadiL 

Rectilineal  JigiiTei  are  named  from  the  number  of  thdr  udes 
or  angles,  the  number  of  sides  and  of  angles  in  every  rectilineal 
fignte  bring  equal.  It  is  easy  to  understand  why  this  must  be 
tbe  case  :  every  ude  has  two  extremities,  and  every  angle  is 
firnned  by  the  meeting  rf  one  extremity  of  each  of  two  sides. 
Of  course  no  rectilineal  figuie  has  fewer  than  three  sides  and 
three  angles,  because  three  is  the  smaUest  number  oS  straight 
lines  that  can  inclose  a  space  or  snrfoee. 

Figure*  with  three  sides  are  called  Mangleg  ;  those  with  four 
tides,  quadrilateral  figuret,  or  qaadrilaterab ;  and  those  with 
moK  thtra  four  ddes,  muUUateraJ,  or  many-raded ;  the  last  b]« 
also  sometimes  called  polggoru,  or  many-angled  figures  ;  but 
that  name  is,  periiaps,  better  restricted  to  one  partacnlar  form 
of  figure,  whatever  may  be  the  number  of  sides. 

There  are  thus  three  particulars  in  all  rectilineal  figures 
having  the  same  number  of  sides  and  uiglcs,  in  which  one 
figure  may  agree  with  or  differ  ftom  another.  There  are,  first, 
the  magnitude  of  die  uigles  taken  fn  the  same  order;  and  when 
the  figorw  have  all  their  angles  equally  taken  in  this  way,  and 


bf  Google 


2l6o  UHU^m 

all  thdr  udea  taken  in  the  same  order,  in  the  aame  piopoTtion, 
the  fint  to  the  first,  the  second  to  the  second,  the  third  to  the 
third,  and  so  on,  the  figures  are  eeiA  to  be  timilar,  which  means 
that  they  aie  all  (^  the  sMne  shape.  Thus,  the  fiillowi^  figures, 
A  and  B,  are  siinilar;  for  all  their  angles,  taken  in  the  same 
order,  are  equal,  and  the  Bides  of  the  tignre  a  at«,  to  those  of 
the  fignie  b,  in  the  proportion  of  1  to  2 ;  that  ia,  the  sides  of 
1^  taken  in  the  same  order  as  the  sides  of  A,  are  each  twice  as 
long. 


a^- 


The  other  relations  which  dmilar  figures  bear  to  each  other 
can  be  b^ter  explained  afterwards. 

lUctUineal  figures,  which  have  all  their  ndea  and  all  their 
angles  equal,  are  called  polggont,  or  regular  polygons ;  and  if 
the  name  polygon  is  implied  to  a  figure  which  has  not  all  its 
sides  and  angles  eqnal,  the  name  polygon  is  qualified  by  the 
epithet  irregular. 

A  three-sided  regular  polygtHi  is  called  a  Mgoti,  or,  more 
generally,  an  eqwilaieral  triangle;  one  with  four  sides  is  called 
a  Uiragon,  or,  mon  frequaitly,  a  tquart;  one  with  five  sides  is 
apentagmi  one  with  six  sidea,  an  keieagon;  one  with  seven 
sides,  a  htptagm;  one  with  eight  sides,  an  oetagoHi  and  so  on, 
the  name  being  compounded  of  the  Greek  term  for  the  number 
of  sides  or  aagiet,  and  the  Greek  name  for  angles. 

Plane  triangka  are  also  distinguished  into  three  kluda : 
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equilateral,  having  all  tlie  mdes  equal ;  Uoteelet,  having  two 
equal  ddes ;  and  teatene,  having  all  the  fddee  nnequal,  Itot- 
tdet  meauB  having  "  equal  legs,"  the  third,  or  imequat  dde 
being  called  the  bate ;    and  tcakne  meana  having  nnequal 

Four-dded  figures  aie  also  distinguished  into  several  species ; 
but  the  natui«  of  them  can  be  better  imderBtood  afterwaide. 

3.  Op  Anoi/m. 

The  general  nature  of  a  plane  rectilineal  angle  has  been 
explained  in  tiie  preceding  sedioa,  and  the  compariaon  of  angles 
with  each  other,  together  with  their  meaaorement,  and  the 
standtuil  hy  which  ihey  are  measoied,  will  be  explained  after- 
wards; ao  that  all  that  requires  to  be  done  in  this  place  is  to 
mention  how  an  angle  is  represented  and  named  geometrlcalljr. 
Now  an  angle  is  represented  by  two  lines  which  meet  at  a 
point,  the  point  where  the;  meet  being  called  the  angular  pointf 
or  the  apex,  or  the  Mrtan  of  the  angle. 

If  there  is  only  one  angle  at  a  point,  it  may  be  named  by  a 
ungle  letter  at  the  point,  as,  in  tbe  following  figure,  we  would 
ny,  "  the  angle  a,"  or  "  the  angle  at  a." 


But  if  there  are  several  lines  vrtiich  meet  at  a  point,  then 
then  are  more  an^es  than  one,  and  it  becomes  necessary  to 
place  a  letter  on  each  line,  at  some  distance  from  tiie  point ; 
and  when-we  name  any  of  the  an^ea,  we  name,  fint,  the  letter 
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on  mie  of  tiie  lines,  next  the  letter  at  the  point,  and  thiidly  the 
letter  oa  the  other  line. 


In  the  above  figure  there  are  fire  linea  which  meet  at  the 
point  A,  and  thus  there  are  four  distinct  and  separate  angles,  all 
angles  at  a.  Not  only  this,  but  there  are  as  many  more  ae  can 
be  fonned  of  combining  those  in  jnxta-position,  or  taking  those 
which  are  beside  each  otiier. 

Taking  the  single  ones  ftota  left  to  tight,  they  are  the  angles 
BAG,  OAD,  hae,  and  bap,  fbnr  angles. 
.    Nest,  taking  tiiem  two  and  two,  there  are  nxn  =  sac  + 

(IAD,   CAE  =£  CAn   +  DAB,    and   DAT   =  DAB   +    BAF,   thlCe 

Again,  taking  them  three  and  three,  there  are,  bab=bao+ 
CAD  +  DAB,  and  oap=cad-|-dab  +  bap,  two  angles. 

Lastly,  there  is  the  whole  angle,  baf  =  bad +  oad  +  d  ae-|- 
EAP,  one  angle. 

So  that  these  five  lines  meeting  at  the  point  a,  form  ten  dis- 
tinct angles.  Cases  in  which  there  are  more  than  one  ai^le  at 
the  same  point,  require  some  attention  from  be^imete,  in  order 
that  they  may  avoid  confbunding  the  one  with  the  other ;  and 
no  small  p^  of  the  difficulty  which  ia  felt  in  the  case  of  com- 
plicated diagrams,  arises  from  not  having  sufficiently  studied 
the  simple  parts  of  which  they  are  made  up.  "  Take  time,  and 
get  OB  bst,"  is  no  bad  maxdm  in  most  matters,  and  there  is  none 
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in  whkh  it  b  more  applicable  than  in  mathematics.  FoUch  do 
not  nndetstaud  book*  without  fint  knowing  letters  and  words, 
and  yet  tlii»  me^od  ia  iwt  nnfrequently  attempted  in  Geometry, 
in  Algebra,  and  in  Arithmetic. 

It  often  happens,  in  complicated  diagrams,  that  the  Bane 
angle  bdongs  to  more  than  one  figore,  and  this  is  also  a  Bource 
of  annoyance  to  beginners.  Aa  an  instance  of  this,  we  may 
mention  the  fifth  proposition  of  the  first  book  of  Euclid's  Ele^ 
ments,  the  fBr-&med  pont  atmorum,  or  osse^  bridge,  the  demon- 
stration of  which  IB  rery  mmple,  aa  well  as  beautiful ;  bnt  there 
is  a  perplexity  in  the  angles,  one  of  which  belongs  to  three 
trian^es;  and  of  two  other  eeta  of  angles,  at  two  pointa,  one 
belongs  to  one  tiiangie,  a  second  port  to  a  second  triangle,  the 
third  tmd  second  to  a  third  triangle,  and  the  second  with  the 
third  on  to  a  fourth  triangle.  As  the  diagram  ia  a  good  study 
fiiT  those  who  wish  to  understand  such  representations,  we  sub- 
join it,  and  append  the  several  triangles,  which  the  reader  can 
easily  trace.  The  following  is  the  diagram  as  it  appears  in  tha 
book : — 


The  object  here  is  to  prove  that,  if  the  mdies  ab  and  ac,  in 
the  triangle  abo,  which  comprises  the  upper  part  of  the  dia- 
gram, are  equal,  the  anglee  at  b  and  o  must  also  be  equal ;  and 
all  that  is  adraitted  to  be  known  about  triangles  is,  that,  if  two 
sides,  and  the  angle  iitduded  between  th^  in  one  triangle, 
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«ra  eqiutl  to  two  idilea  and  the  indnded  angle  in  another,  the 
two  triangles  are  eqnal  in  evety  respect;  that  is,  the  third 
aide  of  the  one  is  equal  to  the  third  aide  of  the  other,  and  the 
remaining  angles  which  are  opposite  the  equal  sides  are  also 
equal. 

It  must  be  admitted  that  the  truth  which  ia  to  be  proved  in 
this  case,  comes  as  neariy  as  posmble  to  a  legitimate  deduction, 
or  atroHary,  as  it  is  called,  from  the  trnth  by  means  of  which 
we  aie to  prove  it;  for  if,  in  ttn>  equal  iriaaglet,^^  aaglea  lyppo- 
aite  to  the  equal  sides  are  necessarily  and  in  eveiy  ease  equal,  it 
■eenis  to  follow  that,  as  one  Mangte  is  in  every  respect  eqnal  to 
itself,  the  angles  o]^>odte  to  equal  sidea  in  it  must  be  equaL 

But  though  this  would  be  a  sound  aignment  in  ordinary 
reasoning,  it  does  not  come  np  to  the  rigour  of  geometrical 
demonstration,  and  so  we  must  have  equal  triangles  to  compare 
with  each  other.  For  this  purpose  ab  is  extended  to  o,  and 
AC  to  B ;  the  parts  bf  and  ca  are  taken  equal  to  each  other, 
and  B  e  and  o  f  are  jimiMl,  which  give  four  additional  triangles, 
which,  taken  two  and  two,  are  equal  to  each  other. 

Bnt  this,  though  true,  is  not  apparent  to  one  unacquainted 
with  di^iiams.  Only  three  additional  triangles  are  apparent 
in  the  diagram,  and  we  are  not  in  possesnon  of  the  tneana  of 
proving  that  any  two  of  them  ore  equal  in  any  respect ;  and 
though  we  were,  they  could  prove  nothing  respecting  the  tri- 
angle ABO,  for  they  are  all  external  of  it,  and  quite  unconnected 
with  the  angles  abo  and  aob,  the  equality  of  i^ch  is  to  be 
proved, 

Bnt  let  us  analyse  the  diagram,  and  see  what  other  triangles 
we  can  get  out  of  it,  witbout  altering  the  relative  positlonB  of 
any  <^  the  lines. 

fhe  followii^  figures  contcun  the  real  and  palpable  analysiB, 
which  the  student  is  called  upon  to  make  virtually,  at  the  some 
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time  tlut  he  is  maldng  his  firrt  infootiiie  attempt  to  wrestle 
with  the  giaot'Of  geometry : — 


'J>^, 


:^^<i 


The  middle  fignre  will  be  perceived  to  be  exactiy  the  same 
as  the  diagram  given  above,  the  given  triangle  of  which  the 
angles  at  b  and  o  are  to  be  proved  eqoal  to  each  other.  We  have 
marked  this  triangle  with  the  number  1,  and  strengthened  the 
aides  of  it  lu  order  to  distinguish  it  from  those  other  triangles 
which  are  made  for  the  purpose  of  the  demonstration, — and  as 
it  should  be  in  cases  of  teaching  the  first  elements  of  gcometiy, 
where  it  is  done  bj  diagrams  ready  mode,  and  not  constructed 
(as  they  always  should  be  when  it  it  is  poeaible)  in  the  presenoe 
of  the  Btndent.  The  two  triangles  marked  2,  to  the  ri^t  and 
left,  can  be  traced  as  answering  to  two  equal  ones  which  lie 
across  each  other  in  the  central  diagram,  and  have  at  their 
angles  respectively  the  letters  acp  and  abq.  So  also  the  tw« 
triangles  ftrther  to  the  left  and  right,  marked  3,  can  be  traced 
OB  corresponding  with  the  two  triangles  in  the  diagram  which 
lie  partly  across  each  otiier  below  the  side  no,  or  base  of  the 
original  triangle.  The  triangles  2  have  each  the  angle  at  a 
equal  to  the  angle  at  i  in  the  original  triangle,  and  their  udes, 
OA  and  AF  in  tli&t  to  the  lefl^  are  equal  to  ba  and  as  in  that 
to  the  right,  and  therefore  they  are  equal  in  every  req)ect,  and 
Fc  and  BO  are  equal  to  one  another,  and  eo  are  the  angles  at  o 
and  B,  and  also  tboae  at  f  and  o. 
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Bnt  the  ttiaaeles  3,  3,  hare  bf  and  oo  nude  equal,  And 
Fo  and  QB  proTed  eciual,  and  also  the  e<mtained  ang^  at  r 
equal  to  the  conl^ned  angle  at  o ;  there&ne  they  ate  equal  io 
every  inspect,  and  the  angles  opposite  equal  sides  are  of  course 
equal,  that  is,  the  ajigle  o  in  the  left-hand  one  is  equal  to  the 
angle  b  in  the  right,  and  the  angje  b  in  the  left-hand  tme  is 
equal  to  the  ang^e  c  ia  the  rig^t.  Bnt  the  angle  o,  of  triuigle 
2  on  the  left,  la  equal  to  the  whole  angle  aqv  in  the  di^;iam  ; 
and  the  ttagle  f,  in  triangle  3  on  the  left,  ia  equal  to  the  part 
Bcp  in  the  same.  So  also  the  angle  b,  in  triangle  2  on  the 
r%ht,  is  «qual  the  whole  angle  abo  in  the  diagram;  and  tlie 
angle  b,  in  triangle  3  on  the  right,  is  equal  the  part  obo  in  the 
diagram.    Now, 

From      ABO  =:  abo  +  dbg,  and  =  acf  =  acb  +  bog 

Subtract  cBG  and  bcg 


There  remans    abo  =  acb; 

and  they  ate  the  angles  opposite  the  equal  sides,  or  at  the  baae 
of  the  given  triangle. 

Again,  fbo,  in  triangle  3  on  the  left,  has  been  shown  equal 
to  OBO  in  triang^  3  on  the  right,  and  they  are  respectively 
equal  to  FBO  and  ocb  in  the  diagram ;  and  these  last  are  the 
a^es  on  the  other  side  of  the  base,  formed  by  the  base  and  the 
equal  sides  produced.  Therefore,  if  a  triangle  has  two  equal 
sides,  the  two  aog^es  at  the  base,  and  the  two  angles  on  the 
oppoute  side  the  base,  are  equal  to  each  other. 

In  geometrical  language,  the  words  "each  to  each'  are  made 
use  of  for  shortness  of  expresnon,  when  any  number  of  pairs  of 
quantities  bave  each  pur  eqnal  to  each  other. 

In  the  analysis  of  this  diagram  we  have  nthet  anticipated,  in 
introducing  the  demonstration,  but  a  vety  little  attention  will 
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miffice  fi>r  tmdentanding  it ;  and  the  Bnalyras  of  the  mere  dift* 
gTOm  would  not  be  so  well  sppreciatcd,  unless  the  vae  of  it 
were  shown  at  Uie  same  time. 

The  ready  nndeistanding  of  diagnuns,  so  as  virtnally  and  at 
a  glance  to  dissect  or  analyse  them  into  all  the  parts  of  which 
they  are  made  np,  is  a  most  essential  qualification  in  those  who 
wish  to  nndetBtand  easily  even  the  simplest  elements  of  geo^ 
metiy ;  bat  it  ia  almost,  or  altc^iether,  omitted  in  the  books, 
and  the  omisdon  is,  in  onr  opinion,  chaigeable  with  mnch  of 
the  perple^ty  and  iailnre  which  so  many  meet  with  in  this 
scienoe.  It  would  be  too  mnch  to  suppose  that  we  hare  ftir- 
nished,  in  this  section,  the  means  of  itdiolly  OTercoming  the 
difficulty ;  but  if  what  we  have  stated  is  read  with  attention, 
and  some  practice  is  taken  with  the  analy^  of  diagrams,  either 
in  EncUd's  Elements,  or  in  any  other  elementaiy  work,  the 
tiie  stadent  wOl  be  enabled  to  proceed  to  the  work  of  investiga- 
tion with  mnch  more  ease  and  prospect  of  saccess,  than  if  he 
were  not  so  prepared.  We  shall  examine  the  jninciples  and 
processes  of  geometrical  investigation  in  the  next  section. 


SECTION  XI. 

PRmClPLBB   OF   GEOMETRICAL   INVESTIOATION. 

Investioation,  taken  in  a  general  sense,  means  systematic 
and  accDiate  inquiry,  in  order  to  determine  whether  something 
which  is  alleged  is  true  or  not  true,  or  whether  something  pro- 
poeed  to  be  done  is  possible  or  not  possible ;  and  of  course,  geo- 
metrical investigation  includes  every  instance  of  both  of  these, 
of  which  the  subject  can  be  coosdeied  as  geometrical,  that  ie. 
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as  being  a  mag^tnde,  or  capable  of  beii^  exactly  or  nearly 
esdmated  in  some  known  nwstnue  of  the  same  kind. 

A  HDbject  whidi  is  proposed  for  g<eometiical  investigation  is 
in  general  styled  a  pivpofition.  If  the  object  is  the  establish- 
ment of  a  truth,  the  proposition  is  caUed  a  (Aeomn,*  ondifitifl 
the  performance  of  some  operation,  or  the  obtaining  or  deter- 
mining of  some  unknown  quantity  by  means  of  known  ones, 
then  the  propoutioD  ia  a  problem.  Eidier  of  these,  however, 
equally  admits  of  proof  i  for  when  the  problem  is  solved,  orthe 
unknown  quantity  airived  at,  it  is  necessary  to  show,  not  only 
that  it  is  the  quantity  which  is  required,  bat  that  it  has  been 
feiiiy  arrived  at,  by  le^timate  reasoning,  founded  on  the  con- 
ditions whidi  are  given ;  and  both  in  this  case  and  in  proving 
&»  truth  of  a  theorem,  if  the  data  or  conditions  given  are  not 
sufficient,  or  if  there  are  not  sufficient  means  of  connecting  them 
with  the  condnaon,  then  the  problem  will  remain  nneolved,  or 
the  truth  of  the  theorem  wiU  remain  unestablished. 

When  a  general  truth  is  once  established,  one  or  more  sub- 
ordinate truths  often  arise  &om  it  by  inference,  and  without 
the  necessity  of  that  laboiious  investigation  which  the  original 
truth  requires ;  and  these  subordinate  truths  are  called  eoroHa- 
rie*  to  the  general  propc^tion  on  which  ^ey  depend. 

Different  branches  of  geometrical  sdence  are  usually  taken  in 
regular  trains,  ao  that  the  full  investigation  of  one  sulgect  may 
be  clear  and  connected,  and  without  intermixture  with  other 
subjects ;  bat  as  all  the  branches  of  geometry,  and  indeed  all 
the  branches  of  mathematics,  whether  geometrical  or  not,  are 
connected  with  each  other,  and  one  often  aaaists  greatly  in 
the  investigation  of  the  other,  it  is  sometimes  necessoiy  to  break 
in  <^on  the  regular  succession  of  propositions  on  one  subject,  or 
to  preface  them  by  a  propoMtion  which  in  part  belongs  to  an- 
other subject.    A  premised  or  interpolated  proportion  of  this 
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kind  IB  called  a  lemma  ;  and  aa  the  object  of  it  Is  the  introduc- 
tion of  a  collateral  truth,  which  shall  asast  in  the  general 
inveat^ation  into  which  it  is  brought,  it  usually  portakee  of  the 
nature  of  a  theorem,  and  as  such  stands  in  need  of  demonstta- 
tioii.  As  the  introduction  of  a  lemma  breaks  the  regular  sue> 
cession  of  the  principal  matter,  it  should  not  be  introduced 
unless  when  the  advantage  to  be  derived  from  it  fully  compen- 
■ates  the  departure  from  strict  r^^laiity;  but  this  is  more 
worthy  of  attention  in  systematic  mathematics,  where  el^anoe 
is  attended  to  as  well  as  nsefulness,  than  in  the  merely  popular 
knowledge  of  the  science. 

In  addition  to  these  different  forms  in  whksh  mathematical 
truth  (for  they  apply  to  numbers,  and  to  quantity  generally, 
as  well  OB  to  magnitude)  may  be  introduced,  there  ate  often 
explanations  necessary,  which  do  not  amount  either  to  propor- 
tions as  distinct  parts  of  the  subject,  or  to  lemmata  as  connecting 
points  introduced  from  other  subjects;  and  these  explanations 
or  iUnstr&tions  are  called  tehoRunu. 

Such  are  tiie  technical  names  of  the  chief  divisions  of  geome* 
trical  investigation ;  and  in  the  precediog  section  we  have  given 
some  account  of  the  principal  kinds  of  geometrical  quantities, 
namely,  lines,  angles,  aarfacee,  and  solids ;  and  the  definitions 
of  these,  both  generally  and  in  their  several  species,  should 
always  be  founded  upon  their  most  obvious  property,  that 
which  can  be  expressed  in  the  fewest  words  possible,  and 
which,  while  it  is  clearly  and  also  sufficiently  descriptive  of 
that  which  it  purports  to  define,  should  at  the  same  time 
exclude  every  property  which  docs  not  belong  to  the  thing 
dc&ted.  Thus,  when  we  say  "  a  line  is  length  only,"  we  ex- 
press every  property  which  belongs  to  a  line  in  the  abstract, 
and  which,  while  it  is  descriptive  of  all  lines,  whether  straight 
or  crooked,  excludes  everything  which  is  not  a  line.    So  also, 
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when  we  say  "  an  angle  is  the  inclination  of  two  linee  to  each 
other,"  without  adding,  "in  the  aune  plane,"  or  "which  meet 
at  a  pwit,'  we  give  a  definition  of  angularity,  or  incliiiation,  as 
contrasted  with  pusUelism,  which  is  perfectly  general,  brcauae 
it  includes  every  poesible  caae  of  lines,  of  whatever  form  or 
extent  they  may  be,  which  are  nearer  to  each  other  at  some 
parts  of  their  lei^th  than  at  other  parte. 

The  most  care^  attention  to  d^nitions  is  indiBpensable  to 
every  one  who  wishes  to  profit  by  the  study  of  geometiy;  hot 
there  is  nothing  more  dangerous  to  a  beginner  in  the  sdeuce 
than  committing  to  memory  the  mere  words  of  definitions^  how- 
ever accurate,  or  however  well  expressed.  No  one  evtr  really 
arrived  at  the  knowledge  of  a  subject  by  this  means ;  and  it  is 
imposdble  to  say  how  many,  resting  sstiified  with  the  mere 
"parrotii^''  of  the  words,  have  never  made  the  slightest  eflbrt 
to  comprehend  their  meaning.  The  best  plan  is  to  take  the 
sabject  apart  from  odior  subjects,  and  form  one's  own  know- 
ledge of  it;  and  whatever  may  be  the  words  in  which  one  may 
be  able  afterwards  to  express  the  definition,  the  reality  of  it  is 
sue  to  be  impressed  on  the  mind ;  which  is  by  far  the  most 
important  part  of  the  matter, 

BesideB  the  definitions  of  quantities,  there  are  certain  general 
grounds  of  belief^  and  certain  assumed  perfonnances  of  (^ra- 
tions, which  are  necessary  before  we  can  come  to  the  inveetiga- 
tion  of  even  the  amplest  geometrical  truth,  or  succeed  in  the 
performance  of  even  the  mmplest  geometrical  problem.  Those 
fundamental  grounds  of  belief  ste  called  axtomty  which  means 
that  the  tmth  of  them  ia  self-evident^  such  as  must  be  admitted 
by  every  one  who  understands  the  words  in  niiich  they  are  ex- 
pressed. The  number  of  sach  axioms  introdnoed  by  differmt 
writers  on  elementary  geometry  difiere,  hut  in  substance  they 
are  nesriy  ike  same. 
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The  opentjons,  the  practicability  of  doing  which  ia  onder- 
Mood  to  be  obvious  to  eveiybodj,  are  called  poittiialet,  and  they 
•re  uanallf  restricted  to  the  three  to  which  allnsioD  was  made  in 
the  last  section — the  drawing  of  a  atraj^t  line  from  any  p<Hiit 
to  any  <4her  point,  the  producing  of  a  terminated  straight  line  to 
■i^  greater  length  etill  in  the  same  str^ht  line  with  the  former 
|iKrt,  and  the  describing  of  a  circle  from  any  centie  with  any 
radius.  In  these  poetulates  it  is  not  to  be  understood  that  the 
opeiation  is  to  be  meduiueally  or  actnally  peifbnned,  becanse 
that  conld  not  be  done  in  any  one  of  the  three  cases ;  bnt  all 
that  is  meant  is,  that  there  is  no  geometrical  absurdity  in  sup- 
posing any  of  these  things  done ;  and  that  though  the  line  were 
joining  the  sun  and  the  most  distant  planet,  the  extension  this 
line  produced  to  the  most  distant  star,  and  the  circle  described 
with  that  produced  line  as  a  radius  about  the  point  where  we 
Bbuid  as  a  centre,  we  have  juat  aa  clear  a  conception  of  those 
mighty  lines,  and  that  mighty  circle,  aa  we  could  posaibly  have 
of  a  line  drawn  on  paper,  from  one  dot  t«  another  an  inch  apart, 
of  the  extension  of  this  line  another  half-inch,  or  of  the  deacrq*- 
tion  of  a  circle  round  any  dot  on  the  same  paper,  with  a  radius 
or  extent  of  one  inch  between  the  points  of  an  ordinary  pair  of 


In  the  postulate  tliat  "  a  circle  may  be  described  from  any 
centre,  and  at  any.  distance  from  that  centre,"  there  is  involTed 
a  &r  more  general  postnlate,  and  one  which,  when  stated  with 
some  explanation,  tends  greatly  to  (amplify  the  investigations 
of  elementary  geometry.  In  the  first  place,  the  deacritang  of 
the  drcle  assumes,  or  takes  for  grant«d,  that  the  ijne  widi 
whidi  the  drcle  is  described,  that  is  the  tsidins,  can  be  placed  ia 
ere^  pOBffihle  direction,  if  it  has  one  end  alwB^  at  the  pdnt;  for 
this  ia  the  very  property  upim  whidi  the  definition  of  the  drcle 
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U  founded.  Thog,  in  the  circle  abd,  of  wluch  c  ia  the  centre, 
and  AC  the  radiiw,  that  tadiua  may  also  have  the  pontion  cb  or 
CD,  or  any  other  poMtion,  so  that  the  one  extremity  of  it  is  at 
the  centre,  and  the  other  at  the  drcnmierenee.  Not  <nily  this, 
for,  in  the  second  place,  a  circle  may  be  described  with  the 
same  radius,  oa,  from  any  other  point  as  a  centre ;  as,  for  in- 
stance, from  the  point  in  the  second  of  the  annexed  figures ;  and 
if  AF,  in  the  one  of  those  circles,  be  exactly  equal  to  a  c  in  the 
other,  it  is  self-evident  that  the  two  circles  must  be  every  way 
the  same ;  and  that  this  will  hold  true  not  only  of  them,  but  of 
all  circles  having  equal  radii,  wherever  the  centres  of  those 
circles  may  happen  to  be  atuated ;  and  if  the  circles  are  in 
ereiy  respect  equal,  it  most  follow  conversely  that  all  radii  that 
con  be  drawn  in  each  or  in  all  of  them,  in  what  direction  soever 
tliey  may  be  atuated,  must  also  be  equal  to  each  other. 


It  is  easy  to  perceive  that  this  may  be  generalised  so  as  to 
include  all  lines,  and  consequently  all  figures,  and  aU  solids ; 
for  it  is  self-evident  that,  if  any  line  whatever  can  be  supposed 
to  be  placed  in  any  situation,  and  in  any  direction,  everywhere 
throughout  absolute  space,  and  be  of  exactly  the  same  length 
in  every  posenble  ratustion  and  pootion ;  then,  whatsoever  can 
be  applied  to  that  line  in  any  one  utuation  or  position  can  be 
applied  to  it  in  eveiy  other  situation  and  position;  and  if  ^plied 
t(t  exactly  the  same  extent,  and  in  exactly  the  same  maimer. 
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the  result  of  the  application  must  be  the  same  in  every  possible 
case,  and  also  the  same  whether  applied  to  the  one  side  of  the 
line  or  to  the  other. 

We  may  therefore  assume  as  a  postulate,  that  "  if  any  figure 
id  already  applied,  or  can  be  supposed  to  be  applied  to  any 
straight  line  in  Euiy  manner,  a  figure  exactly  equal  in  every 
respect  may  be  applied  in  the  same  manner  to  any  other 
atr^ht  line  equal  to  the  first,  whithersoever  that  line  may  be 
situat«d.' 

And  &om  the  same  principle  we  may  conclude  with  equnl 
certainty,  that,  "  if  a  figure  is  applied  lo  one  side  of  a  straight 
line,  a  figuic  eqn^  in  every  respect  may  be  applied  to  the 
opposite  side  of  the  same." 

If  figures  of  this  last  description  are  not  regular,  that  is,  if  all 
their  ddea,  and  all  the  ndes  and  angles  of  each,  are  not  equal, 
tiiey  are  tymmetricai  m^nitudea,  that  ia,  magnitudes  of  "  equal 
measures,"  but  reversed  in  their  portion  with  r^ard  to  each 
other ;  tiins,  if  a  diameter  is  drawn  across  a  circle,  the  two  semi.- 
circles,  into  whidi  it  divides  the  circle,  are  e:«ictly  equal,  but 
they  are  symmetrical,  as  their  circular  sides  arc  turned  in  oppo- 
site directiDns ;  aiso,  if  one  triangle  is  constructed  upon  the  one 
side  of  a  line,  and  a  triangle  equal  iii  all  respects  is  constructed 
on  the  (fipoeite  side  of  the  same,  or  of  another  line,  such  triangles 
are  ^mmetrical :  as,  (or  instance,  the  triangles  b  and  c  are  sym- 
tnetrical  with  the  triangle  a,  b  being  constructed  on  the  opposite 


side  of  the  some  line  with  a,  and  c  on  the  opposite  side  of  4 
different  line ;  but  all  these  three  triangles  are  in  every  ie^)ect 
eqnal  to  each  other. 
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Thebodyof  A  perfectly  formed  Bminal,  if  we  imagme  it  to  be 
divided  exactly  on  a  medal  plane,  that  is,  a  plane  extending  the 
whole  length  of  the  animal,  and  paasing  exactly  throngh  the 
middle  of  the  upper  and  under  paria,  affords  a  veiy  good  instance 
<^  what  is  meant  by  Bymmetrioal  magnitudes,  as  applied  to 
wlids.  The  two  portions  into  which  the  animal  is  thus  sup- 
posed to  be  divided,  are  exactly  equal  to  each  other  in  every 
respect ;  and  yet  we  cannot,  even  if  we  were  sotually  to  divide 
the  animal,  place  them  so  as  to  have  them  in  the  same  position 
at  one  view,  and  thua  judge  in  detail  of  the  perfeet  equality  of 
■11  their  individual  parts ;  for  if  we  placed  one  of  them  in  the 
natural  position  of  the  entire  animal,  we  could  not  show  the 
external  surfoce  of  the  other  one  without  turning  it  either  end 
kr  end,  or  upside  down  in  respect  of  the  first.  Many  cases  of 
symmetrical  magnitudes  occur  in  investigations  which  are  purely 
geometrical ;  and  therefore,  if  we  are  not  aware  of  them  b^ire- 
hand,  we  are  apt  to  feel  less  certain  in  our  reasonings  respecting 
them,  than  we  are  respecting  magnitudes  which  present  them- 
selves to  us  in  the  some  position  with  each  other. 

The  admismon  of  the  postulate  which  we  have  memtiened,  or 
rather  of  that  neeeesaiy  inference  from  the  third  postulate 
usually  given  in  the  elements,  completely  obviates  thii  (Uffi- 
calty ;  and,  when  carefully  considered,  there  is  an  axitom  de- 
dudble  from  it,  or  rather  arising  necesBarUy  and  obviously 
out  of  it,  which  enables  us  to  get  the  better  of  many  difBcultiea. 
The  axiom  to  which  we  allude,  when  stated  in  its  most  general 
terms,  is  as  follows  r — 

If  we  know  with  cert^nty  all  the  circumstances  upon  which 
any  two  conclusions  or  results  depend ;  and  if  we  &rther  know 
that  those  in  the  one  case  are  exactly  the  same  as  those  in  the 
other,  each  to  each,  in  the  same  order ;  then  the  two  results  or 
oondusiona,  whether  they  be  truths  which  are  established,  or 
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figures  which  are  constructed,  or  qiiAntities  which  are  fbiind, 
or,  in  fitct,  say  results  whatsoever,  must  be  exactly  the  some. 

It  is  true  that  this  axiom  has  not  the  ^parent  Himj^city  of 
the  usual  axioms  in  elemcntaty  geometry,  but  the  feet  is  that 
it  embodies  them  all,  and  a  good  deal  more,  some  of  which  has 
to  ]«  demonatiated,  and  some  is  taken  for  granted  in  the  conree 
of  the  dements. 

All  mathematical  reasoning  is  by  comparison  of  quantities  of 
the  same  kind ;  and  the  conclusion  arrived  at  in  every  single 
etiep  <f  EUdl  comparisons,  is  the  equality  or  the  inequality  of  the 
(|Uantitiea  compared;  for  if  we  seek  to  find  the  difference  or 
the  ratio,  the  determination  of  this  requires  a  second  step, 
and  that  step  is  arithmetical  in  any  one  particular  case — an 
instance  <^  snbtradion,  if  we  seek  the  difference,  and  an  instance 
<f  dividon,  if  we  seek  the  ratio.  Therefore,  it  becomes  neoes- 
aaij  that  our  original  notion  of  equality  should  be  such  as  to 
embrace  all  posnble  cases. 

Now,  the  iimdameotal  axiom  usually  given  in  elementary 
geometry,  though  the  eighth  in  order,  and  not  the  first,  is  in 
these  words , — "  Magnitudes  which  coincide  with  one  Miother, 
that  is,  which  fill  exactly  the  same  space,  are  equal  to  one 
another." 

This  axiom,  by  the  introduction  of  the  word  "  magnitudes," 
not  only  limits  the  case  to  geometrical  equality,  but  it  actually 
d«es  not  reach  neariy  to  the  whole  of  that.  In  strict  language, 
DO  m^initude  bnt  a  solid  can  be  said  to  "  fiU  space,"  for  a  line 
occn[Hes  no  space,  neither  does  a  sor&oe,  unless  when  we  K^ard 
it  with  relation  to  a  solid.  A  line  may,  no  doubt,  be  called  a 
magnitude,  but  then  it  is  a  magnitude  of  one  dimension  only ; 
and  a  surface  is  but  of  two  dimensions,  while  it  is  just  as  impos- 
able  to  imagine  the  existence  of  E^iac«  without  three  dimensions, 
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a£  it  is  to  take  up  in  one's  band  a  piece  of  board  which  has  ao 
thickness. 

Farther,  an  an^e  is  not  a  magnitude  which  fills  ^lace,  and 
indeed  it  is  not,  Btrictly  speaking,  a  magnitude  of  any  kind ; 
becaose,  witbont  the  imagined  existence  of  two  Unee  which 
have  an  inclination  toward  each  other,  there  cannot  be  even  an 
imagined  angle.  In  like  manner,  no  ratio  can  be  r^arded  as  a 
magnitude  capable  of  filling  space ;  and  tbeiefore  it  is  that  the 
doctrine  of  the  equality  of  ratios,  as  expressed,  and  cleariy  and 
beautifuDy  expressed,  in  the  fifth  definition  of  V.,  Euc.  EL,  is 
so  difiicult  to  every  student,  and  proves  an  insuperable  barrier 
to  so  many. 

Now,  the  docttines  of  linee,  c^  aisles,  of  sur&ces,  and  of  ratio*, 
are  quite  aa  essential  in  geometry,  as  the  doctrines  of  those 
inagnitndes  which  con  fill  space,  and  of  which  the  equality  can 
be  established  by  its  beii^  shown  that  they  fill  the  same  space. 
They  are  even  more  esential,  because  they  are  the  elements 
by  the  relations  of  which  to  each  other  the  form  and  extent  of 
any  magnitude  which  can  fill  space  are  determined ;  and  there- 
fore, either  the  nature  of  those  lines,  angles,  and  suifitces  which 
are  compared  in  the  earlier  parts  of  the  elements,  are  not  under- 
stood, or  the  truth  of  the  axiom  we  are  considering  is  tacitly 
assumed,  witliout  being  stat«d,  which  is  certainly  a  very  nngeo- 
metiical  method  of  proceeding. 

But  there  is  another  advantage  is  taking  the  doctrine  of 
equality  at  once  in  its  most  general  form,  which  is  of  much 
more  importance  to  us  than  uiything  in  mere  geometry,  im- 
portant as  that  branch  of  science  is.  This  very  axiom  is  out 
general,  we  may  say,  univeisol  rule  in  all  our  reasonings,  and 
all  our  acticms ;  in  every  departmrait  of  science,  or  subject  of 
knowledge,  be  it  what  it  may,  and  in  eveiy  action  of  our  lives, 
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if  we  act  as  ift&mal  bdnga,  that  Is,  if  we  have  an  object  in 
view,  and  geek  to  accomplish  that  object  by  the  most  rimple 
and  most  certain  mesne.  We  proceed  upon  wliat  is  uHnally 
called  the  judgment  of  experience ;  that  la,  we  observe  person- 
ally, or  we  are  informed  npon  testimony  which  we  have  no 
reason  to  doubt,  that  formerly  oertun  data,  or  things,  or  cir- 
cumstances known  to  ns,  applied  or  soting  in  a  particnlar  man- 
ner, to  a  particular  extent,  in  the  former  cases,  produced 
or  led  to  a  certain  definite  result ;  and  upon  the  fiiith  of  th* 
axiom  (or  maxim,  as  we  call  it  in  matters  of  real  lile),  that, 
"  in  like  drcnmstances  a  like  lesult  must  take  place,"  we 
pursue  our  artificial  plan  with  confidence  of  snccess,  and  there^ 
fi>ro  with  pleasure;  or,  if  the  result  be  one  which  must  be 
brought  about  by  natural  causes,  with  or  without  our  assistance, 
we  wait  that  result  with  the  patience  of  wisdom,  and  do  not  spoil 
by  attempted  hurrying,  that  which,  in  the  nature  of  things,  w6 
cannot  hasten. 

If,  in  out  acting  upon  this  maxim,  me  could  obtain  a  perfect 
knowledge  of  all  the  circumstances,  that  is,  of  all  the  data,  and 
all  the  means  of  dealing  with  this  data,  our  expected  resalts 
would  all  be  physical  or  moral  certainties ;  and  (hough,  even  in 
physical  matters,  we  cannot  exactly  accomplish  this,  we  can 
always  do  it  the  more  nearly,  the  more  completely  that  all 
the  circumstances  ore  known  to  us.  Thus,  for  instance,  because 
the  data  are  few,  well  understood,  and,  generally  speaking, 
reducible  to  mathematical  laws,  we  can  notwithstanding  the 
many  variations  in  the  motion  of  the  moon,  tell  what  shall  be 
the  apparent  distance  of  that  luminary  from  any  fixed  star,  at 
any  time,  long  before  that  time  arrives ;  or  we  can,  in  the  eaua 
of  an  eclipse  of  either  of  the  great  luminaries,  predict  the  mo- 
ment of  its  commencement  and  termination,  and  the  portion  of 
Uie  Inminaiy  which  shall  be  ecl^>sed,  for  almost  any  number  cf 
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yean  before  the  eclipse  takes  place.  In  the  case  of  a  comet, 
onr  calculatjona  are  not  quite  so  accurate,  or  so  mnch  U>  be 
depended  on,  because  there  is  one  element  in  the  case  of  those 
more  flimsy  bodies  with  which  we  are  not  ao  well  acquainted. 
This  element  is  the  qoantity  of  matter  in  the  comet,  by  means 
of  which  alone  we  can  determine  the  reciprocal  disturbance  be- 
tween it  and  Bay  other  body  whose  motions  are  more  regular, 
and  whose  mass  is  known  to  tiB.  But  even  in  this  case,  tiie 
application  of  mathematical  prind-ples,  and  of  this  asiom  amoi^ 
the  rest,  has  enabled  us  not  only  to  TemoTe  that  snperstitionB 
dread  of  comets  which  so  much  alarmed  the  ancients,  but  also  to 
get  rid  of  that  alarm  at  the  possible  collision  of  out  earth  with 
one  of  those  wanderers,  which  was  a  source  of  some  apprehen- 
sion to  speculative  men  during  the  middle  ages,  or  in  the  more 
early  days  of  modem  science.  In  mattttrs  of  geometi;  espe- 
dally,  but  generally  in  all  branches  of  pure  mathematics, 
that  is,  where  natural  causes  and  human  actions  do  not  enter 
into  the  case,  we  have  the  whole  data,  and  also  the  whole 
management  of  that  data,  completely  imder  onr  controul ;  it  is 
"  our  own  "  in  a  far  more  personal  and  intimate  manner  than 
aof  possession,  or  any  enjoyment  of  the  body ;  and  therefore 
we  may  "  do  with  it  as  we  list,"  provided  we  do  not  violate 
those  laws  which  are  the  very  foundation  of  this  description  of 
knowledge. 

But,  ag^n,  there  is  yet  &rther  this  advantage  in  the  general 
doctrine  of  eqaality  over  the  partial  one  of  "  magnitudes  coin- 
ciding, or  filling  the  same  space,"  that  it  applies  to  and  inolndes 
equality  of  process  or  oparation,  as  well  as  equality  of  ratio  and 
equality  of  magnitude ;  and  this  is  a  very  importmt  matter, 
because,  from  the  definitions  we  have  already  given  of  lines, 
Burfitoes,  and  solids,  and  also  from  the  few  hints  which  we  have 
throvm  out  respecting  ratio*  (and  which  vre  shall  resume  and 
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beat  more  at  length  in  a  section  expressly  on  the  subject),  we 
may  see  that  the  result  of  a  mathematical  opeiatiou  is  often  a 
quaatlty  <f  a  kind  totally  difierent  from  any  of  the  given  quan- 
Idtiea  by  means  of  which  the  operation  is  performed,  just  as  a 
diemical  compound  may  be,  in  all  its  appearances,  and  in  all 
ita  useM  properties,  totally  diflerent  from  one  and  from  all  of 
the  ingredieats  of  which  it  is  the  componnd,  m  long  aa  these 
nmaia  unmixed  with  each  other,  or  unmixed  by  the  very 
process  wfakh  we  employ. 

Thus,  if  we  seek  to  know  the  contents  of  a  solid,  as,  for  ex- 
ample, the  somber  of  feet  in  a  log  of  timber,  we  do  not  go  about 
to  q>ply  a  solid  foot  to  it,  and  see  how  many  repeated  applica- 
tions of  this  solid  fbot  coincides,  or  fills  the  same  space  with  the 
1<%.  This,  in  feet,  would  be  impossible  by  any  direct  com- 
pariaug,  because,  althoi^h  we  had  a  standard  which  we  knew 
to  be  exactly  equal  to  a  cubit  foot,  we  could  not  get  this  cuUc 
fbot  and  a  cubic  foot  of  the  log  into  the  same  onbic  fbot  of 
■pace,  without  pieviously  removing  the  fbot  of  the  log ;  and 
though  by  this  means  we  might  show  that  the  one  was  equal  to 
the  other,  that  is,  that  the  foot  put  in  occupied  exactly  the 
sune  space  with  the  foot  taken  out,  yet  the  infbrmation  thenoe 
wiung  would  simply  be,  that  a  cubic  foot  is  equal  to  a  cnl»c 
foot,  irtiich  b  reaiiy  nothing. 

In  order  to  compare  the  log  with  the  cubic  foot,  that  is,  to 
tell  the  number  of  feet  in  it,  we  must  cease  to  ramsider  it  as  a 
real  and  tangible  aplld,  and  regard  it  as  a  mere  relation  of  three 
lines— the  length  in  feet,  the  breadth  in  feet,  and  the  thidmefls 
in  feet ;  and  we  must  find  the  lengths  of  those  lines,  not  aa 
having  any  eonitection  with  the  solid,  but  as  bdng  the  shortest 
.  distances  between  dieir  own  extreme  points.  Thus,  if  the  length 
«f  the  1<^  is  12  fbet,  the  breadth  3,  and  the  thicknew  2,  w« 
have,  fnaa  the  telation  in  yriacb  these  lines  stand  to  each  other 
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in  the  solid,  the  1<«  =  12  X  3  X  2  solid  feet  =  72  solid 
feet. 

From  this  we  derire  not  an  unimportAnt  distinction  of  wheti 
quantities,  expressed  in  nombers,  or  by  the  more  general  sym- 
bols of  algebra,  are  or  are  not,  geometricoUy  speaking — indeed, 
mathematically  epeaking — quantities  of  the  same  kind,  and 
thus  whether  they  are  or  are  not  fit  snljecta  of  comparison,  or 
such  as  can  have  a  ratio  to  each  other,  either  of  equality,  or 
of  inequality.  We  have  already  alluded  to  this  subject,  but 
there  are  same  mathematical  considerations  which  belong  so 
equally  to  different  branches  of  the  science,  and  which  serve  to 
omnect  those  branches  with  each  other,  and  with  the  practical 
bnainMa  of  life,  so  usefully,  that  it  often  becomes  necessary  to 
bring  a  truth  which  has  been  already  examined  into  juxta- 
{KWition  with  a  new  truth,  in  order  to  point  out  the  connection 
or  relati<m  between  them ;  and,  as  much  of  the  dear  and  ready 
understanding  of  the  whole  mathematical  sciences,  espedaUy  in 
their  connections  and  their  applications,  depends  on  the  cleat 
perception  wliich  we  have  of  this  doctrine  of  equality,  of  the 
jneans  by  which  it  may  be  shown,  and  of  the  changes  that  may 
be  e&cted  on  quantities  without  destroying 'it,  we  have  been 
anziona  to  treat  this  subject  very  fully,  even  with  the  certunty 
that  it  must  appear  tedious  to  those  who  are  already  acquainted 
with  it. 

Mathematically,  simple  nnmbers,  that  is,  numbers  which  are 
not  considered  as  the  remits  of  any  multiplication,  are  always 
regarded  as  represented,  that  is,  as  being  capable  of  representing 
linea  only.  Products  of  two  &ctors  are  considered  as  lepre- 
smting  snrfoces,  and  products  of  three  &ctors  are  conndeied  as 
fepiesenting  sc^ds.  Magnitudes  cannot  be  more  than  solid, 
and  therefore  tbeie  can  be  no  more  geometrical  magnitudes 
■answering  to  the  products  of  numbers  thau  these  three ;  but 
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stil),  generally  speokii^,  products  which  arise  from  mnlliplyitig 
equal  numbers  of  foctors,  that  is,  which  are  produced  by  equal 
nnmbera  of  multiplications,  are  always  conmdered  as  quantities 
of  the  same  degree,  if  not  absolutely  of  the  same  kind,  and 
dierefore  they  an  comparable  with  each  other. 

After  we  once  folly  understand  the  general  doctrine  of  equality 
aa  applicable  to  all  quantities  of  the  some  kind,  and  to  all  changea 
or  operations  which  are  equally  performed  mi  tti^n,  it  is  of  some 
advantage  to  enumerate  the  particular  cases,  if  only  for  the 
purpose  of  ready  quotation,  in  those  instances  to  which  thcae 
cases  ore  applicable ;  and  in  this  respect  the  coincidence  of  mag- 
nitudra  which  can  be  superposed,  or  applied  the  one  upon  the 
other,  and  shown  to  be  co-extended  when  this  ia  done,  may  be 
admitted  as  ipiite  satiBfactoij.  Lines  and  plane  figures  are 
alroost  the  only  ones  which  can  be  compared  in  this  way ;  and 
straight  lines  are  equal  when  it  can  be  shown  that  the  exttemt- 
ties  of  the  one  coincide  with  the  extremities  of  the  other ;  and 
as  they  have  no  respect  in  which  they  can  be  equal  as  magni- 
tudes, save  length  only,  if  the  points  which  make  the  extremi- 
ties of  one  can  be  shown  at  the  same  distance  from  each  otiier 
as  those  which  mark  the  extremities  of  another,  the  equality 
will  follow  as  a  matter  of  course,  without  applying  the  one  to 
the  other. 

There  is  also  an  indirect  method  of  showing  the  equality  of 
lines,  and  that  is,  by  proving  by  reasoning-  that  the  one  cannot 
be  eitlier  greater  or  less  than  the  other.  This  applies  to  quan- 
tities generally,  and  the  method  of  proof  generally  turns  upon 
some  absurdity  which  would  be  the  result  of  any  quality  in  tha 
two  quantities,  which  are  by  this  means  proved  to  be  equal. 

In  the  case  of  surfaces,  i^  upon  the  application  of  the  one 
ntrfoce  to  tike  other,  it  can  be  shown  that  all  the  lin^  which 
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an  ihe  bonnduus  of  the  cme  coindde  escactlj  with  all  thow 
which  are  boimdartei  of  the  other,  then  it  will  follow  that  thcM 
sui&ces,  and  aUo  their  re^ective  boundaries,  both  sides  and 
angles,  aie  erery  way  equal. 

Also,  two  quantities  of  tbe  same  kind  are  equal,  if  it  can  be 
shown  that  each  of  them  is  eqnal  to  some  third  quantity,  or 
to  any  eqni-multipleB,  or  like  parts  of  a  third  qnantity — by 
"  equi-multiples"  beii^  undeislood  sll  possible  products  by 
the  same  multiplier,  whether  that  multiplier  can  or  cannot  be 
exactly  expressed  by  arithmetical  notation ;  and  by  "  like  parte" 
are  understood  all  possible  quotients  that  would  arise  from 
dividing  by  the  same  divisor,  wliether  those  quotients  can  ba 
accurately  expressed  by  single  quantities  or  not. 

This  is  the  test,  or  judgment  of  equality,  to  ^lich  we  are  in 
the  habit  of  appealing  in  practice,  and  according  to  which  al) 
equitable  exchange  of  commodities,  all  estimates  of  the  quantity 
of  materials  required  for  any  specified  purpose,  and,  generally 
speaking,  all  measurement  or  knowledge  of  the  values  of  quan- 
tities, are  determined ;  and  therefore  it  is  the  case  of  the  guteral 
question  of  equality,  which  everybody  ought  to  understand 
best.  Thus,  for  instance,  if  we  have  in  England  a  certain 
standard  of  length,  which  we  call  a  yard  measure,  and  cany 
this  measure  to  any  number  of  different  ports  of  the  world,  and 
by  applying  it  to  certain  lines,  or  lengths,  or  breadths,  which 
are  fixed  and  immoveable  in  those  distant  places,  and  which, 
therefore,  instead  of  being  capable  of  being  placed  in  juxta- 
position, and  judged  of  as  filling  the  same  space,  or  different 
qiacee,  cannot  be  both  seen  till  after  months,  or  perh^  years, 
have  elapsed,  and,  generally  speaking,  which  camiot  be  seen  at 
all  by  the  same  individual,  as  certain  that  each  of  these  is  the 
same  multiple,  or  the  same  part  of  a  yard  measure,  we  have  n» 
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more  doabt  of  their  equality  than  if  we  coold  actiully  apply 
tke  one  line  to  the  other,  and  see  their  coincidence  at  both 
extremities. 

We  have  the  same  ooniidence  in  melt  measores,  even  nhen 
they  are  not  equal.  Thna,  if  it  is  ascertained  that  one  moun- 
tain, Hitoatod  at  the  Him^ya  ridge  on  the  north  of  India,  is 
8,000  yards  above  the  level  of  the  sea,  and  that  the  height 
of  another  mountain,  ntuated  in  the  ridge  of  the  Andes,  in 
South  America,  which  is  nearly  half  the  meaaure  round  the 
earth  distant  from  the  former,  is  also  8,000  yards,  we  hare  no 
more  doubt  of  the  equality  of  the  height  of  those  mountains, 
than  if  we  could  see  them  both  mde  by  side,  and  with  out  own 
eyea,  at  the  same  instant. 

Without  our  belief  in  the  bet,  "  that  things  equal  to  the 
some  thing  ore  equal  to  each  other,"  we  could  not,  geometri- 
cally spealdi^,  have  any  map,  any  plan,  or  any  pictured  represen- 
tation, whereby  an  absent  thing  could  speak  at  once  to  the  eye 
in  that  language  which  is  so  much  more  powerftil  than  writing ; 
and  without  the  same  belief  in  all  oUier  matters,  we  could  have 
no  knowledge,  except  that  which  we  derive  from  our  own 
senses ;  and  even  the  parts  of  this  knowledge  would  be  uncon- 
nected, and  resemble  that  which  may  be  presumed  to  be  the 
momentary  perception  of  brutes,  rather  than  the  conclutdons  of 
human  reason.  Whenever  we  see  an  object  of  the  same  kind 
with  one  which  we  saw  formerly,  or  one  of  which  a  clear 
description  struck  us  fordbly,  so  as  to  moke  ns  remember  it, 
whether  we  actually  saw  it  or  not,  we  ceitunly,  and  without 
any  perceived  or  felt  process  of  thought  or  efibrt  of  the  mind, 
mstitute  a  comparison  between  the  perceived  object  and  the 
TecoUect«d  one,  and  with  as  little  effort  we  instantly  conclude 
that  'diey  are  or  ore  not  like  or  equal  to  each  other.  This  is 
our  primaiy  and  general  judgmoit  of  equality  or  inequality,  for 
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the  notion  of  the  one  involvea  in  it  a  notion  of  the  ottiei. 
Mathematical  or  geometrical  equality  is  merely  tlie  particular 
branch  of  this  general  judgment,  in  which  we  have  the  evidence 
moet  perfect  in  ita  kind,  and  most  completely  befbre  as ;  and 
therefore  it  is  only  the  most  accurate  case  of  that  exercise  of 
the  mind  which  we  must  all  practise  every  day. 

Original  and  simple  quantities  may  be  equal  by  constniction^ 
that  ia,  they  may  be  made  equal ;  and  this  is  perii^  the  beat 
Uluatiation  which  we  have  of  equality,  in  the  most  general  sense 
of  the  action,  that  is,  where  all  the  circumstances  which  deter- 
mine the  magnitude  of  the  one,  also  determine  the  magnitude 
of  the  other,  and  every  one  of  them  is  known  to  us  as  b«ng 
our  own  act.  Thus,  if  from  any  two  centres,  with  the  same 
straight  line  as  radius,  we  describe  two  circles,  it  is  impoasible 
to  have  a  more  clear  and  simple  notion  of  perfect  equality  than 
is  afforded  by  those  circles ;  and  when  we  have  this  perfect 
perception  of  equality,  it  leads  to  perhaps  the  moat  general  and 
the  most  important  conclusion  in  the  whole  compass  of  mathcr 
matical  sdence ;  and  if  this  conclusion  b  not  a  direct  axiom,  it 
is  as  axiomatic,  as  self-evident  an  inference  aa  can  poesiUy  he 
drawn.  It  ia  worthy  of  being  home  in  mind,  and  it  is  as 
follows : — 

If  two  qnantities,  whether  they  be  magnitudes,  ratios,  or 
Wiything  else,  are  every  way  equal,  whatever  can  be  shown 
to  be  true  of  either  of  them,  is  necessarily  true  of  the  other, 
in  the  very  same  manner,  and  to  the  very  same  extent. 

If  the  quantities  of  wliich  the  equality  ia  aaserted  are 
resulta  of  any  of  the  four  arithmetical  operations,  we  may 
state  generally  that  equal  operations,  performed  upon  equal 
quantities,  most  produce  equal  results.    Or,  taking  each  opera^ 

In  addition,  if  a  ia  =  (,  apd  e  any  third  quantity,  whether 

DigilicibfGoO^lc 


a  simple  quantity,  or  one  which  i^roved  to  be  the  some  in  two 
eases,  then  A + c  =  B + 0, 

In  subtraction,  the  data  being  the  same  aa  for  addition,  a—  o 

In  mnltiplication,  if  A^o,  and  m  any  multiplier  whatever, 
integral  or  firactioual,  expressible  or  not  expressible  in  numbers, 

In  division,  if  a  —  a,  and  d  any  divisor  whatever,  then 


These,  which  follow  both  from  what  has  been  now  stated, 
and  what  was  formerly  stated  on  the  subject  of  multiples  and 
fractions,  may  be  quoted  in  brief  thus  : — The  sums,  diiFerences, 
equt-multiples,  and  like  parts  of  equal  quaudties,  whether 
magnitudes  or  any  quantities  whatsoerer,  are  equal.  It  is 
scarcely  neoessary  to  add,  from  what  has  been  already  said 
with  reference  to  addition  and  subtraction,  that  equal  opera- 
tions must  leave  unequal  quantities  unequal ;  for  if  we  add  or 
subtract  equally,  we  do  not  add  or  subtract  any  diiierence ;  if  we 
multiply  the  nueqnals  equally,  we  multiply  the  difl«rence ;  and 
if  we  divide  them  equally,  we  divide  the  difference :  but  in 
none  of  theae  cases  is  the  difference  taken  away. 

As  inequality  is  the  opposite  of  equality,  it  follows  that,  in 
all  cases  where  the  one  can  be  cleiu'ly  established  from  a  know- 
ledge of  all  the  circumstances,  the  other  is  proved  in  every  case 
where  it  can  be  clearly  shown  that  that  one  does  not  hold.  But 
tiiere  are  so  many  ways  of  expressii^  quantities,  that  we  are 
not  able,  in  all  cases,  to  prove  that  equality  exists,  even  where 
such  is  the  fact;  and  therefore,  our  not  being  able  to  prove 
equality,  ie  not,  in  every  case,  a  sufficient  ground  for  inferring 
that  quantities  of  which  we  are  unable  to  show  the  equality,  ate 
unequal.     If  we  know  all  the  conditions  or  circumstances  upon 
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which  the  Talue«  of  two  quantities  depend,  and  if  these  drcnm- 
atancea,  taken  jointly,  do  not  admit  of  the  inference  that  the 
quantities  are  equal,  we  may  saiely  inier  tliat  they  are  unequal ; 
but  if  we  are  not  sure  tliat  we  are  fully  in  possession  of  all  the 
circumstances,  we  cannot  conclude  either  way,  in  consequence 
of  our  Mure  in  the  other.  Thus  1+^+^+ J+-^,  &c.,  con- 
tinued till  the  last  term  is  — ,  that  is,  till  the  denominator  is 

infinitely  laige,  sad  the  ndue  of  the  fraction,  —  =0,  is  really 
=  2,  and  merely  an  expression  of  a  particular  form  for  that 
number,  as  will  be  diown  afterwards;  but  when  we  examine 
this,  even  to  any  extent  which  can  be  written  down,  it  does 
not,  upon  mere  inspection,  appear  to  be  :=  2.  We  mention 
this  merely  to  show  that  an  apparent  inequality  is  not  sufficient 
ground  for  iaferring  that  the  inequality  is  real,  unless  we  con 
prove  that  we  are  in  possession  of  all  the  circumstances  upon 
which  both  the  quantities  under  comparison  depend. 

In  the  case  of  quantities  which  are  represented  by  products, 
the  total  value  of  the  one  may  be  equal  to  that  of  the  other, 
though  both  the  Ihctors,  in  the  case  of  there  being  only  two,  or 
all  the  factors,  in  the  case  of  there  being  more  than  two,  are 
unequal  to  each  other ;  but  if  one  factor  in  each  be  equal,  in 
cases  where  there  are  only  two,  or  if  all  the  factors  be  equal 
except  two,  that  is  one  in  each,  where  there  are  more  than  two, 
the  values  of  the  products  are  unequal,  and  the  difference 
between  them  is  the  diSereuce  of  the  unequal  ones  multiplied 
by  the  eqoal  one,  or  the  product  of  all  the  equal  ones,  in  the 
case  of  there  being  more  than  one  in  each  product. 

Thus  the  product  of  the  factors  4  x  4,  8  X  2,  16  X  1,  is  =  16; 
and  there  are  other  cases  in  which,  even  in  intoger  numbers, 
the  same  product  may  be  obtained  from  a  greater  number  of 
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pun  of  factors;  and  even  in  this  caae,  the  prodact  16  may 
alao  be  considered  as  that  of  four  focton,  for  2  X  2  X  2  X  2 = 16, 
as  before 

If  \re  examine  the  different  foctora  which  prodnce  the  same 
prodnct  in  this  case,  we  perceive  a  general  principle,  the  nature 
of  which  will  be  more  completely  explained  in  a  Aitnre  section, 
when  we  return  to  the  consideration  of  general  qvantities  alge- 
braically ;  but  it  may  not  be  amisa  to  bear  it  in  mind,  without 
going  into  a  fiill  explanation  of  it.  In  the  above  numbers  it 
will  be  seen  that,  when  the  foctors  are  equal,  their  sum  is  less 
than  when  they  am  unequal,  and  that  the  more  unequal  they 
are,  their  sum  is  tho  greater.  Thna,  in  the  equal  £wt«ra  of  16, 
4  and  4,  the  nun  is  8 ;  in  the  first  nnequal  ones,  8  and  2,  the 
sum  is  10;  and  in  the  last,  where  one  of  the  factors  is  the  pro- 
duct itself,  and  the  i>ther  the  ntunber  1,  the  sum  is  greater  than 
the  product,  for  16+1  =17. 

We  mention  this  merely  to  show  that,  as  two  footers  may  be 
considered  as  representing  length  and  breadth,  and  their  pro- 
duct surfoce,  the  surface  is  always  the  greater,  in  proportion  to 
the  sum  of  the  dimensions,  that  is,  of  the  length  and  breadth, 
the  more  nearly  that  these  are  equal  to  each  other.  The  same 
will  also  evidently  hold  true  in  the  case  of  solids ;  but  the  con- 
sideration of  these,  as  well  as  the  investigation  of  the  general 
principle  of  which  the  above  product  and  its  difierent  factors 
are  an  instance,  can  be  better  explained  in  a  future  section, 
when  we  have  a  few  more  of  the  principles  before  us,  so  as  to 
be  able  to  consider  generally  the  relations  between  factors  and 
products,  as  compared  with  sur&ces  and  their  boundaries. 
What  we  have  now  sud.is  snfiicient  to  show  that  figures  may 
be  equal  in  content  or  area,  though  their  dimensions,  and  con- 
sequently their  boundaries,  are  altj^ther  different ;  and  it  is 
necessary  for  us  te  bear  this  careMly  in  mind,  in  order  to  avoid 
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sapponng  there  is  equality  or  inequality  inferrible,  in  cases 
where  no  inference  can  be  drawn.  The  ineirence  of  the  area 
is  always  from  the  product  of  the  length  and  breadth,  and  if 
these  are  known,  the  product  or  ares  is  known ;  but  if  the 
product  or  area  only  ia  known,  the  factors  of  that  product — 
the  length  and  breadth — are  quite  indetenniimte,  only  we 
may  gather  frtm  the  case  of  equal  Actors  of  16,  that  the 
factors  of  any  product  cannot  together  be  less  than  the  two 
equal  factors  which  can  form  that  product,  and  that  these  two 
equal  fiictors  mnst  be  the  same  for  the  same  product. 

The  doctrines  of  equality  trad  its  opposite,  which  we  have 
endeavoured  to  explain  in  this  section,  in  a  manner  the  moat 
general,  and  the  most  aimple  as  well  as  comprehensive  in  its 
application,  not  only  to  mathematical  subjects  hut  to  all  sub- 
jects where  a  question  of  equEtlity  can  occur,  is  one  which 
requires  to  be  studied  with  the  greatest  care,  because  it  is  the 
foundation  of  very  much  of  our  accurate  judgment,  upon  almost 
every  question  that  can  be  named  as  determinate  in  its  evidence, 
and  also  our  best  security  against  error  in  cases  which  involve 
uncertainly.  The  reader  who  wishes  to  profit  by  this  book 
will  therefore  find  his  advantage  in  giving  this  particular  sec- 
tion a  second  perusal. 


SECTION  XII. 

INTBHSECTION   OP    LINES,    AKQLGS,    AND    f 


After  having  obtained  some  general  notion  of  the  subject* 
of  Geometry,  as  mentioned  in  section  X.,  and  the  leading  prin- 
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fiiples  of  Geometrical  investigation,  as  in  section  XI.,  we  have 
to  cooaider  the  order  of  the  subjects,  and  to  take  them  in  tliat 
which  appears  to  be  at  once  the  most  simple  and  the  most 
natural.  For  popular  purposes  the  following  is  perhaps  as 
convenient  as  any. 

First,  LINES,  including  strwght  lines  and  also  the  drcle,  with 
the  intersections  of  strsight  lines,  the  angles  which  these  furm, 
and  the  connection  between  plane  rectilineal  angles  and  the 
circle.  This  is  the  proper  foundation  of  the  science,  and 
contains  the  elements  of  the  boundaries  of  the  more  simple 
elemcntaiy  figures. 

Secondly,  bubfacbb,  that  is,  plaiie  suifiwes,  or  areas,  consi- 
dered in  their  extent,  and  with  reference  to  their  boondaries. 
But  as  an  area  is  determinable  only  by  an  arithmetical  multi- 
plication, in  any  particalar  case,  and  as,  consetjuently,  the 
general  investigation  is  a  matter  of  quantity  and  opemtton 
jointly,  it  will  be  neceBSary,  before  we  proceed  to  this,  to  con- 
wder  the  doctrine  of  prtqxirtion,  the  potnert  of  quantities,  and 
the  arithmetic  of  exponent,  each  of  which  will  form  the  chief 
subject  of  a  section  ;  but,  as  they  are  all  intimstety  coDnected, 
much  reference  from  the  one  to  the  other  will  be  required. 

Thirdly,  the  intbrsbotiohs  of  flahes,  by  means  of  which 
the  forms  of  plane  solids  are  determined ;  and  this  will  include 
the  doctrine  of  soLiit  anoi^  or  of  more  planes  than  two  meet- 
ing  lo  the  same  point. 

FourthJy,  the  coktbkt  or  cafaoitv  or  sotiiis,  taken  in  cmi- 
jtmction  with  the  planes  which  foim  their  boundaries,  and  the 
lines  and  ai^:les  made  by  the  intersections  of  those  planes. 

These  will  put  us  in  possesidon  of  the  principles  of  ele- 
mentaiy  geometry,  as  fiir  as  they  are  necessary  in  the  ordinary 
business  of  life ;  and  then  we  can  return  to  the  general  science 
of  quantity,  and  if  our  limits  permit,  to  the  q^Iications.    We 
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shall  devote  the  lenu^nder  of  this  Becdon  to  the  considenitioti 
of  lines  and  angles,  the  simplest  case  of  wliich  is  that  of  a  poiot. 
Now  any  point,  as,  for  instance,  the  point  at  a, 


may  be  regarded  aa  the  centre  of  a  plane,  extending  equally 
and  inmieasuiablyon  all  sides,  so  as  to  bisect  or  divide  into  two 
parts  exactly  equal  to  each  other  the  whole  of  space.  It  is 
perfectly  indifferent  where  wo  consider  tins  point  to  be  situated, 
because,  aa  we  can  no  more  conceive  or  imagine  a  bonndaiy  to 
space  in  one  direction  than  in  another,  we  may  suppose  any 
point  whatever,  be  it  aitnated  where  it  may,  as  being  the  centre 
of  apace,  this  point  being  a  mark  of  position  only,  and  having 
no  extent  in  any  direction,  may  be  conadered  as  equally  the 
centre  of  the  plane  which  bisects  the  whole  of  space,  in  what- 
ever  direction  that  plane  is  dtuated.  According  to  our  common 
notions,  in  whicli  we  regard  a  straight  line  directed  to  the  centre 
of  the  earth  aa  being  the  perpendicular,  the  plane  may  be  in 
the  direction  of  this  perpendicular ;  it  may  be  in  the  crosa  direc- 
tion to  this,  or  in  what  we  call  the  horizontal  position  or  the 
level ;  or  it  may  be  at  any  slope  whatever,  and  may  slope  in 
any  direction ;  but  in  all  the  endless  variety  of  positions  which 
we  can  with  equal  propriety  suppose  it  to  have,  and  in  all  the 
endless  changes  of  poaition  in  the  plane,  we  may  still  conceive 
the  place  of  the  point  as  lemainii^  exactly  the  same  in  abeolnte 
space,  and  the  plane  extending  indefinitely  every  way,  but 
every  way  equally,  and  in  all  poa^ble  portions  dividing  the 
whole  of  space  into  two  parts  exactly  equal  to  each  other. 

This  notion  of  tiie  perfect  inunovability  of  a  point,  and  the 
poaaibility  of  turning  a  plane  on  this  point  in  every  imaginable 
poaition  tbroi^hout  absolute  space,  has  not  hitherto,  we  believe, 
been  alluded  to  in  books  on  elementary  geometry ;  but  it  is,  in 
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bruth,  the  grand  primaty  conception,  by  means  of  which  the 
geometer  is  enabled  at  onm  to  lay  hia  grasp  upon  the  whole 
universe ;  and,  seizing  element  after  element  as  they  arise,  in 
dne  order  and  according  to  proper  laws,  to  map  down  npon  the 
tablet  of  his  mind  all  that  creation  which  God  has  made,  as  far 
as  the  line  and  the  angle,  magnified  by  the  almost  perfection  of 
the  instruments  of  observation,  can  carry  him. 

Ab  the  space  marked  out  by  a  plane  round  any  point  extends 
equally  in  all  directions,  the  best  representation  which  we  can 
have  fi>F  it  is  a  circle,  as,  for  instance,  the  circle  of  which  the 
centre  is  the  point  a. 


It  will  be  recollected  that  the  very  definition  of  a  circle  is, 
that  the  circnmference,  or  line  bounding  it,  is  in  all  directions 
equally  distant  from  the  centre ;  and  therefore,  if  we  imagine 
the  radius,  or  distance  from  the  circnmference  to  the  centre  to 
be  indefinitely  long,  the  circle  becomes  the  best  representation 
which  we  can  have  for  a  plane  extending  through  all  space  ; 
and  because  the  circle  which  we  have  described  round  the  point 
A  is  any  circle,  we  may  regard  its  circumference  as  represent- 
ing all  space  round  the  point  i ;  and  farther,  as  the  point  a 
is  the  only  thing  which  is  supposed  to  have  posili&n,  that  is,  to 
hejixedor  determined  in  space,  we  may  regard  this  circle  as  the 
representative  of  dl  space  in  every  posHble  direction,  or  that 
within  it,  in  one  or  other  of  its  possible  positions,  it  can  contain 
every  line,  eveiy  figure,  and  every  solid  which  can  by  possi- 
bility exist  in  nature,  or  which  the  moat  fertile  imagination  con 
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picture  to  itself.  When,  tiowerer,  we  refer  to  the  drcle  in  out 
position  as  a  plane  we  can  conaider  it  as  indndin^  plane  aur- 
fecea  only,  and  as  including  tkose  only  which,  are  situated  in 
the  same  plane  with  the  circle. 

Let  us  next  suppoee  that  there  ore  tico  points,  that  they  are 
both  fixed  in  portion,  and  that  a  line  is  drawn  through  them 
both,  as,  for  instance,  the  line  en,  which  passes  through  the 
two  points  A  and  b,  and  is  continned,  or  might  be  continued,  to 
an  indeterminate  length,  in  the  loft  hand  direction  toward  c,  and 
in  the  right  hand  diiecdon  toward  d. 


.  It  ia  evident  that,  because  the  two  points  a  and  a  are  sup- 
posed ia  have  potUion,  that  is,  t«  have  fixied  flace*  tn  direction 
and  in  dUlaruxfrom  each  otha;  the  whole  line  on  as  it  appears, 
or  as  it  conld  exist,  though  drawn  countless  millions  of  miles 
both  toward  o  and  toward  d,  is  also  fixed  or  definite  in  the 
direction  of  a  and  b,  or  of  any  other  points  thai  can  be  ima- 
gined to  be  taken  in  it.  If  now,  then,  we  suppose  a  circle  to 
be  deBcribed  round  any  point  in  the  line  on,  as,  for  instance, 
round  the  point  a. 


it  follows  that  the  plane  of  this  drcle  must  be  confined  to  the 
line  on  in  the  direction  ot  whatever  points  it  may  cnt  this  line, 
as,  for  instance,  the  points  b  and  o  in  the  above  example ;  but  it 
would  be  the  same  in  the  case  of  any  other  two  pohits  tothe  line 
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c  i>,  or  In  the  continuatioii  of  that  line,  how  distant  soever  they 
might  be  irom  the  point  a.  Hence  it  ia  evident  tliat,  snppoang 
the  line  od  fixed  to  the  plane  of  the  paper  on  which  it  is  drown, 
we  could  not  imagine  the  circle  round  a,  to  preserve  that  line, 
wd  be  at  the  same  time  turned  either  to  the  ri^t  hand  or  to 
the  left.  But  it  is  equally  evident  that  we  could  turn  it  upon 
the  line  cd,  either  upwards  in  the  direction  of  the  top  of  the 
page,  or  downward^  in  the  direction  of  the  bottom ;  and  that 
we  could  turn  it  round  again  and  again  in  either  of  those  direc- 
tions as  often  as  we  chose,  without  in  the  least  disturbing  the 
position  of  the  line  c  n. 

It  is  further  evident  that  the  line  on  bisects  or  divides  into 
two  pa^  exactly  equal,  the  whole  of  that  indefinite  space 
throngh  which  it  is  supposed  to  be  indefinitely  drawn ;  and  that 
if  we  take  any  circle,  as,  for  instance,  the  circle  bbqp  in  the 
above  figure,  of  which  the  centre  a  is  any  point  in  the  line  CD, 
and  consider  this  circle  as  the  reprcsentatiYe  of  alt  epace  round 
that  point,  it  follows  that  the  line  gd,  that  is,  the  part  of  it  bo 
which  paases  through  the  centre  and  meets  the  drcumference 
both  ways,  in  b  toward  the  one  hand,  and  in  o  toward  the 
other,  divides  the  circle  into  two  parts  which  are  exactly  equal, 
so  that  whatever  can  be  proved  as  being  true  of  the  one  of  them 
must  be  equally  true  of  the  other,  conaideied  as  a  mi^nitude. 
They  are,  no  doubt,  of  that  description  which  we  have  named 
tymmetrical  magnitudes,  that  is,  magnitudes  of  the  same  mea- 
sure, but  difiertng  from  each  other  in  poation. ;  but  then,  from 
the  very  &ctB  of  the  centre  of  the  circle  being  in  the  straight 
line  separatii^  them  and  the  circumference  being  everywhere 
at  the  same  distance  from  this  centre,  we  have  every  reason  to 
conclude  that  they  are  perfectly  equal  in  every  respect,  and 
no  reason  whatever  to  entertain  even  a  suspicion  that  they  are 
not  equal. 
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Simple  as  it  seems  when  analysed,  this  is  a  most  important 
Klstion  between  tlie  division  of  a  cirde  by  a  straight  line 
passing  throng^  its  centre,  and  the  division  of  all  space  in  the 
'plane  of  that  circle ;  for,  it  follows  almost  immediately  from 
tiiis,  that  in  what  proportion  or  t»&}  soever  two  lines  which 
meet  at  any  point  divide  the  circmnfereuce  of  a  circle,  they 
divide  all  space  round  that  point,  and  in  the  plane  of  that 
^rcle,  in  exactly  the  same  proportion  or  ratio.  If  they  con- 
tain half  the  circle,  in  which  case  they  tu«  in  the  same  strught 
line  paasiiig  through  the  centre,  they  divide  space  into  two 
equal  parts.  If  they  contain  a  fourth  of  the  circle  between 
their  extremities  which  meet  the  ciicumierence,  they  will  also 
contain  a  fourth  part  of  ^ace  round  the  point  which  is  the 
centre  of  this  circle ;  and  as  there  is  no  reason  from  which  we 
can  even  suspect  that  the  ratio  or  proportion  can  be  different  in 
any  other  case,  we  may  receive  it  as  a  general,  and  as  nearly  as 
possible  a  self-evident  truth,  that,  as  the  entire  crrcumference 
of  any  circle  described  lonnd  a  point,  is  the  measure  or  repre- 
sentative of  all  space  round  that  point  in  the  plane  of  the 
circle,  so  any  portion  whatever  of  the  dicumfoience  of  a  circle, 
and  any  portion  whatever  of  the  space  round  the  centre  of  a 
circle  considered  as  a  point,  and  contained  between  the  two 
lines  which  divide  off',  or  mark  o£F  that  portion  of  the  drcum- 
forence,  are  mutually  the  measures  of  each  other,  and  that, 
therefore,  either  of  them  may  be  used  as  the  representative  or 
ei^reesion  for  the  other. 

From  this  it  follows,  that  we  have  only  to  apply  our  arith- 
metic to  the  drcumference  of  a  circle,  in  order  to  be  in  posses- 
sion of  a  standard,  or  scale,  for  the  measurement  of  any  portion 
of  the  space  round  a  point ;  and  as  any  circle  may  be  taken  for 
this  purpose,  the  scale  may  be  expressed  in  terms  of  a  cir- 
cumference, and  not  in  terms  of  any  atrdght  line  as  a  standard. 
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M  we  require  to  do  in  the  metisuriiig  of  Imea.  There  is  mneh 
advantage  even  in  this,  for,  as  no  part  of  a  circle  ia  a  Htiwght 
line,  it  is  easy  to  Bee  (though,  in  the  mean  tame,  ne  are  not 
called  upon  to  prove  it)  that  no  definite  portion  whatever  of  the 
circumference  of  any  circle  can  be  exactly  equal  iu  arithmetical 
proportion — that  is,  in  a  proportion  fully  and  perfectly  expres- 
sible by  any  numbera  however  large,  to  any  straight  line 
whatever. 

When,  therefore,  we  speak  of  circular  measures,  we  speak 
of  them  generaUy,  not  in  terms  of  a  foot,  a  yard,  a  mile,  or 
any  other  measure,  but  iu  terms  of  the  whole  circumference 
of  which  they  are  parts,  and  without  any  regard  whatever  as 
to  whether  this  circumference,  if  we  were  to  try  to  express 
it  aa  nearly  as  poamhle  in  terms  <^  straight  lines,  were  equal 
to  the  thousandth  part  of  an  inch,  to  t«n  thousand  millions  of 
miles,  or  to  the  longest  line  which  imagination  could  &ncy  to 
exist  in  space. 

There  is  nothing  either  puzzling  or  new  in  this  expression  c^ 
portions  of  the  space  round  a  point  by  numbers  which  do  not 
represent  the  lengths  of  any  straight  lines,  for  we  meet  with 
the  very  same  thing  iji  the  most  common  nse  of  arittunetio.  If 
we  use  the  name  of  any  one  thing  which  has  existence  or  mean- 
ing, along  with  the  name  of  a  number,  we  tie  the  number  down, 
as  it  wore,  to  that  particular  kind  of  thing,  so  that  we  cannot, 
without  contradiction  and  absurdity,  rf^ard  it  as  being,  in  that 
case,  the  representative  of  anythii^  else.  Thus,  when  we  say 
or  write  5  hen,  5  housb,  or  5  anything  else  that  we  can  name, 
we  fix  the  number  5  to  the  men,  the  hours,  or  whatever  else 
is  named ;  and  the  number,  in  no  one  of  these  cases,  expresses 
any  part  of  the  quantity  which  it  eajiteasea  in  the  other.  We 
number  men  in  terms  of  a  man ;  we  number  hours  in  terms  of 
an  hour;  we  number  every  thing  in  temiB  of  (m«  of  that  thing; 


bf  Google 


Slid  therefore  we  are  ^thful  tfl  o«r  arithmetic  when  we  m 
ber,  or  count,  or  express  (tor  these  worda  have  nearly  the  ai 
meanii^  in  arithmetic)  circular  raeasoree  in  terms  of  i 


For  this  purpose,  it  is  of  little  consequence  what  scale  we 
take  for  the  divigion  of  the  orciunference ;  but  it  is  conrenient 
to  have  larger  and  smaller  denominations,  just  as  we  have  in 
the  case  of  money,  of  weight,  of  measure,  and  of  all  other 
things  which  admit  of  indefinite  division  into  parts.  The  entire 
circumference  is  considered  as  divided  into  360  equal  ports, 
which  are  called  degreei,  and  the  short  mark  which  is  used  in 
writing  d^rees  is  a  small  "  on  the  right  hand  of  the  figures, 
which  may  of  course  be  any  number  not  greater  than  360° ; 
but  more  than  360°  would  have  no  meaning  in  a  dngle  expres- 
sion, because  it  would  apply  to  more  than  one  drcumference, 
which  could  uot,  of  course,  be  described  round  one  centre. 

Each  degree  is  Bopposed  to  be  divided  into  60  equal  parts, 
which  are  called  mimUet,  and  are  marked  in  writing  by  a 
small  dash  over  the  right ;  thus,  24'  is  read  "  twenty-fonr 
minntes.° 

For  more  minute  diviaiou,  the  minute  ia  again  subdivided 
into  60  equal  parts,  which  are  called  teamds,  and  are  marked 
in  writing  by  two  dashes  over  the  r^;ht;  thus,  26"  is  read 
"  twenty-five  seconds." 

From  these  definitions  it  foUows  that,  as  the  whole  circum- 
ference of  a  circle,  or  the  whole  measure  of  space  round  a  point, 
is  360°,  so  half  the  drcumference  of  a  drcle,  or  half  the  space 
round  a  point, — which  last  means  the  apace  on  one  aide  of  a 
straight  line  passing  through  that  point, — is  equal  to  180° ;  that 
one-fourth,  or  quadiant  (which  just  means  a  fonrth),  of  the 
circumference  of  a  circle,  or  one-half  of  the  space  reund  a  point, 
upon  eitherttde  of  any  straight  line  passing  through  that  point, 
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is  equal  to  90° ;  and  that,  generally,  any  fraction  whatever  of 
the  dicumference  of  &  circle,  or  of  a  space  round  a  point,  may 
be  arithmetically  expreased  by  the  same  &acdon  of  360" :  a 
sixth  will  be  60",  a  twelfth  SO",  and  bo  on  for  every  other 
fraction ;  for  if  the  fraction  or  part  which  the  portion  of  the 
circumference,  or  of  the  space  round  the  point,  is  of  that  circum~ 
ferenoe,  or  of  that  space,  and  the  last  is  a  conBlaot  quantity, 
not  in  any  way  afiected  by  the  lengths  of  lines,  and  the  first  is 
equally  constant  as  to  the  number  of  degrees,  is  expiessible 
arithmetically  in  terms  of  that  drcuniference,  or  that  space, 
considered  as  1  whole,  it  is  only  the  multiplying  the  value  of 
this  fraction  by  360,  to  express  it  in  degrees ;  by  60  again  to 
express  it  in  minutes ;  and  a  second  time  by  60,  to  express  it  in 
seconds. 

It  may  not  be  amiss  to  bear  in  mind  the  extent  of  the  cir- 
cumference, or  of  the  space  round  a  point,  in  each  of  the  three 
measures,  the  minutes  beiI^;  found  by  multiplyii^  360  by  CO, 
and  the  seconds  by  moltiplying  this  product  by  60 ;  and  from 
these  simple  multiplications  we  have  the  following  results : — 

One  circumference,  or  all  the  space  round  a  point  is  ^  360", 
or  21600',  or  129GOOO". 

In  some  cases  it  is  convenient  to  use  a  greater  degree  of  accu- 
racy than  seconds,  and  the  modem  way  of  doii^  this  is  by 
expressing  whatever  is  less  than  seconds  in  decimak  of  a 
second. 

The  minutes  and  seconds  which  are  here  alluded  to  asexpress- 
ing  portions  of  the  circumference  of  any  circle,  or  of  the  mea- 
sure or  space  round  any  point,  must  not  be  confounded  with 
the  minutes  and  seconds  of  time  which  we  use  oa  subdivisions 
of  the  hours  of  a  day.  There  is  the  same  number  of  minutes 
in  the  degree  as  in  the  hour,  and  the  same  number  of  seconds 
in  the  minute  in  both  cases;  but  the  meaning  ia not  exactly 
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the  same.  Thefre  is,  however,  a  sort  of  ahadowy  relation  be- 
tween them ;  for  the  hours,  minutes,  and  seconds,  in  our  common 
estimate  of  time,  are  subdiyisions  of  the  apparent  dwly  motion 
of  the  son  round  the  earth,  or  of  its  cause  or  counterpart— the 
real  lotation  of  the  eartii  in  the  oppoate  direction,  it  being  con- 
sidered that  tlie  motion  round  is  performed  imiformly,  or  always 
at  the  same  rate,  and  in  tiie  plane  of  the  same  drde.  There- 
fore, if  we  divide  3&f>  by  24,  which  gives  us  15°,  we  have  the 
number  of  d^rees  in  the  apparent  motion  of  the  sun,  or  of  the 
real  motion  of  the  earth  during  one  hour ;  and  thus  we  are  m  a 
condition  with  comparing  the  one  with  the  other. 

From  the  definition  which  baa  already  been  given  of  an  angle, 
it  detennines  the  portion  of  space  included  between  two  lines 
which  meet  at  a  point ;  and  therefore  all  the  angles  which  can 
be  formed  by  stnu^t  lines  meeting  at  any  one  point,  in  any 
one  plane  whatever,  are  equal  to,  and  may  be  expressed  by  the 
circumference  of  a  circle,  or  360" ;  and  from  what  has  been 
already  said,  it  follovrs  that  all  the  angles  made  at  one  point,  on 
the  one  side  of  any  straight  line,  and  in  the  same  plane,  are 
together  equal  to  the  half  of  a  circumference,  or  to  180".  It 
follows  also,  that  if  two  lines,  meeting  at  the  same  point  in  the 
same  plane,  make  at^les  exactly  equal  to  180°,  these  lines 
stand  in  exactly  the  same  relation  to  apace  both  ways,  that  is, 
they  are  in  the  same  straight  line.  But  if  two  lines  meeting  at 
a  point  make  either  more  or  less  than  two  right  angles,  they 
must  stand  in  different  relations  to  space  on  the  different  sides 
of  them ;  yet  the  sum  of  the  two  relations  will  always  be  equal 
to  360",  that  is,  to  twice  180",  and  the  one  relation  will  he 
*  exactly  as  much  less  than  180°  as  the  other  is  greater  than  the 
same.  Every  angle  which  can  be  formed  by  the  meeting  of 
two  lines,  can  have  the  arc,  or  portion  of  a  circle,  which  is  its 
measure,  or  representative,  described  upon  it  by  a  circle  of  any 
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size,  that  is,  with  any  radius,  or  at  any  distance  from  the  point 
where  the  hues  meet,  as  a  centre ;  and,  as  ttiis  portion,  or  arc 
of  tlie  ciicomlerence,  is  the  same  part  of  a  circle,  that  is,  ot 
the  whole  circumference,  whether  the  radius  is  longer  or 
shorter,  it  follows  that  any  circle  whatever  will  equally  be- 
come the  measure  of  the  angle,  or  inclination,  formed  by  two 
lines ;  and  that  an  angle  does  not  in  any  way  depend  upon  the 
length  of  the  lines  which  mark  it  off  as  part  of  the  space  round 
a  point. 

If  the  angle  is  less  than  180",  it  is  called  a  mitenl  angle,  that 
is,  an  angle,  or  comer,  with  its  point  projecting  outwards ;  but 
if  it  is  greater  than  180",  it  is  called  a  retrqfiected  or  re-entering 
angle,  that  is,  an  angle  the  point  of  which  is  directed  inwards, 
or  toward  the  figure  to  which  it  belongs.  Thus  the  angle 
formed  at  the  point  b  by  the  two  lines  a  b  and  o  b  in  the  follow- 
ing %ure,  is  a  salient  angle,  considered  with  reference  to  the 
space  on  the  upper  rade,  or  the  side  d  ;  but  it  is  a  re-entering 
angle  considered  with  regard  to  the  space  on  the  opposite  side, 
that  is,  on  the  under  side,  or  the  side  b. 


apparent  if  we  describe  the  circle  c 


the  point  D,  with  any  distance  for  radius,  a 
dif^rams. 
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Thus  the  arc,  or  portion  of  the  circle  from  a  to  c,  meamired 
on  the  upper  part  of  these  two  figures,  ia  the  measure  of  the 
ulieut  angle  a  d  c  of  the  upper  surface  or  area  contained  by  the 
upper  portion  of  the  circle,  and  the  two  lines  ab,  on,  while  the 
lower  part  of  the  circle  from  a  to  «  is  the  meaaure  of  the 
le-entering  angle  at  b,  in  the  lower  surface  which  is  contained 
within  this  last-mentioned  part  of  the  circle  and  the  lines  ab, 
OB.  For  die  better  understanding  of  this,  we  have  repeated 
the  same  figure  in  the  second  diagram,  only  the  two  sur&ces 
are  in  this  repetition  placed  at  a  distance  from  each  other,  so 
that  the  salient  angle  of  the  upper  one  at  d,  and  the  re-entering 
angle  of  the  lower  one  at  b,  may  be  hoth  seen;  but  the 
lines  A n  and  ci>  in  the  <me  diagram,  and  the  lines  \ b  and  c b 
in  the  other,  are  all  equal,  and  those  toward  the  same  side 
stand  in  exactly  the  same  relation  to  each  other  in  these  two 
separate  spaces,  as  they  do  in  the  entire  circle.  From  this  it  is 
evident  that  any  salient  angle,  together  with  the  re-entering 
angle  which  it  becomes  when  viewed  on  the  other  side  of  the 
lines,  or  any  re-entenug  angle,  together  with  its  correspondent 
salient  angle,  makes  an  entire  circumference  of  a  circle,  or  an 
arithmetical  sum  of  360". 

If  either  of  the  lines  which  form  an  angle,  let  that  angle 
be  what  it  may,  is  produced  beyond  the  point  at  which  tliey 
meet,  the  portion  which  this  produced  line,  t<^[ether  with  the 
salient  angle,  makes,  must  always  be  equal  to  the  wpaae  at  a 
point  on  one  side  of  a  straight  line,  that  is,  to  180°,  or  answer- 
ing to  the  half  of  a  circle ;  and  as  the  original  salient  angle 
is  not  in  the  least  altered  by  the  producing  of  one  or  both 
of  the  lines,  it  necessarily  follows  that,  if  both  are  produced, 
the  pordons  of  angular  space  which  they  cut  off  froiv  the 
re-entering  angle,  must  in  all  cases  be  equal  to  each  other ; 
and  also  that  the  remainder  of  the  re-entering  angle,  after 
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botJi  are  cut  ctf,  must  be  exactly  equal  to  the  original  soUeot 
angje. 

Thus,  in  the  fbllowing  fignree  the  salient  angle  formed  by  the 


thick  lines  4C  and  nc,  where  they  meet  at  the  point  c,  is  any 
salient  angle  whatever,  and  it  is  measured  by  the  upper  arc  of 
the  circle  extending  from  the  point  a  to  the  point  b  ;  so  also 
the  angle  on  the  other  side  of  these  lines,  from  the  point  a 
downwards  by  b,  and  through  d  agmn  to  b,  is  the  measure  of 
the  re-entering  angle,  which,  together  with  the  salient  angle 
40B,  includes  the  whole  angular  space  in  any  plane  around  the 
p<dat  c,  and  of  course  includes  the  whole  of  all  poauble  angles 
which  can  be  formed  at  the  point  c  in  any  one  plane.  Now  if  we 
produce  the  line  Ac  till  it  meet  the  circle  in  d,  it  is  evident  that 
the  two  arcs,  Ann  and  a  b  s  on  the  opposite  side  of  it,  are 
exactly  equal  to  each  other,  and  that  each  of  them  is  a  semi- 
circle, or  180".  In  like  manner,  if  the  line  nc  is  produced  til! 
it  meets  the  circamference  in  e,  it  is  as  evident  that  the  two 
arcs,  E  A  B  and  e  d  n,  are  each  of  them  equal  to  a  semidrcle,  or 
180".  Therefore  the  angle  bcd,  which  is  cut  off  from  the 
re-entering  ai^le  by  the  producing  of  a  c,  is  exactly  equal  to 
the  ai^le  ac  b,  cut  off  from  the  re-entering  angle  by  producing 
the  line  b  c ;.  and  as  either  of  those  equal  angles,  together  with 
the  given  saUent  oi^le  ao  b,  and  also  together  with  the  remain- 
ing part  EOD  of  the  re-entering  angle,  after  the  two  angles  ace 
and  ^cn  are  cat  off,  is  =  a  semicircle,  or  180°,  it  follows 
that  the  angle  e  c  d  must  also  be  equal  to  the  given  salient 
angle  ac  b. 
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But  AC  and  b  o,  meeting  each  other  m  the  point  a,  and  pro- 
duced m  the  same  strught  Unes  to  d  and  e,  on  the  other  side  of 
the  point  c,  are  anj  two  straight  lines  whatever,  situated  in 
the  same  plane,  and  crossing  each  other  in  any  point  c.  Also, 
though  the  circle  is  the  measure  of  the  inclination  of  the  lines, 
it  does  not  afFect  the  magnitude  of  the  angles,  inasmuch  as 
the  circumference  of  the  circle  does  not  meet  either  of  the  lines 
at  the  point  c,  and  therefore  can  have  no  posdble  influeace  on 
the  angular  affection  which  the  lines  have  In  retfiect  to  each 
other  at  this  point.  This  angular  affection,  whatever  may  he 
its  amount,  and  in  the  present  case  we  are  putting  it  generally, 
or  supposing  the  angle  aob  to  be  any  salient  angle  whatever, 
must  depend  wholly  npon  the  inclination  of  the  lines  them- 
selves, and  in  no  respect  upon  the  circle.  Therefore  we  may 
dispense  with  the  circle,  and  view  the  lines  as  in  the  second  of 
the  above  figures,  which  gives  us  the  case  of  any  two  straight 
lines  whatever,  a  d  and  b  e,  crossing  each  other  at  any  inclina- 
tion or  angle  whatever,  in  the  point  o ;  and  we  have  from  it  the 
following  conclusions : — 

First,  if  two  straight  lines  cross  each  other  in  any  point,  the 
angles  which  are  vertically  opposite,  that  is,  the  angles  which 
have  their  sahent  points,  or  vertices,  turned  t^Fwords  each  other, 
must  always  be  exactly  equal;  as,  in  the  above  figares,  the 
angle  acb  must  be  ^  the  angle  sen,  and  the  angle  ace  ^ 
the  angle  sen,  whatever  may  be  the  magnitude  of  one  of  each 
of  these  pairs  taken  singly. 

Secondly,  that  the  two  angles  fbrmed  on  either  side  of  any 
straight  line,  by  any  other  straight  line  which  meets  it  or  crosses 
it  at  any  point,mustalwaysbe  together  equal  Iol80°.  The  two 
angles  wliich  are  thns  formed  on  one  dde  of  a  strught  line  by 
another  straight  line  meeting  it,  are  called  the  tuppkmentt  o 
each  other ;  and  as  their  sum  is  a  constant  quantity,  being 
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always  equal  to  180'',  it  followB  that,  by  how  much  soever 
either  of  them  is  greater  than  90°,  or  the  half  of  this  sum, 
the  other  must  be  exactly  as  mocli  less  than  the  half  of 
this  sum. 

Thirdly,  as  there  is  nothing  concerned  in  the  magnitudes  of 
the  aisles  in  this  case,  except  the  &ct  of  one  strwght  line  meet- 
ing another  at  any  point;  and  also,  as  the  two  angles  on  the 
same  side  of  the  line  which  is  met  by  the  other,  are  always 
equal  to  180°,  it  follows  conversely,  that,  if  we  can  show  that 
the  two  angles  which  two  strdght  lines  meeting  another  str^ht 
line  at  the  same  point  from  opposite  sides,  are  equal  lo  180°,  that 
is,  to  half  the  angular  space  round  a  point,  then  it  follows  that 
these  two  straight  lines  are  a  continnation  of  one  and  the  sarae 
straight  line. 

Fourthly,  as  lines  have  no  breadth,  it  fallows  that  the  sum 
of  all  the  migles  made  at  a  point  on  one  side  of  a  slr^ght  lino, 
what«ver  may  be  theb  number,  is,  together  with  those  made 
by  the  nearest  ones  and  the  straight  line  which  they  meet, 
equal  to  180°,  that  is,  to  half  the  angular  space  round  a  point ; 
and  also  that  all  the  angles  which  can  possibly  be  made  at  one 
point  in  the  same  plane,  are  together  equsi  to  360°,  or  the  entire 
angular  apace  round  that  point,  as  measured  by  the  circum- 
ference of  a  circle. 

The  vertically  opposite  angles  which  are  made  by  two  straight 
lines  intersecting  or  crossing  each  other  in  any  point,  are  sym- 
metrical ra^nitudes,  or  rather  symmetrical  relations,  that  is, 
equal  indications  of  the  lines,  but  lying  in  oppotdte  directions  to 
each  other ;  so  that  the  proof  of  their  equality  rests  upon  the 
doctrine  of  the  sufficient  reason,  which  is  perfectly  satisfactory 
proof  in  their  case,  as  the  lines  have  no  quality  but  length 
and  direction,  and  it  is  the  direction  only  which  determines 
the  magnitude  of  the  angle ;  so  that  the  inclination,  or  diSer- 
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ence  of  direction  In  the  lines,  u  not  merely  a  quantity  equal  to 
the  angle,  but  the  ai^^Ie  itael^  whether  the  lines  be  or  be  not 
coDtinned  till  they  meet,  so  as  that  the  angle  formed  by  their 
meeting  is  apparent  to  the  eye. 

This  is  a  very  important  consideration  in  elementary  geo- 
metiy,  and  one  that  requires  to  be  thoroughly  understood  by 
every  body  who  wishes  to  be  well  grounded  in  mathematical 
science ;  and  therefore  we  shall  view  it  in  another  light,  namely, 
that  in  which  the  pomtion  of  a  plane  is  supposed  t«  be  fixed ; 
that  is,  when  three  points,  not  in  the  same  straight  line,  are 
supposed  to  be  given  in  the  plane.  For  this  purpose,  let  a  b  be 
nny  straight  whatever,  passing  through  the  two  points  a  and  b, 
and  continned  iodefinitoly  both  ways  through  space,  and  let 
n  be  any  point  in  the  same  plane  with  the  line  a  b,  but  so 
utuated  in  that  plane,  as  that  the  line  a  b,  let  it  be  continued 
ever  so  &r  either  way,  cannot  possibly  pass  through  the 
point  0. 


Then,  it  is  evident  that  any  line,  ornumber  of  lines 'Whatever, 
might  be  drawn  to  the  point  o,  in  the  same  plane  with  the 
line  AB ;  and  that  of  these  lines  only  one  could  be  parallel  to 
the  line  ab,  or  lie  in  exactly  the  same  direction  with  it,  so  as 
not  to  meet  it,  though  produced  ever  so  &r  both  ways ;  and 
that  every  other  line  which  could  be  drawn  through  the  point 
c,  would  meet  and  cot  the  line  ab,  either  in  the  direction  of  a, 
or  in  the  direction  of  b,  if  both  the  line  ab  and  the  line  passing 
throng  o  wete  continued  &a  enough.    Mow  &r  tiiis  might 
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require  to  be  done,  would  depend  on  the  distanoe  of  the  point  c 
from  A  B,  and  on  the  inclination  of  the  lines  which  were  drawn 
through  0,  token  jointly.  We  are  not,  in  the  mean  time,  called 
upon  to  state  num^ically  the  oniount  of  the  angular  indination 
of  any  line  drawn  in  thia  manner,  in  terms  of  a  circular  arc. 
Bat  it  is  evident  that  if  we  suppose  /he  parallel  line  d  e,  in 
the  figure  on  next  page,  to  be  drawn  through  the  point  c,  then, 
as  that  line  is  not  in  any  wsy  difierent  in  direction  ^m  the 
line  ^B,  that  is,  has  no  inclination  to  it  or  from  it  either  way, 
any  other  line  drawn  through  the  point  o  so  as  to  meet  the  line 
AB,  and  cross  it,  (and  every  line  except  the  par^lel  n  s  would 
do  this,)  then,  as  the  two  parallel  lines  have  exactly  the  game 
direction,  thia  third  line  would  make,  with  both  of  them,  the 
vertically  opposite  angles  exactly  equal  to  each  other.  Also,  if 
a  line  were  drawn  from  the  point  c  in  the  one  of  the  paiallels, 
directly  toward  the  other  parallel,  that  is,  exactly  bisecting  the 
angular  space  at  o,  on  the  side  of  d  e,  nearest  to  ab,  and  meet- 
ing AB  in  some  point  f,  then  this  straight  line  would  also 
divide  into  two  equal  parts  the  angular  apace  round  F,  on  the 
side  of  A  B  nearest  to  en. 

Thus,  in  the  following  figure  ab  is  any  straight  line,  c  any 
point  in  the  same  plane  with  as,  but  apart  &om  it,  how  fin 
soever  it  maybe  continued,  and  dd  is  the  parallel  to  ab,  drawn 
throi^h  the  point  c.  Then,  if  we  suppose  c  p  drawn  from  the 
point  c  in  d  e,  so  as  to  make  the  angles  net,  kdA  bop  equal 
to  each  other,  the  angles  ^  f  c  and  b  f  o  must  also  be  equal  to 
each  other ;  and  each  of  the  four  must  also  be  exactly  one- 
fourth  of  the  angular  space  round  a  point,  or  meaBursble  by 
90°,  the  quarter  or  quadrant  of  the  circumference  of  a  circle. 
This  being  the  case,  it  is  ihrther  evident  that  the  two  angles  on 
each  fflde  of  the  line  which  meets  the  paraUels,  that  is,  tlw 
aisles  AFC  and  DC  F,  on  the  one  hand,  and  the  angles  bpo  and 
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EOF,  OD  tbe  other  hand,  an  together  exactly  equal ;  and  that 
the  Bum  of  the  two,  on  either  hand,  is  half  the  ai^ular  apace 
round  a  point,  or  180°. 


Ab  the  Tei7  definition  or  notion  which  we  have  of  panllel 
linee,  b  that  of  their  having  exactly  the  same  direction,  it 
necessarily  foUowB  that  there  cannot  be  drawn  throng^  the 
same  point  mote  than  one  line  parallel  to  the  same  line ;  that, 
for  instance,  there  cannot  be  drawn  throng^  the  point  e  any 
line  parallel  to  the  line  ab,  except  the  line  db,  for  if  we  were 
tfl  attempt  to  draw  another  parallel,  it  wonld  have  exactly  the 
same  direction  as  d  e,  and  coincide  with  it,  utd  be,  in  fact, 
identically  the  aame ;  for  though  lines  do  not  occupy  apace,  yet 
two  distinct  lines  can  no  more  be  supposed  to  exist  in  the  very 
same  ffltuation,  ttian  two  solids  can  occupy  at  the  same  time  the 
same  identical  portion  of  space. 

But  as  there  cannot  possibly  be  two  parallels  to  a  b  dravm 
through  the  point  o,  so  also  there  cannot  be  two  lines  drawn 
tirom  c  towards  ab,so  as  equally  to  divide  the  angular  ^aoeat 
0,  on  the  side  of  d  b,  which  is  toward  ab  ;  and  therefore,  as  one 
line  cannot  pass  through  two  points  which  are  not  both  in  its 
direction,  there  is  only  one  point  f,  in  the  line  ab,  in  which  a 
line  drawn  from  o  in  the  parallel,  and  dividing  the  angular 
space  at  o  into  two  equal  parts,  can  meet  the  line  ab.  This 
point  F  is  a  definite  point.  If  the  point  c  is  so ;  and  the  line  c  f, 
which  goes,  or  is  drawn,  ri^  or  ^reett^  from  c  to  f,  has  thus 
a  property  diflerent  from  any  other  line  which  could  be  drawn 
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fifom  the  point  c,  in  d  e,  to  any  other  point  than  f,  in  the  line 
AB.  It  makes  the  angles  apo  and  bfo,  which  are  colled  the 
adjacent  aisles,  as  the  one  Ilea  at  the  side  of  the  other,  exactly 
equal.  The  line  cf  is  called  a  perpendicular  to  the  line  ab; 
it  is  the  only  peipendiculat  which  can  be  drawn  joining  that 
line  and  the  point  o ;  the  aisles  on  the  opposite  side  of  it,  or 
the  adjacent  angles,  as  already  explained,  a  f  o  and  b  c  f,  are 
called  right  angles,  because  the  line  c  f  is  inclined  right,  or 
directly  toward  the  line  a  b,  and  not  more  to  the  one  side  than 
to  the  other  side. 

A  right  angle  thus  means  the  fourth  part  of  the  angular 
i^iace  round  a  point,  or  the  half  of  that  on  one  side  of  a  straight 
line  pawing  through  the  point ;  and  consequently,  the  circular 
measure  of  a  right  angle  is  always  the  fourth  part  of  a  circum- 
feience,  or  90°;  and  all  right  angles,  contddered  merely  as 
expreaung  angular  position,  and  without  any  reference  to  the 
particular  lengths  of  the  lines  which  form  them,  are  equal. 

The  two  angles  which  the  parallels  make  with  the  perpen- 
dicular on  each  side,  are  both  right  angles,  and  therefore  the 
-two  on  each  side  are  together  equal  to  two  right  angles,  or  the 
four  are  equal  together  to  four  right  angles,  that  is,  to  the 
whole  angular  space  roitnd  a  pcont,  or,  estimated  in  circular 
measure,  to  360",  or  an  entire  circumference,  if  we  are  to 
suppose  any  other  line  or  lines  beddes  the  perpendicular  c  f,  to 
be  drawn  from  the  point  c,  so  as  to  meet  the  parallel  ab,  each 
of  such  lines  would  be  inclined  either  to  the  r^ht  hand  or  to 
the  left.  Thus,  for  instance,  the  dotted  line  c  a,  which  meets 
AB  in  a,  is  inclined  to  your  left  of  the  perpendicular  o  f,  and  the 
dotted  line  c  h  is  inclined  to  your  right  of  the  same ;  and  if  we 
could  suppose  the  line  a  b  to  be  continued  &r  enough,  there 
might  be  an  indefinite  number  of  lines  drawn  from  o  to  meet 
it  in  all  imaginable  points,  both  to  the  right  and  Uft  of  the 
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point  F,  in  which  the  perpendicular  meets  it.  It  is  also  evident 
that  each  of  these  lines  would  be  inclined  more  to  the  one  hand 
than  to  the  other;  that  ifi,  that  of  the  two  angles  which  it 
formed  with  the  line  nB  at  the  point  c,the  one  wonld  be  greater 
than  a  right  angle,  and  the  other  leas :  and  that,  aa  the  sum  of 
these  two  angles,  bow  much  soever  they  may  differ  from  each 
other,  la  stjll  the  same  measure,  that  i»180C,  or  half  the  angular 
space  round  a  point^  the  one  of  them  would  be  juat  as  much 
greater  tlian  a  right  angle  as  the  other  waa  leea. 

Thus,  in  the  case  of  aa,  the  angles  nco  and  coa  are  still 
equal  to  two  r^ht  angles;  but  dco  ia  lesa  than  a  right  angle 
by  the  angle  o  o  p  centred  between  a  o  and  the  perpaidicular 
cf;  and  aoc  ia  greatw  than  a  right  angle  by  the  same  angle 
OOF,  formed  by  q c  and  the  perpendicular. 

Now  if  SCO  is  less  than  a  right  angle  by  the  aa^e  ecp,  and 
if  Aoc  is  greater  than  a  light  angle  by  the  same  angle  ocf, 
it  follows  that  the  an^e  s  c  f  is  half  the  difference  of  the  ai^es 
rvcoand  AQo;  for  (90<»+oop)-{90»-oor)=2«cF. 

In  like  manner,  if  we  examine  the  angles  made  on  the  other 
hand  by  the  dotted  line  on,  we  find  that  the  angle  ech  is  less 
than  a  right  angle  by  the  angle  hcp,  formed  by  the  line  ch 
and  the  perpendicular  c  f,  and  that  tUe  ai^le  c  h  b  is  greater 
than  a  right  angle  by  the  same  angle  h  o  f. 

Therefore  it  is  apparent  that,  as  the  interior  angle  at  the  one 
end  of  a  line  which  folia  upon  or  crosses  two  parallel  linea, 
becomes,  in  all  cases,  just  as  much  greater  than  a  right  angle  as 
the  interior  angle  on  the  other  aide  is  less,  the  sum  of  those  ttvo 
angles  must,  in  every  postnble  position  of  the  line  irttich  foils  upon 
or  crosses  the  parallels,  remain  equal  to  two  r^ht  aisles,  be- 
cause  it  needs  no  argument  to  prove  that,  if  the  one  of  two 
thii^  always  increases  at  exactly  the  same  rate  at  which  the 
otlier  diminishes,  then  the  sum  of  them  must  be  perfectly 
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invariable.  This  muat  be  true  of  the  sum  of  the  angles  on  the 
one  ride  of  the  line,  as  well  as  on  the  other  side ;  and  this  puts 
us  in  possession  of  all  tbe  iacts  nith  r^ard  to  eveiy  straight 
line  which  can  fall  upon  or  meet  two  parallel  straight  lines, 
and  which,  indeed,  might  be  inferred  without  any  reasoning, 
from  the  fact  of  the  paraliel  lines  being  in  exactly  the  suue 
direction,  that  is,  as  having  no  inclination  toward  each  other,  or 
the  least  tendency  to  meet,  if  produced  ever  so  far. 

These  facts  may  be  briefly  stated  thus : — if  a  straight  line 
fells  upon  two  parallel  straight  lines,  the  angles  which  it  makes 
with  them  toward  the  same  parts  are  exactly  equal  to  each 
other,  those  which  are  formed  with  the  same  line  of  tbe  pa- 
rallels being  reversed  or  symmetrical  on  the  opposite  ^des  of 
each  line,  and  equal  only  when  vertically  oppodle,  except  in 
the  single  case  in  which  the  line  falls  at  right  angles  on  the 
parallels,  and  then  all  the  eight  aisles  which  are  formed  at  the 
two  intersections  are  equal,  and  each  of  them  is  a  right  angle. 
In  nil  other  cases  there  are  four  equal  ones,  and  other  four  all 
equal  to  each  other  also,  but  each  differing  as  much  from  a 
right  angle  -)-  or  —  as  the  other  differa  from  a  right  angle  — 
or  +,  The  followii^  figure  will  show  how  this  part:  of  the 
subject  is  usually  stated;  and  which  of  the  angles  are  equal  to 
each  other  in  every  possible  position  of  the  line  which  ttiUs 
upon  the  parallels ; — ■ 


\' 
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DigilicibfGoO^lc 


E  F  fells,  crosung  ab,  in  the  point  s  and  cd,  in  the  point  h  ; 
and  it  follows,  from  what  has  been  aaii,  that  all  the  angles 
which  are  vertically  opposite  at  the  crossings  are  equal  to  each 
other,  namely,  aoe,  bob,  obc,  and  phd  are  all  equal  to  each 
otherjalao  bob,  A«B,aHD,andonF  are  all  equal  to  each  other; 
and  any  one  of  these  together  with  any  one  of  the  former  four 
makes  two  right  angles,  so  that  they  are  reepectively  the  sup- 
plements of  each  other. 

Angles  at  opposite  sides  and  ends  within  the  paralleb  are 
called  aUemate  angles  ;  and  in  our  example,  they  are  a  a  u  and 
nnn,  and  boh  and  ono.  These  alternate  angles  are  always 
equal  to  each  other. 

Of  the  angles  on  the  same  sides  of  the  parallels,  and  also  on 
the  same  side  of  the  line  falling  on  them,  the  one  is  called  the 
exterior,  as,  for  example,  age,  and  the  other  the  interior,  and 
opposite,  as,  for  instance,  cho.  The  exterior  angle  and  the 
interior  one  opposite  ore  also  equal  to  each  other  in  every  pos- 
sible case. 

We  need  hardly  add  that  the  four  exterior,  and  also  the  four 
interior  angles,  are  alwa^  together  eqnal  to  fbur  right  angles, 
and  that  the  Ino  interior  ones  on  the  one  aide  of  the  line  which 
meets  the  parallels  are  always  equal,  not  only  in  their  sum  but 
in  the  individual  angles,  only  tliat  the  equal  ones  are  turned 
opposite  ways,  or  placed  symmetrically  at  opposite  ends  of  the 
crossing  line,  just  in  the  same  manner  as  the  vertically  opposite 
and  equal  angles  made  by  one  line  crosang  another  are  placed  j 
only  in  the  case  of  the  parallels  the  points  of  the  equal  interior 
angles  are  placed  opposite  to  each  other,  being  vertically  oppo- 
»te  to  the  equal  exterior  ones. 

If  there  ore  thrre  or  more  paralleb  in  the  same  plane  it  is 
easy  to  see  that  if  two  of  them  are  each  parallel  to  a  third  one 
they  must  be  parallel  to  each  other ;  and  that  whatever  can  be 
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said  of  an  intersection  of  a  straight  line  witli  any  one  of  them 
can  be  equally  said  of  the  same  straight  line  with  regard  to  the 
intersection  of  all  the  rest. 

In  the  case  of  parallel  lines,  and  lines  fallii^  on  them,  what- 
ever holds  true  directly  must  also  bold  tme  conversely ;  so 
that  if  a  line  fallii^  upon  or  crossing  other  two  lines  makes  the 
altentate  angles  equal,  the  exterior  angle  equal  to  the  interior 
and  opposite  on  the  same  side,  or  tlie  interior  angles  on  the 
same  side  together  equal  to  two  right  angles,  we  may  always 
conclude  that  the  two  straight  lines,  which  answer  any  of  these 
conditions  with  the  third  line,  are  parallel. 

Let  US  now  consider  the  case  of  two  lines  in  the  same  plane 
which  are  not  paraUet  te  each  other ;  and  here,  upon  looking 
back  te  the  diagram  on  page  246,  and  imagining  all  pos^ble 
lines  te  be  drawn  through  the  point  c  at  every  pos^ble  slope  or 
inclination  from  the  perpendicular  of  to  the  parallel  gd  the 
one  way,  and  c  e  the  other,  we  include  every  possible  case ;  for 
the  perpendicular  c  p  is  equally  inclined  to  the  parallels,  or 
makes  exactly  right  angles  with  them  both  ways;  and  we  have 
already  shown  that  any  line  except  the  perpendicular  must 
make  as  much  more  than  a  right  angle  the  one  way  as  it  makes 
less  than  a  right  angle  the  other  way. 

Thus  the  perpendicular  is  one  limit ;  and  though  we  do  not 
require  the  establishment  of  that  &ct,  in  the  mean  time  it  is 
evident  that  the  perpendicular  is  the  shortest  line  which  can 
possibly  be  drawn  from  the  one  of  two  parallels  to  meet  the 
other,  produced  if  necessary,  and  that  all  perpendiculars  which 
can  possibly  be  drawn  &om  one  of  the  same  parallel  lines  to  the 
other  must  be  exactly  equal.  In  the  mean  time,  however,  we 
have  to  deal  with  the  angles  only,  and  not  with  the  lengths  of 
the  lines ;  and,  as  the  ^ace  round  a  point  on  one  side  of  a  line 
is  always  two  right  angles,  which  is  the  same  quantity  whether 
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we  divide  it  into  two  equal  psrls  or  two  unequal  one^  it  is 
plain  that  the  perpendicular  divides  it  equally,  that  is,  into  00" 
on  the  one  dde,  and  90"  on  the  other. 

The  90°  in  the  case  of  the  perpendicular,  may  be  considered 
as  wholly  an  inclination  of  that  line  toward  the  line  which  it 
meets;  but  in  every  other  case  the  same  90°  may  be  consideted 
as  divided  into  an  inclination  toward  the  line,  tliat  is,  toward 
the  perpendicular  and  an  inclination  from  it,  till  we  come  to 
the  parallel,  in  which  the  whole  90"  ia  an  inclination  from  the 
perpendicular.  From  this  we  we,y  get  another  definition  of 
parallel  lines,  which  would  answer  our  purpose  nearly  as  well 
SB  that  which  we  have  chosen,  namely,  that  they  are  lines 
in  the  some  plane,  to  one  of  which,  if  a  third  line  also  in 
the  same  plane  is  perpendicular,  it  must  be  peipendiculaf  to 
the  other. 

Let  us  now  consider  lines  in  the  same  plane  which  are  not 
parallel,  but  which  have  some  inclination  to  each  other,  so  that 
they  would  meet  if  produced  far  enough ;  aud  it  is  not  oeces- 
sary  to  our  present  purpose  that  they  should  actually  meet,  hut 
only  that  they  should  have  an  inclination.  From  what  has 
been  already  said,  it  will  he  apparent,  that  how  much  soever 
they  ore  inclined  toward  each  other  in  the  one  direction,  they 
must  be  inclined  exactly  as  much  from  each  other  in  the 
opposite  direction.     Let  ab  and  cd  be  two  such  hnea. 
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inclined  toward  each  other  in  the  direction  of  b  and  d,  and 
from  each  other  in  the  direction  of  a  and  c,  let  any  line,  as  kf, 
fall  npon  them  in  the  points  o  and  n,  and  let  us  consider  how 
their  relations  to  this  line  will  differ  from  the  relations  of  two 
parallels.  It  is  evident  that  in  this  case,  aa  well  as  in  every 
other  case  in  which  two  lines  in  the  same  plane  intersect  or 
cross  each  other,  the  vertically  opposite  angles  must  be  equal 
to  each  other  at  each  crosdng,  and  also  that  at  each  crossing 
the  two  adjacent  angles  on  the  same  dde  of  the  line  e  f  mnst 
be  equal  to  two  right  angles,  whether  we  take  them  at  the 
point  o  or  at  the  point  n,  and  whether  we  take  them  in  the 
direction  toward  d  and  b,  or  in  that  toward  a  and  o.  Bat  when 
we  take  the  two  interior  angles  on  the  opposite  ddea  of  e  f, 
that  is  to  say,  the  angles  o  h  n  and  hob  on  the  aide  toward  b  and 
n,  and  the  angles  aoh,  aac  on  the  side  toward  a  and  c,  we 
perceive  that  in  no  case,  unless  where  a  b  is  parallel  to  cd,  can 
these  two  interior  angles  on  each  side  be  tether  equal  to  two 
right  angles,  nor  can  the  two  on  the  one  side  be  together  equal 
to  the  two  on  the  other,  though  the  sum  of  all  the  tour  must 
still  be  equal  to  four  right  angles.  Therefore,  the  two  interior 
angles  on  the  one  side  must  be  greater  than  two  right  angles, 
or  180°,  and  the  two  angles  on  the  other  ude  must  be  just  as 
much  less  than  180°  as  the  other  two  are  greater.  Now,  as 
the  Bum  of  each  of  those  pairs  of  angles  would  have  been 
exactly  equal  to  two  right  angles  if  ab  had  been  parallel  to 
cd;  it  follows  that  the  difference  between  the  sums  of  the  setwo 
angles  respectively  and  two  right  angles  is  the  measure  of  the 
inclination  of  the  lines  ab  and  en,  that  is,  it  is  the  measure  of 
the  angle  which  they  would  form  if  produced  till  they  met. 

But  we  have  data  for  finding  this  angle,  without  any  regard 
whatever  to  the  distance  to  which  the  lines  wonld  require  to  be 
produced  in  order  to  meet ;  for  the  angles  on  one  side  of  e  f, 


bf  Google 


254  ^  SDH   OF   THE    ANGLES 

interior  of  a  b  and  c  d,  are  together  exactly  the  meamie  of  thia 
angle  more  than  two  right  angles,  or  130°,  and  the  sum  of  those 
on  the  other  side  is  exactly  the  same  measure  less  than  two 
right  angles,  oi  180°. 

The  amaUer  interior  angles  evidently  lie  on  the  side  toward 
B  and  n,  and  the  lai^r  angles  on  that  toward  a  and  c,  because 
A  B  and  c  D  are  inclined  to  each  other  in  the  first  of  these  direc- 
tions and  from  each  other  in  the  second.  Therefore,  if  we  take 
away  the  two  interior  angles,  bqh  and  ohd,  from  two  right 
angles,  (hat  is,  from  180°,  or  half  the  angular  measure  round  a 
point,  the  remainder  is  the  angle  formed  by  the  two  lines  at  the 
point  where  they  would  meet.  But  the  aisles  oho  -f  nnp 
are  exactly  two  right  angles;  and  oho-j-bqh  are  less  than  two 
right  angles.  Take  away  the  angle  a  ho,  which  is  the  same  in 
both,  and  it  follows,  catling  the  angle  in  which  the  lines  would 
meet  x,  that  dhp,  the  exterior  angle,  —  bqh  the  interior  and 
opposite  angle,  must  be  ^  x,  and  that  the  exterior  angle  must 
be  =  BOH  +  X. 

Also,  calling  boh  simply  o,  obd  ^mply  h,  and  bearing  in 
mind  that  x  is  the  angle  at  which  the  lines  qb  and  hd  meet, 
and  that  o  d?  h  would  be  a  triangle,  we  have  the  sum  of  the 
angles  of  any  triangle,  without  any  reference  to  the  lengths  of  the 
sides,  namely,  the  sum  of  those  angles,  that  is,  the  sum  of  the 
angles  of  any  plane  triangle  whatever,  is  a  constant  quanlity  equal 
to  two  right  angles, or  180°,  and  that axa  would  be  a  triangle. 

Therefore,  if  we  know  two  angles  of  a  triangle,  we  can  at 
once  find  the  third  by  substracting  the  sum  of  the  known  ones 
from  180",  and  if  We  know  one  angle  we  can  find  the  sum  of 
the  other  two  by  substracting  the  known  one  from  180°. 

In  the  course  of  the  remarks  by  which  we  have  been  led  to 
tiiis  conclusion,  that  the  three  angles  of  a  triangle  are  eqnal  to 
two  right  angles,  or  to  180°,  or  half  a  circumference  in  circular 
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e,  and  which  is  a  truth  of  so  much  importance  that  it 
leads  to  the  determination  of  the  shapes  of  all  straight^lined 
plane  figures  with  very  little  investigation,  we  have  necessarily 
supposed  some  things  to  be  done,  of  the  way  of  doing  which  we 
ore  still  ignorant ;  but  they  all  belong  to  that  class  of  opera- 
tions which  are  geometrically  possible;  and  we  must  first 
assume  the  possibility  before  we  perform  the  operation. 

This  truth  admits  of  so  many  ^plications,  and  deserves  to 
be  BO  well  understood,  that  we  shall  show  how  it  may  be  more 
simply,  or  at  all  events  more  briefly  arrived  at,  by  a  method 
different  from  what  we  have  stated,  though  founded  upon 
exactly  the  same  principles.  We  shall  first  give  a  short  ac- 
count of  the  means  employed,  and  then  of  the  proo^  as  appa- 
rent on  the  application  of  those  means.  Motion,  of  two  kinds, 
first  circular  or  angular  motion,  exactly  the  same  as  that  by 
wliich  every  circle  must  be  described ;  and  secondly,  rectilineal 
or  straightforward  motion,  such  as  must  be  used  whenever  a 
straight  line  is  drawn :  consequently,  both  are  in  the  legitimate 
province  <^  geometry,  and  in  &ct  included  to  the  fall  extent 
in  the  postulates  to  Euclid's  Elements.  For  illnstration,  let  us 
introduce  the  followii^  diagrams,  the  left  hand  one  for  the  cir- 
cular motion,  and  the  right  hand  one  for  the  rectilineal. 


In  the  left  hand  figure,  or  the  circle,  we  shall  suppose  the 
point  0  to  be  any  point  in  a  plane,  and  the  thick  line  ao  toward 
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the  left  to  be  any  radiiiB  given  for  the  purpose  of  deBcribing  a 
circle  round  the  point  a.  From  what  we  fonnerly  said  (and 
indeed  it  hardly  requires  any  pointing  out)  the  only  way  in 
which  the  circle  can  possibly  he  described  is  by  tnmi:^  the 
radius  round  upon  the  point  c,  and  the  radius  will  mark  with 
its  emtremity  the  circumference,  sweep  over  the  whole  surfece 
within  the  cirmunference,  and  in  the  course  of  the  revolution 
point  in  every  possibly  angular  direction  irom  the  centre  and 
on  die  plane. 

When  it  has  swept  over  the  first  quadrant  and  first  right 
angle,  so  as  to  have  the  position  o  a  1,  it  is  perpendicular  to  Us 
first  portion,  or  stands  i^i  it  at  an  angle  of  90°;  and  it  has  come 
graduaUy  to  this  angle,  from  0,  or  no  inclination,  at  its  first  posi- 
tion AC.  Letusnext  suppose  it  carried  round  another  quadrant, 
or  to  the  position  ca2,  and  it  wiU  evidently  have  described  an- 
other 90°,  or  180°  in  aU  from  the  beginning.  Its  poation  is  now 
reversed  aa  to  what  it  was  at  starting,  the  end  which  was  seen 
to  the  left  hand  beii^  now  to  the  right,  and  it  is  now  in  a 
straight  line  with  the  first  poMtion.  In  paaang  tha  two  remain- 
ing quadrants  there  is  merely  a  reversal  of  what  has  been  already 
passed  over;  and  we  have  as  clear  a  demonstration  as  can  be 
obtained,  that  when  it  has  arrived  at  exactly  the  first  position 
AC,  it  will  have  passed  over  four  right  angles,  or  the  enUre 
circumference  or  space  round  a  point. 

In  the  case  of  a  single  circle,  that  is,  a  circle  described  fivm 
one  centre,  this  would  never  be  disputed ;  but  we  wish  to  prove 
that  a  radius  can  be  proved  to  have  passed  over  angular  space 
exactly  equal  to  a  circumference  when  it  is  turned  round  upon 
several  points ;  and  this  requires  a  little  more  showing. 

On  examining  the  second  of  the  above  figures  it  will  not  be 
doubted  that  if  there  is  a  longer  line  bo,  and  a  shorter  one  m  n, 
that  the  shorter  one  can  be  applied  to  the  longer  in  the  portion 


bf  Google 


2fi7 

toward  the  ezti«mity  b,  and  marked  off  by  tbe  dots  at  m  and 
n  nnmbeted  1.  This  is  in  feet  the  first  step  in  all  measuring; 
and  we  may,  if  we  please,  call  so  a  board,  and  m  n  a  car- 
penter's rule  to  measnre  it  with.  Now,  the  measiuing  would 
be  of  no  use  if  the  carpenter  could  not  carry  his  rule  stra^ht 
forward  along  the  board,  and  also  stop  with  it  whenever  he 
chose  ;  for  instance,  at  the  position  marked  mn  toward  the  end  o 
of  the  line,  and  numbered  2.  It  is  plain,  that  as  long  as  the 
line  mn  is  carried  straight  forward  along  the  line  bo  there 
cannot  be  the  smallest^hai^  in  its  angular  direction ;  and  that, 
no  &r  as  the  carrying  la  concerned,  there  would  be  no  more 
change  in  the  angular  direction  whatcTer  number  of  times  it 
were  carried  along.  By  putting  those  operations  together  we 
are  enabled  very  clearly  to  prove  the  truth  of  the  following 

Tlieorem.'-'All  the  exterior  angles  of  any  rectilineal  figure 
having  aU  its  angles  salient  angles,  are  together  equal  to  four 
right  angles.    Let  us  take  a  particular  case  and  show  this. 

We  shall  first  take  the  case  of  a  triangle  as  the  amplest 
figone. 


Let  ABC  be  any  trian^e  of  which  the  interior  angles  are 
MtipectiTely  at  a,  at  b,  and  at  c ;  and  let  this  triangle,  which  u 
marked  in  thicker  lines  than  the  rest,  be  H^aided  as  the  datum 
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or  thing  given.  Produce  the  sides  in  the  same  strEught  lines  in 
the  directions  m  1,  "'S,  and  mS;  and  the  ang)«s  1,  2,  and  3  are 
the  exterior  angles,  each  making  together  with  its  adjacent  inte* 
rior  angle  two  right  angles,  or  180°.  It  is  evident  that  it  is  of 
no  consequence  at  which  extremities  the  sides  of  the  triangle  are 
Iffoduced,  so  that  eadi  of  them  is  produced  at  one  extremity; 
for  the  ai^le  formed  by  b  a,  produced  to  o,  is  verticdly  oppo- 
site to  the  angle  1,  and  consequently  must  be  equal  to  it,  and 
it  would  be  the  same  at  the  other  aisles.  Let  there  now 
be  taken  the  straight  line  m  n,  and  let  it  bo  applied  to  the  pn>~ 
duced  part  ca,  that  is,  let  it  have  the  position  m  n.  Turn  it 
round  on  the  angle  a  as  a  centre,  and  it  will  describe  the  arc  a 
and  the  angular  qiace  1,  and  coincide  with  the  part  of  ab 
extending  from  n  to  m.  Move  it  stnught  forward  along  ab 
and  its  continuation,  till  it  has  arrived  at  the  portion  n  2  m  2. 
Turn  it  round  on  the  angle  b  as  a  centre  till  it  coincides  with 
the  port  of  CB  marked  n2  mS,  and  it  will  describe  the  arc  band 
the  angular  space  2.  Move  it  straight  forward  along  bo  and 
its  continuation,  till  it  has  the  position  n  3  m  3.  Turn  it  round 
on  the  angle  c  till  it  coincide  with  thepart  n3n>4  of  Ac,and  it 
will  have  described  the  arc  c  and  the  angular  space  3.  Move 
it  along  Ao  and  its  continuation  till  m  4  arrives  at  the  point  m, 
and  » 3  at  the  point  n,  and  it  will  have  exactly  its  original 
poation,  or  have  been  turned  over  angular  spaces  amounting 
altogether  to  four  right  angles,  and  will  have  described  arcs  of 
ciroles  amounting  altogether  to  an  entire  circumference.  But 
it  has  been  moved  round  the  exterior  angles  of  the  triangle 
only,  and  therefore  all  the  exterior  angles  of  any  tiioi^le  are 
tc^ether  equal  to  four  right  angles.  The  exterior  and  interior 
altogether  amount  t«  six  right  angles ;  take  away  four  for  the 
exterior;  and  the  sum  of  the  three  interior  angles  is  equal  ta 
two  right  an^es,  aa  before. 
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The  measure  of  the  three  interior  angleB  might  be  shown 
dii«ctly  to  be  equal  to  two  right  angles,  by  applying  the  line 
to  one  of  the  sideB,  tnnung  it  round  on  one  angle,  moving  along 
againand  tnnung  on  the  next,  moving  along  ^ain  and  turning 
on  the  third  angle,  after  which  the  line  would  be  found  upon 
&o  oppomte  end  of  the  side  to  which  it  was  first  a{^>lied,  with 
ita  extremities  reversed,  which  is  the  position  c£  a  radius  after 
having  described  a  semicircle. 

The  general  fact  of  eveiy  posaible  straight-lined  figure  which 
has  all  its  angles  salient,  having  the  sum  of  the  supplements  of 
those  angles  always  equal  to  four  right  angles,  might  bo  proved 
by  the  very  some  moans  which  we  have  used  in  the  case  of 
the  triangle ;  &r,  if  a.  radius  line  is  carried  along  all  the  udes 
and  tamed  round  on  all  the  exterior  angles  the  tame  way,  it 
must  in  every  case  come  to  its  first  position  when  it  has  been 
carried  round  the  whole  figure. 

This  may  be  seen  by  mere  inspection  of  the  first  of  the  fol- 
lowing figures,  or  by  any  other  iigure  which  could  be  drawn,  if 
bounded  by  straight  Unes,  and  having  only  salient  angles. 


Then  it  follows  that,  as  the  exterior  angles  are  always  equal 
to  four  right  angles,  all  the  interior  angles  of  every  rectilineal 
-figure  are  equal  to  twice  as  many  right  angles  wanting  four,  as 
the  figure  has  sides. 

It  is  only  the  sum  of  the  angles  that  ia  known,  except  when 
they  are  all  equal,  and  then  each  angle  is  the  sum  divided 
by  -die  number. 
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Uang  the  exprcemon  rt.  ^k*,iot  *' right  angles,"  we  shall 
atate  the  ai^ea  of  a  few  of  th«  regular  or  equal-aided  plana 
figuMB,  with  the  nomea  :-^ 

^         NAME.  WHOLB    ANOtiEB.  ANGLE. 

STnangh  6rt.z:ieB— 4rt.Zlea=  MC— 380"=  180°  Otf* 
455UOM  8rt.Zles— 4rt.Zlea=  720°— 360°=  360  90^ 
SPentagon  lOrt./leH— 4rt.Zle8=  900°— 360°=   640  108" 


6  Hexagon   12rt,Zles— 4rt.ZleB : 
1  Heptagon  14rt.ZlM-4rt.Zles  = 
8  Octagon     18rt.ZlcB— 4rt.Zli!S  = 
^Enneagon  ISrt.Zles- 4rt.Zlea= 
lODecagon   aOrt.Zles— 4rt.Zlea  = 


1080°— 360'=  720°120° 
360°=  900°128f° 
360^=1080*138° 

620°- aeo'siaeo'  i4o^ 

1800°— 360° =1440°  144° 


Comparing  the  nnmbers  in  this  last  colnnm,  we  find  the  fol- 
lowing series  of  differeocea,  taken  in  the  order  of  the  table : — 
30°,  18°,  12',  8^",  6^*,  6',  4";  and  we  may  have  oocadon  to 
revert  to  the»e  difierences  afterwards. 

It  may  not,  however,  be  amisa  to  glance  bock  at  the  fignree 
B  and  c  in  the  cut  on  the  preceding  page,  because,  from  the 
simple  inspection  of  them  we  may  see  how  the  snin  of  all  the 
angles  of  any  plane  rectilineal  figure  can  be  found  by  means  of 
the  triangle,  and  also  that  any  strught-lined  figure  whatever 
may  be  reduced  to  trian^es,  and  expressed  by  them.  There 
are  two  ways  of  doing  this,  one  of  which  may  be  illustrated  by 
each  figure. 

Take,  as  in  figure  b,  any  point  within  the  figure,  and  draw 
straight  lines  from  this  point  to  all  the  angles  and  the  figure  is 
divided  into  as  many  triangles  as  there  are  aides ;  each  triangle 
has  one  angle  at  tiie  centre,  and  all  the  angles  thus  are  equal  to 
four  right  angles,  for,  whatever  may  be  their  number,  they  an 
all  the  angles  round  a  point,  and  they  are  no  more.    But  the 
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ram,  of  the  angles  of  the  triangles,  esdumve  of  those  raund  this 
point,  IB  «qiial  to  the  Bum  of  all  the  angles  of  the  fignie;  theie- 
fiwe  the  mm  c^  the  angles  of  this  figure  is  equal  to  twice  as 
many  right  angles,  vantii^  four,  as  the  Sgnte  has  aides. 

Again,  as  in  figure  c,  dnw  as  many  Unes,  from  an;  one  angle 
to  the  other  an^es,  as  will  divide  the  figure  into  triai^lee,  and 
ae  in  thia  case  two  sides  of  the  figure  are  required  for  eadi  of 
two  of  the  triai^les,  there  are  two  triangles  fewer  than  the 
figure  has  sides;  bat  the  angles  of  dl  the  triangles  are  equal 
to  all  the  angle*  of  the  fignre ;  therefore,  ^ain,  all  the  angles 
of  the  flgoie  are  eqnal  to  twice  as  manj  right  angles  wanting 
fiwr  as  the  figure  has  sides. 

We  are  now  in  possession  of  ail  tbe  mote  important  ele- 
meataiy  eases  in  which  sngles  can  be  shown  to  be  equal  from 
the  con^deration  of  the  direction  of  lines  only,  and  without  any 
leferenoe  to  the  lengths  of  llnea  or  the  measares  of  sui&cea ; 
and  aa  these  truths,  after  the  way  ofoiTiniag  »t  them  i»  fcnoton, 
are  worth  remembering,  we  shall  repeat  them  in  brtef,  it  bdng 
understood  that,  in  them,  all  the  lines  are  in  the  same  plane  :— 

1.  When  lines  cross  each  other,  the  Terticalljo|^waitean^es 
are  equal. 

2.  When  one  line  meets  another  on  one  side,  the  two  angles, 
if  equal  to  each  other,  are  both  right  angles ;  and  tiiey  are 
together  eqnal  to  two  right  angles  whether  they  are  eqnal  to 
each  other  or  not.  When  they  are  unequal  eadi  is  as  much 
greater  than  a  right  angle  as  the  other  is  less,  and  they  are  the 
SDpplements  of  each  other. 

3.  Lines  which  meet  pother  straight  line  on  oppoate  sidea 
at  the  same  point,  and  which  make  the  two  adjacent  angles 
equal  to  two  right  angles,  lie  in  the  same  direction,  or  are  in 
the  same  straight  line. 

'  4.  Lines  which  cross  or  fall  upon  parallel  lines,  maks  the 
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«xt«rior  angle  equal  to  the  interior  and  opposite,  the  alternate 
angles  equal,  and  the  two  interior  anglw  on  tiie  same  side  <J 
the  line  which  fsUs  on  the  panJlels,  equal  to  two  i^bt  angles. 
B.  If  eai^  of  any  number  of  lines  in  the  same  plane  can  be 
lAiown  to  be  parallel  to  the  same  line,  they  are  all  lespeetively 
parallel  to  each  other,  and  any  line  crosung  them  makes  equal 
angles  with  them. 

6.  If,  when  a  straight  line  falls  npon  oi  cronea  two  otiier 
straight  ^lines,  in  the  same  plane,  it  makes  the  two  interior 
angles  on  the  one  side  less  than  two  right  angles,  it  must  rnabs 
the  two  on  the  other  aide  just  as  much  greater  than  two  right 
angles,  and  the  two  lines  on  which  the  third  line  fells  must 
meet  on  that  side  of  the  third  line  upon  which  the  two  interior 
angles  are  together  less  than  two  right  angles,  that  is  to  say, 
if  the  two  lines  are  produced  far  enough. 

The  Bi^le  which  two  each  lines  would  make  with  each  other, 
if  produced  till  they  met,  is  the  measure  of  their  inclinatioa 
to  each  other  in  that  direction  in  which  they  would  meet,  an^ 
fivm  each  other  in  the  opposite  direction ;  and  as  the  incli- 
nation of  the  lines  is  the  same,  whether  they  are  produced 
till  they  meet  or  not,  the  angle  which  expresses  this  inclina- 
tion b  always  a  known  quantity ;  that  is,  a  quantity  which 
we  hare  sufficient  data  for  finding:  namely,  the  difierenoe 
between  the  sum  of  the  two  interior  angles  and  two  right 
angles,  or  180°. 

7.  The  exterior  and  the  interior  and  adjacent  aisles  are 
always,  together,  equal  to  two  right  u^les,  and  the  three  angles 
ofa  triangle,  taken  altogether,  are  also  always  equal  to  two  right 
angles ;  therefore,  the  exterior  an^e  of  a  triangle,  made  by 
producing  one  of  the  ndes,  is  always  equal  to  the  sum  of  the 
two  interior  and  opposite  angles  of  the  triangle ;  consequently 
if  this  exterior  angle  and  one  of  the  interior  and  opposite  ooea 
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An  kDovn  in  cinmlar  measnre,  the  other  can  be  fbund  at  once 
by  substtaeting  the  known  one  from  the  ^terior  angle. 

8.  All  the  exterior  angles  of  any  straight-lined  figure,  having 
all  its  angles  salient  or  pointing  outwards,  are  t<^ether  equal  to 
ibnr  right  angles,  and  oil  the  interior  angles  are  equal  to  twice 
U  many  ri^t  ai^es  wanting  four,  as  the  figure  has  sides. 
Henoe  the  four  angles  of  every  four^sided  figuie,  whatever 
are  the  lengths  of  its  sides,  will  always  exactly  coincide  with 
or  coTer  the  space  round  a  point,  if  all  their  vertices  are 
brought  into  contact  at  that  point. 

All  the  principles  slated  in  this  section  are  eomplete  and 
simple ;  that  is,  they  depend  vpon  only  one  condition ;  therefore 
the  trutii  of  the  converse  or  opposite  of  each  of  them  follows 
as  a  matter  of  course.  This  ia  a  very  important  general  maxim, 
though  it  is  one  which,  probably  on  account  ot  its  great  sira- 
plidty,  is  rarely  slated  ;  but  when  it  is  admitted  as  general,  it 
saves  a  great  deal  of  unnecessary  labour,  and  gets  rid  of  a  good 
deal  of  that  perplexity  which  beginners  feel  in  studying  the 
elements  of  geometiy.  Before  we  apply  it,  however,  we  must 
be  sure  that  we  are  in  possession  of  all  the  conditions,  each  as 
ungle  and  simple ;  because  if  any  one  of  them  is  compound, 
and  we  do  not  know  its  compontion,  Ihe  general  maxim  will 
not  f^Iy.  A  very  ample  case  wiU  show  this : — that  the  sum 
of  2  and  1  is  3,  is  on  absolute  truth ;  but  the  converse — namely, 
3  Is  the  sum  of  2  and  1,  is  not  generally  or  abeolutely  tfoe ; 
for  9  is  the  sum  of  1, 1,  and  1,  and  also  of  on  indefinite  variety 
of  other  numbers. 

That  lines  which  are  parallel,  or  have  no  inclination  to  or 
from  each  other,  never  can  meet  or  cross  taie  another  in  any 
point,  is  also  a  simple  and  general  truth ;  and  though  the  con- 
verse is  not  so  palpable  to  our  common  undetetanding,  yet  it 
is  equally  true  thot  every  two  lines  which  are  not  parallel  must 
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meet  and  ctota  each  other  if  produced  &r  eiwugh,— it  being 
underatood  that  the  linea  whicb  are  not  ponllel  aax  in  the 
game  plane,  or  that  neither  of  them  is  affected  by  a  line  ctobb- 
ing  it  at  tight  aisles,  and  thus  as  it  were  tying  it  down  to  a  dif- 
ferent plane  tirom  that  of  the  other  line.  It  is  this  posaibili^ 
of  the  two  lines  which  are  not  parallel  to  each  other  being 
situated  in  parallel  planes,  and  thus  in  this  particular  case  not 
meeting,  which  renders  the  converse  "  lines  which  are  not 
parallel  must  meet  each  other"  not  absolutely  true.  When, 
however,  the  single  condition  of  being  in  the  same  plane  is 
added,  the  truth  becomes  as  absolute  as  in  the  other  caee ; 
and  this  is  the  cnily  oonnderation  of  the  position  of  lines  which 
Docurs  in  plane  geometry.  Parallel  lines  may  always  be  aat- 
sidered  as  in  the  same  [dane,  because  it  is  easy  to  imagine  a 
plane  to  be  made  to  pass  Uirough  any  two  parallels  whatever. 


SECTION  Xllt. 
nooTsiNB  or  raoPOBTioir. 


Trb  doctrine  of  proporti«»,  taken  in  its  most  t 
sense,  is  one  of  the  most  important,  not  only  in  the  mathe- 
matical sdences,  but  in  every  science  and  every  department  of 
human  knowledge.  It  is  the  general  doctrine  of  the  relaUona 
or  raHo*  of  all  quantities  and  all  subjects,  whether  existences, 
qualities,  actions,  or  thoughts,  whereof  the  comparison  can  be  a 
source  of  knowledge.  In  the  general  sense  of  the  term,  it  is 
dosely  allied  to,  and  indeed  nearly  identical  with,  that  prin- 
ciple which  deddes  for  us  in  all  our  judgments,  artd  n^nlates 
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OB  in  all  OUT  actiona,— namelj,  that  "  in  drcoiBBtaacea  wbicb 
are  -exsctlj  alike,  like  lesults  ma;  be  predicted"  with  all  the 
certainty  which  we  can  poeaees  in  aay  jirediction. 

Wlien,  hovrcTer,  we  take  only  the  mathematicBl  view  of  thu 
doctrine  of  proportion,  it  of  couiw  est«odH  no  further  than 
mathematical  subjects  extend;  but  itill  when  we  thoroughly 
nnderatand  it  in  thia  almple  and  elementary  point  of  riew,  w« 
are  masters  of  it  as  a  general  instrunient  cef  knowledge,  inaBmuch 
as  the  method  of  its  application  is  the  tame  in  the  most  compli- 
cated oases  as  m  those  which  are  of  the  most  simple  and  ele- 
mentary  nature. 

The  doctrine  of  proportion  may  be  conndered  as  in  principle 
wholly  a  matter  of  arithmetic,  though  there  are  many  coses  in 
which  even  a  relation  that  we  understand  perfectly  in  its  na- 
ture, cannot  be  at  aU  ezpresBed  in  numbers ;  and  there  an 
others  which  cannot  be  expressed  accniately  in  nnmbeis, 
though  we  may  qiproximate  their  tmtb  to  any  degree  that 
may  be  required  in  any  one  practical  case.  Thus,  for  in- 
dtanoe,  there  is  a  relation  between  the  state  of  the  season 
—■the  Spring  for  instance,  aai  the  degree  of  development 
In  the  v^etable  tribes ;  but  there  are  no  means  by  which  we 
oan  state  in  two  numbers  the  cause  as  operating  in  the  sea- 
son, and  the  efiect  as  produced  In  the  growing  world.  In 
like  manner,  the  number  W,  and  the  nombei  3,  are  both 
expressible,  and  in  &ct  expressed  in  tenns  of  tlie  number  1 ; 
but  if  we  were  to  attempt  to  get  rid  of  thia  medium  of  ex- 
pression, and  ti7  to  express  9  in  terms  10,  there  are  no  means 
1^  wUch  this  simple  expression  can  be  accomplished  with  per- 
fect accuracy.  The  decimal  '3  b  the  first  step  of  the  exjwes- 
sion,  hut  the  relation  cannot  be  accurately  expressed  unless  thb 
*3  is  repeated  without  end. 

These  are  dmple  instances,  but  they  show  ns  upon  what 
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{>riiidplG  wfl  mnBt  deal  with  more  comjdicated  ones,  m>  as  ut 
get  a  lelation  between  each  and  some  tliird  subject,  when 
there  is  no  i«latioiv  expresdUe  between  the  two  subjects 
which  we  widi  more  immediatdy  to  compare.  Thus,  for  in- 
stance,  Fanner  Gnbbms  has  a  load  of  excellent  meadow  haj- 
orer  and  above  what  ie  required  for  the  supply  of  the  hoTses 
employed  on  his  &nn ;  and  Dame  Gubbins  and  hei  daughters 
aie  in  want  of  a  certun  web  of  printed  cotton  which  lies  in 
the  shop  of  Mr.  Tape  the  draper,  in  order  that  they  may  i^- 
peai  at  church  in  seemly  guise.  Mr.  Ttqra  does  not  want  the 
hay,  and  therefore  there  can  be  no  possibility  of  instituting 
aiatio,  so  as  to  obtun  an  exchange,  until  recourse  is  had  to  a 
third  element;  and  Gubbins  first  turns  his  hay  into  cash  at 
tile  market-price,  and  then  measures  that  cash  against  the  web 
of  printed  cotton,  according  to  the  price  set  upon  the  latter. 
In  this  manner,  though  the  commodity  which  we  c^  cash, 
directly  serres  the  necessities  of  nobody,  yet  it  brings  all  the 
peofde  into  an  exchanging  condition  with  each  other,  so  that 
each  sells  what  he  has  to  dispose  of,  and  procures  what  he 
wsnts,  and  the  whole  are  for  better  served  than  if  time  were 
wasted  in  vain  attempts  at  finding  relations  among  quantities 
which  have  no  quaUty  in  common.  This  is  the  grand  practical 
illustration ;  and  it  is  this  which  Tenders  the  mathematicat  or 
general  doctriuee  of  proportion  bo  very  valuable. 

The  word  proportion  literally  means  "  for  or  as  a  port,"  that 
is,  that  inquiry  shall  be  made  as  to  what  part,  expressible  by 
K  number  or  by  a  fraction,  the  one  of  two  quantities  is  of  the 
other;  and  ratio  means  "the  reason,"  that  is,  the  infereooe 
or  conelusion  drawn  tirom  two  quantities,  which  we  can  make 
available  jn  acquiring  a  knowledge  of  other  quantities. 

There  are  two  distinctions  of  relation,  according  to  the  ob- 
ject of  the  iuquiiy  whi<^  we  make  respecting  the  two  quanti- 
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tiea  compared.  The  ooe  alludes  only  to  the  diSieivnce,  vithont 
any  regard  to  the  total  magnitude  or  Tulne  of  the  qnantitieo  ; 
aud  this  ia  called  arithmetical  istio  or  relation :  the  other,  to 
the  whole  value  of  the  one  as  compared  with  the  whol*  valne 
of  the  other;  aud  this  is  called  geometrical  ratio  or  relation. 
These  names  are  not  correct,  because  both  the  one  and  the 
other  may  apply  to  qaantitioB  which  are  strictly  arithmetica], 
strictly  geometrical,  or  neither  the  one  nor  the  other ;  and  there- 
fore the  less  that  sudi  names  are  used  the  better. 

In  those  cases  we  do  not,  generally  speaking,  include  quan- 
tities which  are  equal  to  each  other,  because  irom  the  comparison 
of  such  quantities  no  useful  inferences  can  be  drawn :  con- 
sequently, the  usehl  cases  are  those  in  which  there  is  a  less 
quantity  aud  a  greater  one,  and  the  dlSerence  between  the 
arithmetical  proportion  and  the  geometrical  one  may  be  said  to 
consist  chiefly  in  this,  that,  in  the  arithmetical  proportion,  the 
ratio  is  a  diffeience  which,  added  to  the  less  quantity,  makes 
the  greater ;  whereas  the  geometrical  proportion  has  the  ratio, 
a  multiplier,  which,  applied  to  the  smaller  quantity,  in  the 
common  way  of  multiplication,  produces  the  greater.  Thus,  if 
we  take  any  quantity  as  a  beginning,  and  add  to  it  any  equal 
quantity  of  the  same  kind  by  succesdTe  additions,  the  results 
which  we  obtain  will  be  a  series  of  quantities,  of  which  any 
two  following  each  other  in  order,  how  for  soever  the  series 
may  be  extended,  will  have  the  same  arithmetical  proportion 
to  each  other.  So  also,  if  we  take  any  quantity  and  multiply 
it  tmy  number  of  times  by  the  same  multiplier,  the  series  of 
products  will  be  quantities  of  which  any  two  immediately  fol- 
lowing each  other  will  have  the  seme  gecnnetrical  proportion. 
The  common  difference  which  is  added  in  the  case  of  the  arith- 
metical proportion  is  called  the  arithmetical  ratio;  and  the 
common  multiplier  which  ia  used  in  the  case  of  the  geometrical 
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ptopordon,  is  called  the  geometrical  tatio.  It  ia  obvionB  that 
the  arithmetical  ratio  is  the  quanti^  which,  in  the  case  of  two 
terms  of  the  series,  the  one  of  which  inmiediatelj'  follows  the 
other,  would,  by  bdi^  added  to  the  lees,  make  a  sum  equal  to 
the  greater,  or  by  being  snbsttaeted  from  the  greater,  would 
leave  a  remainder  eqtial  to  the  less.  It  is  eqnaUy  obvious  that 
the  geometrical  ratio  is  a  mimber  which,  applied  as  a  mnlti- 
plior  to  the  less  of  the  two  quantities  immediately  following 
each  other,  wonld  produce  a  product  equal  to  the  greater,  or 
which,  applied  to  the  greater,  would  yield  a  quotient  equal  to 
the  less. 

When  quantities  proceed  by  an  equal  ratio  in  either  of  these 
ways,  the  series  of  terms  is  said  to  form  aaarithmetiealpragres- 
tion,  by  the  succeasive  addition  of  equal  differences ;  and  a  geo~ 
metrical  progrettUm,  in  the  case  of  successive  multiplication  by 
equal  multipliers. 

But  it  is  perfectly  evident  that,  In  the  case  of  any  number  of 
quantities  of  dther  of  those  kinds,  we  may  tiegin  nthet  with 
the  greater  or  the  lees  of  the  series.  If  In  an  arithmetical  pro- 
gression we  begin  wtQi  the  greater  of  the  series,  the  additionB 
will  be  changed  into  snbetractions ;  and  if  we  begin  with  the 
greater  in  a  geometrical  progteasion,  die  multipliers  will  be 
changed  to  divisors.  The  changing  of  a  difference  to  be  added 
to  a  difierence  to  be  snbstracted  Is,  in  expreseion,  nothing  more 
than  changing  the  sign  +  to  the  sign  —  :  and  tiie  changing  of 
a  multiplier  to  a  divisor  is  nothing  more  than  tumii^  the 
multiplier  into  the  denominator  of  a  fraction,  which  has  1  for 
its  numerator,  and  multiplying  by  this  fraction,  is  exactly  the 
same  thing  as  dividing  by  its  denominator. 

M'hen  the  difference  in  an  arithmetical  progression  has  the 
sign  +,  the  pn^reaaion  b  an  ascending  one;  and  when  the 
aiffei«nce  has  the  dgn  — ,  tiie  progreaalon  is  a  descending  tme. 
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Also  m  geometrujal  progreeaona,  if  the  ntio  ia  any  number 
greater  than  1,  the  progreaaioii  ia  aacending ;  but  if  it  is  any 
fractional  niunber  leas  than  1,  the  progi^sdou  is  descending. 

As  has  been  shown  in  a  former  section,  the  substraetion  oi 
a  real  or  positive  quantity  is  esacdjr  the  same  as  the  additkm 
of  the  same  quantity  with  the  negative  sign;  and  as  divjaion 
by  any  quantity  ia  the  same  as  multiplication  by  the  reciprocal 
of  that  quantity — that  is,  by  the  number  1  divided  by  the 
quantity— we  get  tiiia  general  definition  which  ia  equally  appli- 
oable  to  all  fiognBekau,  whether  ascending  or  descending. 

An  arithtnetioal  progrenion  ia  a  series  produced  by  successive 
additiona  to  a  first  tenn ;  a  geometrkai  pregretxioa  is  a  series 
produced  by  successive  mnltiplicationa  of  a  first  term. 

It  is  not  neceasaiy  that  oil  the  additions  in  the  case  of  the 
arithmetical  progiesaion,  or  all  the  multiplieia  in  the  case  of 
the  geometrical  onra,  should  be  equal  to  each  other.  They  may 
vary  according  to  any  law,  and  hence  there  is  no  assignable  limit 
to  the  number  of  such  series,  and  the  doctrine  of  series  be- 
comes a  very  extensive,  and  in  many  Instancee  a  very  intricate 

The  general  principle  is  very  simple,  however,  and  as  nearly 
self-evident  as  possible.    It  ia  this : — 

In  any  arithmeticBl  seriea  the  difference  between  the  fiist 
and  the  last  term  is  the  sum  of  all  the  partial  diSereucee  taken 
as  the  terms  follow  each  other.  If  the  additions  are  all  pod- 
tive,  then  the  last  term  will  exceed  the  first  term  by  thdr 
earn  ;  if  they  are  all  negative,  the  last  term  will  be  less  than 
the  first  term  by  theii  smn ;  and  if  some  of  the  additions  are 
+ ,  and  others  — ,  the  difierenee  of  theae  will  be  the  difier- 
ence  between  the  first  and  last  terms ;  it  will  he  +  <f  the  valne 
of  the  4-  additions  is  the  greater,  and  — ,  if  tiie  value  of  the  — 
additions  is  the  greater. 


bf  Google 


270  fukhambntal  doOtbini 

In  a  geometrical  series,  the  difFerence  between  the  first  and 
Lut  tenna,  aa  compared  with  each  other,  is,  that  the  last  term 
ctmtists  of  the  first  one  successively  mnltiplied  by  all  the  mnl' 
tiplien  ot  ratios  of  the  temiB  taken  in  their  order ;  and  that  if 
some  of  those  mnltiplierH  are  reciprocals,  the  value  of  the 
continual  product  of  the  whole  ia  the  quotient  arimng  from 
dividing  the  product  of  all  the  multipliers,  by  the  product  of 
tlie  denominators  of  all  the  reciprocals. 

These  general  principles  apply  to  every  kind  of  difierences, 
whether  they  arise  from  addition  or  eubstraction,  or  from  mul- 
tiplication or  divisios ;  and  also  whether  they  have  the  aiga  -|- 
«r  the  sign  — ,  only  the  introduction  of  a  ratio  with  the  sign 
—  into  a  series  must,  from  what  was  mentioned  respecting  llie 
ligas  in  multiplication,  change  the  signs  of  all  the  terms  which 
follow  it,  from  +  to  — ,  or  from  —  to  +,  until  another  nega- 
tive ratio  (»me  in,  and  that  one  will  change  the  signs  of  the 
t«rms  back  to  what  tiiey  were  before  being  affected  by  the 
former  — . 

The  shortest  geometrical  series  that  we  can  posubty  have  is 
one  consisting  of  two  terms,  a  first  or  antecedent,  and  a  last  or 
consequent ;  and  as  this  b  the  very  simplest  case,  it  is  the  best  one 
in  which  to  acquire  an  acenrate  knowledge  of  the  fundamental 
doctrine  <^  ratiol  The  two  terms  may  be  numbers  of  any 
amount,  or  quantities  of  any  kind,  or  they  may  be  qualities 
or  relations  which  have  no  septoate  existence ;  and  thus  the 
doctrine  can  be  applied  to  every  pos^ble  subject  of  thought. 
But  there  is  one  condition  indispensable  to  the  simplicity  of  a 
latio  in  every  imaginaUe  case  ;  and  this  condition  is,  that  the 
two  terma  of  the  ratio  shall  be  quantities  of  the  same  kind, 
and  in  exactly  the  same  circumstmices.  They  must  be  such 
in  &:t,  that  whatever  we  can  say  or  declare  of  the  one  of  them, 
we  can  also  say  or  dedaie  of  the  other,  excepting  the  single 


bf  Google 


OP  sATio.  zn 

drcumstance  which  depends  npon  the  ratio ;  and  if  we  can  do 
this  and  at  the  same  time  know  the  ratio,  it  is  perfectly  evident 
that  oar  knowledge  of  the  one  term  is  at  complete  aa  it  is  of 
the  other. 

This  b  the  elementary  cotuiieiatioii,  the  neglect  of  which 
Tery  generally  renders  the  doctrine  of  ratios  most  petplexihg, 
and  not  unfieqnently  altogether  incomprehenable  to  beginners ; 
because,  if  we  do  not  take  care  to  limit  the  knowle^  which 
we  seek  from  the  ratio  to  that  which  the  ratio  can  afford  us, 
we  evidently  seek  the  remaining  knowledge  where  it  is  not  to 
he  found,  and  thus  even  the  portion  wliich  is  attainable  is 
inadequate  to  its  purpose,  and  therefore  useless. 

Hera  it  may  be  very  desirable  for  the  reader,  who  roadi 
tiiese  pages  as  a  student,  to  turn  back  and  re-peruse  Bection  VJ., 
and  the  two  parts  of  Section  VII.,  because  many  of  the  points 
explained  in  ibem  bear  immediately  upon  the  doctrine  of 
ratios. 

The  general  expression  fbr  a  ratio  Is  a  :  6,  in  which  a  and  b 
stand  for  any  two  quantities  nliat»)ever  that  admit  of  compari- 
son; that  is,  which  ore  of  the  same  kind  and  in  the  same  cir- 
cumstances. The  sign  ( : ),  as  will  be  seen  by  looking  back 
to  p^  83,  is  one  part  of  the  sign  used  for  dividon, — namely, 
the  sign  (-^)  ;  but  as  tlie  sign  is  simpler  in  the  case  of  the  ex- 
presdon  of  a  ratio,  so  the  signification  is  also  more  amplei 
a -^  i  is  read  "a  divided  by  6,"  which  expressesthe  quotient; 
and  a  :  fr  is  read  "  a  to  b,"  which  means  merely  the  relation,  or 
the  difference  in  that  single  respect  in  which  they  are  not  per- 
fectly alike  to  our  understanding.  It  is  true  that  when  we 
come  to  apply  ratios  in  practice,  we  must  have  oni  quantities 
expressed  in  numbers,  and  find  the  measure  of  the  ratio  by 
division ;  but  is  it  only  in  particular  cases — namely,  those  in 
which  we  can  actually  determine  the  quantities — that  we  can 
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proceed  to  Hub  ■lithmeticaU)' ;  and  there  is  a  countka  nom- 
ber  of  caaea,  b^  &r  the  mqority  of  ttiose  which  enter  into  our 
rnnnniiingn  and  judgments,  to  which  arithmetic  cannot  be  acca- 
rately  or  even  at  all  ^ipUed ;  and  we  mnst  frame  our  general 
conception  td  ratio  so  aa  to  include  these. 

When  we  come  t«  the  arithmetical  ^plication,  the  second 
tenn  b  is  the  divisor,  and  therefore  the  standard  in  temiB  of 
which  the  dividend  a  is  measund  so  as  to  find  the  quotient  or 
measure  of  the  ratio  as  a  single  espieaeion.  This  of  course 
tqiplies  only  to  ratios  which  can  be  stated  arithmeticallj ;  but 
still  it  b  evident  that  the  imperfection  does  not  consist  in  any 
puzzle  about  tlie  nature  of  the  ratio  itaelf,  but  only  in  our  not 
bung  able  to  measure  the  two  quantities,  so  as  to  express  thrar 
raluei  in  terms  of  the  same  standard.  Hence,  in  every  case  where 
a  comparison  of  quantities  of  the  same  kind  can  be  made,  we 
have  the  some  usdeistanding  of  the  general  nature  of  the  ratio 
whether  we  are  able  to  stale  it  in  numlters  or  not ;  and  this  con- 
sciousness of  the  existence  of  a  ratio  Is  so  immediate  a  percep- 
tion of  the  human  mind,  that  it  is  the  best  as  well  as  the  shortest 
definition  which  we  can  have  of  quantities  of  the  same  kind. 

When  our  general  quantities  a  :  b  are  such  that  we  cannot 
exfoess  them  by  numbers,  we  have  the  most  umple  case  of 
«tio ;  and  there  can  be  only  three  varieties : — firet,  o  may  bo 
equal  tob,ora^=b;  secondly,  a  may  be  greater  than  b ;  or 
a  7  b;  thirdly,  a  may  be  less  than  6,  or  aZ.b.  The  first  of 
these  is  a  ratio  of  equality,  and  it  of  course  admits  of  no  varia- 
tion, and  requires  the  use  of  no  arithmetic. 

Tha  second  is  a  ratio  of  majority,  and  the  third  a  ratio  of 
miooritr ;  and  in  each  of  those  cases  the  question  of  difference 
or  of  quotient  may  be  put.  Tf  it  is  a  question  of  mere  diflfer- 
ence,  "how  much  greater  or  how  mach  less,"  it  is  evident 
that  the  value  of  the  smaller  quantity,  and  of  as  much  of  the 
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\arget  as  Is  equal  to  the  smaller,  does  not  enter  into  the  esti- 
mate of  the  difiercnce.  This  is  the  Bimple  matter  of  the  ratio 
of  two  terms  ia  an  iuithniBtical  progression. 

Bnt  if  the  question  be  the  comparison  of  the  whole  value  of 
the  one  quantity  with  the^whole  value  of  the  other,  we  mnat 
apply  our  commaii  means  of  measurement,  by  dividing  the 
quantity  to  be  measured  by  the  standard  of  measure ;  so  that 
vhen  we  have  got  the  values  of  a  and  b  srithmeticoUy  ex- 
pressed in  the  same  denomination,  we  have  only  to  apply  our 
common  arithmetioal  division ;  and  the  quotient  is  the  ratio  in 
terms  of  the  divisor  considered  as  one  whole.  Thus,  in  a  ;  b, 
—  ;  1  is  the  expression  of  the  ratio. 

'  It  will  at  <nice  be  perceived  that  the  obtaining  of  this  expres- 
sion is  nothing  more  than  dividing  the  two  quantities  a  and  b, 
Separately,  by  the  same  quantity  b,  and  that  the  expression  of 
the  ratio  as  a  quotient  in  those  cases  in  which  it  can  be  ex- 
pressed is  nothing  more  than  reducing  the  two  terms  of  tiie 
Qitio  in  such  a  manner  as  that  the  second  term  b  shall  be  I. 

If  we  suppose  the  case  to  be  one  which  admits  of  arithme- 
tical expresiDon  and  complete  division,  so  that  we  have  the 
quotient  of —  si  c;  then,  accoidiug  to  what  was  stated  when 
treatii^  of  diviuon,  a  =  6  c. 


This  is  one  of  the  most  important  points  in  the  whole  doc- 
trine of  proportion ;  and,  as  is  mentioned  at  page  216,  it  is  one, 
with  Euclid's  definition,  of  which  beginners  al>vays  feel  a  great 
deal  of  difficulty ;  and  as  that  definition  is  generally,  the  first  and 
freqnoitly  the  only  one  which  they  get,  the  doctrine  is  rendered 
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little  better  than  vmlem  lo  all  exc^t  tho«e  who,  by  girlng 
themselves  up,  for  a  long  time  at  least,  to  the  study  of  mathe- 
matics, get  at  it,  as  they  do  at  most  other  matters,  the  best 
way  they  can. 

The  definition  is  in  these  words  >-"  If  there  be  four  magni- 
tudes, and  if  any  equi-moltiplea  whataoerer  be  taken  of  the  firat 
^td  second,  and  any  equi-multiplee  whatsoever  of  the  third  and 
fourth  ;  and  if^  aocordiiig  as  the  multiple  of  the  first  is  greater 
than  the  moltiple  of  the  seoond,  equal  to  it,  or  len,  Qte  multiple 
of  the  third  is  aUo  greater  than  the  mult^e  of  the  fourth,  equal 
to  it,  or  leBB ;  then  the  first  of  the  magnitudes  is  aud  to  have 
to  the  second  the  same  ratio  that  the  third  has  to  the  fourth." 

The  meaiung  of  this  is  peiiiaps  rendered  a  little  clearer  when 
it  is  stated  algebraically  in  precisely  the  Mine  terms.     Thus : — 

Let  A,  n,  c,  s,  be  any  four  magnitudes ;  that  is,  any  quanti- 
ties, numbers,  measures,  or  conaiderathma  whatsoever;  and 
let  m  and  n  be  any  two  numheis  whatsoever,  that  is,  let 
each  of  them  represent  in  every  possible  case  every  posmble 
number,  whether  it  be  or  be  not  expressible  arithmetically, 
only  each  letter  roust  in  any  one  case  express  the  same  num- 
ber, as  applied  to  each  of  the  two  magnitudes  whioh  it  is  under- 
stood to  multiply ;  and  if 


This  definition  is  perfectly  correct  and  general,  incltiding  all 
latios,  whether  they  admit  of  being  expressed  by  numbers  or 
not ;  and  when  once  understood,  it  is  not  only  satis^toiy, 
but  very  simple.  There  is,  however,  considerable  difficulty 
in  underBtanding  it,  and  this  difficulty  lies  in  the  ambignous 
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laeaning  of  the  words  "any  equi-multiples  whatsoever."  In- 
deed tbe  gieat  ambiguity  lies  in  the  word  "  any,"  whioh  im  the 
defiiutioa  means  both  "tmy  one,  and  eveiy  one;" — that  b  to 
say,  that  the  numbers  m  and  n,  which  are  used  aa  mnltipliera, 
shfttl  be  any  two  numbers  whatever,  in  any  particular  case ; 
and  that  they  diaU  be  ^plied  in  all  imaginable  cases.  Now 
this  double  meaning,  though  a  beautiful  wte  when  understood, 
is  difficult  to  nnderstaod,  and  instances  of  it,  on  fiir  simpler  sub- 
jeots,  have  sometimes  perplexed  those  vtho  were  past  the  com- 
mon years  <^  pupilage.  Thtts  in  the  flowing  line  of  Grey's 
matchless  Elegy— 


though  the  poet  at  once  conjures  up  the  whole  wild  flowers  of 
the  desert,  and  makes  each  tell  in  its  individual  beauty  upon 
the  mind  of  the  leader,  yet  the  small  dealers  in  grammar  have 
set  this  line  down  as  a  positive  fracture  of  Priscian's  head. 

We  have  mentioned  the  circnmstance  of  the  difficulty  which 
Euclid's  definition  contains,  and  pointed  out  the  particular  ex- 
pression in  which  it  consists,  chiefly  with  the  view  of  calling 
the  reader's  attention  to  this  definition ;  because,  when  it  is 
folly  understood,  the  doctrine  of  proportion,  aa  expounded  in 
the  Fifth  Book  of  the  Elemetttt,  is  a  very  beautiful  specimen 
of  geometrical  reasouing ;  and  we  may  perhaps  venture  to  hope 
that  the  slight  explanation  which  we  have  given  may  assist  in 
gettii^  the  better  of  the  difficulty.  For  our  own  purpose,  and 
taking,  as  we  have  taken,  oil  the  elementary  branches  of  ma- 
thematics along  with  na,  the  defining  of  the  equality  of  ratios 
is  a  very  rimple  matter,  and  at  the  same  time  not  less  general 
than  that  of  Euclid. 

The  ambiguity  which,  in  hia  definition,  is  thrown  upon  the 
making  of  a  case  individual  and  universal  at  the  same  time,  is. 
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according  to  the  plan  which  we  shall  follow,  reduced  to  incom- 
mensurable numbers,  or  thoae  which  cannot  be  exactly  ex- 
pressed in  terras  of  the  arithmetical  scale,  and  to  incommen- 
surable quautitj,  the  one  of  which  cannot  be  exactly  eiqiressed 
in  temu  of  the  other.  But  as  in  any  practical  instance  their 
values  can  be  approximated  to  any  degree  of  accuracy  that  may 
be  required  to  a  far  greater  degree  indeed  than  our  instruments 
and  our  eyes  will  carry  us  in  actual  measurement,  it  answers 
every  purpose.  The  principle  in  this  case— and  it  is  self-evi- 
dent— ia,  that  quantities  which  have  equal  measures  are  them  • 
selves  equal.  This,  as  we  remarked  in  a  former  section,  is 
one  of  our  dmple  and  original  perceptions  of  equality,  which 
cannot  be  rendered  more  evident  by  any  explanation.  From 
this  it  immediately  follows  that,  if 

—    —    — ,    then  a  ;  6  =  c  ;  d ; 

that  is,  if  the  quotient  of  the  first  divided  by  the  second  is 
equal  to  the  quotient  of  the  third  divided  by  the  fourth,  then 
the  first  is  to  the  second  as  the  third  is  to  the  fourth,  or  the- 
ratio  of  the  first  and  second  Is  equal  to  the  ratio  of  the  third 
and  fourth;  because  these  quotients  are  the  measures  of  the 
ratios ;  and,  as  they  are  equal  to  the  ratios,  these  ratios  them- 
selves must  be  eqnal. 

Stated  in  this  way,  the  principle  ^plies  to  all  commensura-. 
ble  quantities  of  which  the  quotients  can  be  expressed  in  num- 
bers of  any  kind ;  but  as  it  does  not  apply  so  well  to  cases 
where  the  quotients  canjwt  be  expressed  in  numbers,  it  is 
advisable  to  make  a  Uttle  ((Iteration  in  the  form.    Now,  as  the 

ratios  are  equal,  and  the  fractions  -1-  and  _f_  are  also  equal, 

the  quotient  ariung  from  the  division  of  either  of  these  frac- 
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tioUB .  by  the  other  muat  be  =  1 ;  it  fbllowB  that  the  quanti- 

tiea  which  are  divisor  aad  dividend  in  the  finding  of  this  quo- 

'  dent  must  be  equal  to  each  other.    To  divide  one  fraction  by 

another,  as  shown  in  a  former  section,  is  to  invert  the  divisor, 

a         c    ..         a         d        ad 
andmultiply.  HeDce,if— =— ttnen  — X — =;  r —  is  the 

quotient  of   —  -i-  —  ;  also,  the  numerator  and  denominator 

of  this  quotient  are  equal  j  that  is, 
ad=be. 

This  last  expiession  is  perfectly  general ;  because  it  includes 
incommensuTahles ;  and,  which  is  of  perhaps  greater  import- 
ance, it  makes  the  most  useful  property  of  equal  ratios,  the 
one  upon  which  their  deiinition  is  founded.  In  words  it  may 
be  expressed  as  follows : — 

If  four  quantities  are  proportionals,  the  product  of  the  first 
and  fourth  is  alwaysequal  to  that  of  the  second  and  third.  The 
first  and  fourth  are  usually  caUed  the  exti«mes ;  and  the  second 
and  third  the  means ;  and  the  definition  may  be  also  exprrased. 
Four  quantities  are  proportional  when  the  prodnct  of  the  ex- 
tremes is  equal  to  that  of  the  means.  As  this  b  a  perfectly 
dmple  definidon,  it  holds  true  conversely,  so  that  we  can  either 
infer  the  equality  of  the  ratios  from  that  of  the  products,  or 
the  equality  of  the  products  from  that  of  the  ratios.  This  is 
the  property  of  proportional  quantities,  which  connects  the 
general  principles  of  proportion  with  the  arithmetical  opera- 
tion of  finding  a  fburth  proportional  to  three  given  quantities ; 
and  this  is  the  most  nsefiil  operation  in  the  whole  practice  of 
arithmetic.    The  common  name  for  it  is — 


It  gets  this  name  because  thwe  quantities  or  terms  are  given 
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sa  the  datft  by  tneans  of  which  A  fourth  quantity  may  be  found, 
which  dull  btw  to  one  of  those  three  the  aame  proportion 
which  a  secood  of  them  bean  to  the  third  one.  Thus,  if 
a,  h,  c,  ert  the  three  given  qnantitieE,  and  it  is  required  to  find 
a  qnantitj  ir,  in  the  meantime  unknown,  which  shall  bear  the 
same  proportion  to  e  that  b  beara  to  a,  we  hare  the  subject 
stated  in  its  most  general  form  ;  and  from  what  baa  been  already 
stated,  the  fbor  will  be  pn^rtionab  if 

and  as  these  are  equal,  the  quotient  of  &  c,  divided  by  a,  must 

he  be 

beequalto«;thatiB«= — ,OTo',b^e  ',  — ;    which    gives 

us  the  fourth  term  or  quantity  sought,  in  terms  of  the  three 
which  are  given  at  data,  expressed  in  words  as  follows  :— 
Problem. — To  find  a  fourth  proportional  to  three  g:iven  qoan- 

Aufe.'— Multiply  the  second  and  third,  divide  the  prodnct  by 
tlie  first,  and  the  quottent  is  the  quantity  sought. 

As  the  letten  a,  (,  and  c,  which  we  have  naed  in  this  simple 
investigation,  are  perfectly  general,  or  may  represent  any  quan- 
tity whatsoever,  the  rule  itself  is  perfectly  genual,  in  all 
cases  to  which  it  can  be  applied.  The  next  subject  of  inquiry 
therefore  is.  What  ore  thoae  cases  ?  and  when  we  have  answered 
this  question,  we  are  enabled  to  turn  the  principle  to  every 
practical  advantage.  The  conditions  of  the  three  given  quait- 
tttiea,  in  order  that  thoK  may  be  a  proportion,  are  these : — 
First,  that  two  of  them  shall  be  of  the  same  kind  with  each 
other ;  secondly,  that  the  one  of  these  two  shall  stand  in  the 
same  relation  to  the  other,  as  the  third  given  quantity  stands 
to  the  qnantity  which  is  sought ;  and  thirdly,  that  the  third 
quantity  shall  be  of  the  nme  kind  with  the  quantity  sought. 


bf  Google 


Thew  are  the  georasl  conditiona  which  are  abaotntely  necessary 
to  bring  the  particular  case  nithin  the  problem  ;  and  in  order 
to  pr^Mre  diem  ibr  arithmetical  operation  when  ao  brought,  it 
is  necessary  that  the  two  given  quantities,  which  axe  of  the 
sune  kind,  should  also  be  in  the  same  denomination ;  that  is, 
that  1,  Dumerioally  considered  in  each  of  them,  should  be  ex- 
actly  equal  to  1  in  the  other ;  and  also  that  the  quantity  of 
the  same  kind  wiib  that  which  is  sought  should  be  in  the  same 
denomination  in  which  the  latter  is  to  be  obtaitted.  This  last 
^tion  will  always  hold  without  any  pr^aration  of  the  third 
quantity,  because  the  denomination  of  it  necessarily  determines 
the  doiomiDaticm  of  the  result. 

Any  qnsatitiei  whatever  whi^  can  be  expressed  by  coitc- 
^Mmding  symbols,  can  be  so  managed  as  that  the  fourth  pro- 
porUonol  may  be  expressed  in  terms  of  those  ^mbols ;  and 
any  quantities  which  can  be  ex{«essed  arithmeticaUy,  may  be 
so  managed  as  that  the  fourth  proportional  may  be  obtained  in 
the  same  denominatioQ  as  tlie  given  one  which  is  of  the  same 
kind  with  it ;  and  if  a  different  doiomination  of  it  is  necessary, 
this  can  be  procured  by  the  common  aritlmtetical  methods  of 
changing  the  denominations  of  quantities  without  changii^ 
their  values. 

There  is  still,  however,  another  conEsderatioa  necessaty  for 
the  raqtert  use  of  this  operation;  and  that  is  the  pn^r  arrange- 
ment of  the  three  given  quantities.  One  principle  in  this 
ansngement  eonaists  in  having  the  first  and  second  quantities 
of  the  same  kind  with  each  other,  utd  the  third  of  the  same 
kind  widi  that  which  is  sought. 

This  arnmgement  is  eauly  made,  because  the  kinds  of  the 
quantities  is  a  matter  which  can  hardly  be  misunderstood. 
But  there  is  still  some  difficulty  in  knowing  which  of  the  two 
qnantitiea  that  are  of  the  same  kind  should  occupy  the  first 
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place  In  the'  arrangraaent.  This  however  may  be  obviated  in 
all  cases  by  attendli^  to  the  following 

Rule. — Write  down  as  the  third  tenn  that  quantity  which 
is  of  the  same  kind  and  in  the  same  dmimataiKes  as  the  qoaa- 
tity  sought.  Next  consider  whether,  from  the  nature  of  the 
case,  the  quantity  sought  ought  to  be  {greater  or  leas  than  this 
third  quantity.  This  is  the  part  of  the  snbject  on  which  a 
little  judgment  is  required ;  but  imleas  we  are  able  to  decide 
the  poiut,  we  are  neither  in  a  condition  for  amvii^  at  the 
quantity  which  we  seek,  nor  for  knowing  whether  it  is  the  i%h( 
one  after  we  have  obtained  it.  We  shall  sappoee,  therefore^ 
that  the  case  has  been  duly  conddered,  and  that  tbe  conclndon 
is,  that  the  quantity  sought  must  be  greater  than  the  third 
quantity.  In  this  case  the  greater  of  the  two  given  quantities, 
which  are  of  the  same  kind  with  each  other,  'must  occupy  tho 
second  place  in  the  arrangement,  and  the  less  the  first  place. 
On  the  other  hand,  if  the  quantity  sought  ought  to  be  len  than 
the  g^ven  quantity  of  the  same  kind,  tha  less  of  the  two  given 
quantities  which  are  of  the  same  kind  with  each  other,  must 
occnpy  the  second  place  In  the  arrangement,  and  the  greater  of 
them  the  first  place. 

If  these  simple  directions  are  attended,  to  there  never  can  be 
the  smallest  difficulty  or  mistake  in  the  arrai^n^g,  or,  as  it  is 
called,  the  stating  of  three  quantities,  which  are  given  for  the 
purpose  of  finding  a  fourth  proposition :  nor  'a  It  difficult  to 
say  that  such  must  be  the  case ;  fbr  if  the  first  term  of  the 
one  pair  of  quantities  is  1«3S  than  the  second,  the  first  of  the 
second  pur  must  also  be  less  than  the  second  of  that  pair ; 
and  also  if  the  first  of  the  one  pair  is  the  greater,  so  must  the 
first  of  the  other  pair  be  the  greater,  otherwise  in  neither  case 
the  one  pMr  would  express  a  ratio  of  majority,  and  the  other 
a  ratio  of  minority,  while  the  expressed  condition  of  all  such 
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Operations  1%  tliat  tlie  ratio  of  the  first  to  the  second  shall  be 
exactly  the  eame  as  the  ratio  of  the  third  to  the  fourth,  otherwise 
the  product  of  the  second  and  thiid  divided  by  the  first, 
would  not  express  the  value  of  the  fourth,  or  quantity  sought; 

A  very  simple  case  of  a  practical  nature  will  serve  to  illus- 
trate this:  —  Forty-eight  men  performed  B  piece  of  worii  in 
nine  days ;  and  it  is  desired  to  have  another  piece  every  way 
eqnal  performed  in  twelve  days,  how  many  men  must  be  em- 
ployed for  the  purpose? 

Here  the  quantity  sought  is  a  number  of  men,  and  therefore 
the  given  number  of  men  48,  must  be  the  third  term.  Next, 
will  the  required  number  of  men  be  greater  or  less  than  48  X 
On  looking  at  the  numbers  of  days,  we  find  that  12  days  are  to 
be  allowed,  whereas  only  9  days  were  allowed  in  the  former 
case ;  and  therefore  the  number  of  men  required  mast  be  less 
than  48,  it  being  presumed  ttiat  each  man  performs  equal 
labour  every  day  in  the  one  case  as  in  the  other;  for  without 
this  consideration  being  understood,  the  two  numbers  of  men 
would  not  be  in  the  same  circumstances,  and  therefbre  not 
proportionable  quantities.  The  statement,  or  arrangement  of 
the  given  quantities,  will  therefore  stand  thus : — 

Men.     Ken.       Dsti.      Dsje. 

12  :  9  =  48  :  «, 

X  being  merely  a  sign  for  the  number  of  days  which  is  sought. 
After  the  terms  are  stated  in  this  manner,  it  is  desirable  to 
examine  and  see  whether  the  first  term,  and  either  the  second 
or  the  third  have  any  common  divisors,  because  if  they  have, 
they  may  be  divided  by  those  divisors  and  the  quotients  used 
in  their  stead,  upon  the  principle  already  explained,  that  like 
parts  of  quantities  have  exactly  the  same  quotients  as  the 
quantities  themselves.  Looking  in  this  way  at  the  above 
quantities  we  find  12  the  first  term  and  48  the  third,  both 
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divisible  by  12,  and  tlie  quotients  u«  1 


1   :  S  =  4:  :  x; 
therefore  f  =  9x4  =  36,the  number  of  days  uught. 

It  very  ofi«n  happenB  &at  it  i*  as  usefnl  to  multiply  the 
terms  of  a  proportion  ae  to  divide  them ;  because  by  this  mewis 
they  may  be  cleared  of  fracUonal  parte ;  aad  the  principle  is,  that 
the  first  term  must  be  multiplied  by  any  number  which  mul- 
tiplier either  the  second  or  the  third  term ;  and  if  both  the 
second  and  the  third  are  multiplied  either  by  the  same  number 
or  by  different  numbers,  the  first  muft  be  multiplied  by  the 
same  number  for  every  time  that  either  of  the  others  is  multi  - 
plied.  When  this  ia  done,  the  fourth  number,  when  obtained, 
will  always  be  in  the  seme  denomination  in  which  the  third 
was  originally  stated. 

There  is  one  particular  case  of  umple  proportioa— that  is,  of 
the  comparison  of  two  equ^  ratios  with  each  other — which 
deserves  a  separate  notice;  namely,  that  case  in  which  the 
second  and  third  terms  are  equal  to  each  other ;  or  when  this 
common  valuer  of  the  two  may  be  considered  as  a  mean  pro- 
porlUmal  between  the  other  two.    This  may  be  stated, 

and  the  equal  products  in  this  case  are. 

Id  this  oase  if  any  two  are  ghw,  the  third  can  be  found. 

Thus,  a  =  — ;  c  =    — ;  and  6  s=   a  e*  .  The  last  expression 

may  also  be  written  b  ^  ij  a  e.  The  s^  used  in  this  l^st 
expression  is  only  another  form  of  \.,  and  it  will  be  more  par- 
ticularly explained  in  the  section  on  the  powers  of  qnantitiee. 
The  rules  e3q>reseed  in  words  are  as  follow : — To  find  the 
mean  proportional,  take  the  square  root  of  the  product  of  die 
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esctftmefi;  and  to  find  either  extreme,  divide  the  «qnare  of  the 
mean  by  the  other  extreme. 


The  ratios,  and  the  proportions  or  compariBouB  of  ratios 
vhich.  we  have  b«eii  hitherto  conddeting,  have  been  TteVed 
only  aa  perfectly  timple ;  bnt  then  are  other  ratios  which  aK 
compouttd,  or  made  up  of  nmple  elementM^  fatiofl ;  and  tf 
the  meaaure  or  simple  expression  of  a  ratio  is  the  quotient  of 
the  first  term  when  divided  by  tlie  second,  and  consequently 
(which  it  in  taet  the  very  same  thing,  only  diffsKntly  ex^ 
pressed)  the  multiplier  which  applied  to  the  second  term  produces 
the  first,  it  followB  that  all  ratios  whatever  are  multipliers ; 
and  consequently  that  all  compound  ratios  must  be  compounds 
of  multipliers ;  that  is,  products  arising  ftom  the  mnltiplicotioa 
of  those  numbers  which  express  the  ratios  or  multipliers. 

In  this  case,  however,  there  is  a  distinction  to  be  made  b«r 
tween  a  ratio  which  is  a  common  number,  and  one  which  is  an 
exponent,  or  expressive  of  the  number  of  times  that  a  quantity 
is  to  be  used  as  a  factor,^the  difference  between  which  will  be 
tomxA  explained  on  looking  back  to  page  S9,  and  more  folly 
in  a  &ture  section  coi  the  management  of  exponents.  In  the 
meantime  we  have  nothing  to  do  with  exponents,  and  therefore 
we  may  regard  the  measures  of  the  ratios  simply  as  numbers. 

This  being  noderstood,  we  may  State  that  a  compound  ratio 
is  one  wliich  is  produced  by  the  multiplication  of  two  or  more 
ratios ;  and  that  this  multiplication  may  be  either  performed 
by  multiplying  all  the  antecedents  into  one  prodnct,  and  all  the 
consequents  into  another,  which  two  products  will  then  expresB 
the  compound  ratio  in  one  antecedent  and  one  consequent ;  or 
(tie  measures  of  all  the  separate  ratios  may  be  found  aai  mnl- 
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tipUcd  together,  and  their  product  will  be  ihs  meosare  of  the 
componiid  ratio. 

To  illostrate  this  we  (nay  take  a  case  in  numbeis,  and  we 
shall  take  one  in  which  the  ratios  considered  as  multipliers 
are  all  integer  numbers.    Let  the  series  be, — 
3,  6,  30,  IflO. 

In  this  series  the  ratio  of  6  to  3,  taken  as  a  mnltiplier  of  3, 
is  2  ;  the  ratio  of  30  to  6,  taken  as  a  multiplier  of  6,  is  S ;  and 
die  ratio  of  150  to  30,  is  also  G  j  therefore  the  compound  ratio  of 
160  to  3  is  the  product  of  3  x  5  x  fl  =  flO.  InTersely  the  ratio 
of  3  to  160  is  the  product  of  the  reciprocals  of  the  meaanrea 
of  tiioae  three  ratios,  or  of  1  divided  by  each  of-  the  three  num- 
bers ;  that  is  —  X  —  X  —  =  —  which  last  is  the  recipro- 
3        6        fl       150'  '^ 

cal  of  the  compound  ratio  viewed  in  the  other  way. 

This  is  a  very  simple  case,  but  it  explains  tlie  principle  just 
as  well  as  the  longest  seiies  and  the  most  complicated  ratios  that 
could  be  introduced ;  therefore  ne  have  this  general  principle ; 
If  there  is  any  series  of  quantities  of  the  same  kind  (in  which 
case  they  all  necessarily  have  some  ratio  to  each  other),  the 
first  has  to  the  last  a  ratio  compounded  of  the  ratios  of  the  first 
to  the  second,  the  second  to  the  third,  and  so  on  through  the 
whole  of  the  series ;  and  inversely,  that  the  last  has  to  the 
first  a  ratio  compounded  of  the  ratios  of  the  second  to  the  first, 
the  third  to  the  second,  and  so  on  to  the  end  of  the  series ;  and 
f^her,  that  the  compound  ratio  is  expressed  by  the  continued 
product  of  all  the  simple  ratios  in  the  one  case,  and  <^  all  thdr 
reciprocals  in  the  other. 

If  in  a  series  of  this  kind  the  ratios  of  the  terms  taken  two 
and  two  in  their  order  be  equal  to  each  other,  the  ratio  of  the 
first  to  the  third  is  the  square  of  that  of  the  first  to  the  second, 
which  is  technically  caUed  duplieale  r^o ;  and  the  ratio  of 
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the  first  to  the  fonrth  is  the  cube  of  that  of  the  first  to 
the  second,  and  is  called  a  triplicate  ratio.  Also,  the  inverse 
of  a  duplicate  ratio  u  tlie  latio  of  the  square-root,  and  is 
ratio  is  atub-duplicale  ratio;  and  the  inverse  of  a  triplicate 
called  a  ratio  of  the  cube-root,  which  is  callud  a  tub-triplicate 

The  compound  ratios  which  we  have  now  explained  are  un- 
derstood to  be  among  a  series  of  quantities  of  the  stune  kind 
only;  and  thus  they  are  continuous  between  one  term  and 
another  throughout  the  whole  series,  however  long ;  but  there 
are  other  cases  in  which  the  continuity  is  broken  between 
every  pair  of  terms ;  and  a  aeries  of  this  kind  does  not  express 
a  perfect  compound  ratio,  unless  the  number  of  terms  in  it  is 
even,  or  consists  of  a  number  of  pairs  of  terms ;  but  it  is  of 
no  consequence  what  the  number  of  those  pairs  may  be. 

The  reason  of  the  interruption  in  a  series  of  this  nature  is 
the  quantities  beii^  of  different  kinds ;  and  there  is  no  correct 
compoDDd  ratio  unless  each  pair  which  stand  nearest  to  each 
other  in  the  series  are  of  the  same  kind  with  each  other.  If 
they  have  this  last  property,  they  can  be  compounded  info  one 
angle  ratio,  that  is  into  two  terms,  having  a  ratio  equal  in 
value  to  the-  product  of  all  the  antecedent  terms  for  a  general 
antecedent,  and  all  the  consequent  terms ;  and  from  a  series 
of  ratios  of  this  hind  we  get  the  principles  for  performii^  that 
arithmetlcBl  opra^tiion  which  is  called 


This  is  also  sometimes  called  compound  ffroportton  ;  but  that 
term  is  too  general,  inasmuch  as  it  includes  also  those  seriee 
which  have  the  ratios  continued  from  term  to  term.  In  these 
last  there  is  no  comparison  of  ratios,  and  consequently  no 
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means  of  judjpi^  of  the  equalit;^  '^  ntioe  or  of  finding  any 
twin ;  and  oonwqufintly  no  operation  in  the  least  analogoua 
to  the  rale  of  three  can  be  performod  by  means  of  these. 

With  these  disjointed  proportions,  which  when  complete  ecm- 
lirt  of  aa  many  separate  ratios  as  there  are  pain  of  terms,  and 
have  each  pair  of  the  same  kind  with  each  other,  and  ate 
anai^ied  as  antecedents  and  consequents  in  the  same  order,  the 
tMe  is  very  diilerent ;  for  if  the  consequent  of  the  laat  pair 
ia  wanting,  it  can  be  found  by  the  very  same  operation,  and 
on  the  very  same  principles  as  in  the  common  rifle  of  three, 
only  there  is  a  little  preparation  neoeesary  in  order  te  briag  it 
to  three  terms,  so  that  the  common  rule  can  be  applied. 

But  the  preparation  necessary  is  exceedingly  simple,  and 
oonsierts  <^  nothing  further  than  multiplying  all  the  antemdoita 
of  the  complete  ratios  for  a  common  or  oompottad  antecedoit, 
and  all  the  conseqnentsof  the  same  for  aconqtoundooosequent ; 
afi|»  which  these  two,  together  with  the  antecedoit  of  the  in- 
complete ratio,  become  three  terms,  by  means  of  which  the 
fourth  term  can  be  just  as  eomly  found  as  if  the  first  and 
second  tenoB  had  been  simple  at  the  fiiet,  or  only  one  complete 
ratio  had  been  given. 

In  artan^i^  or  statii^  the  terms  of  those  wmple  ratioa, 
whose  continued  prodactg  are  to  be  the  terms  of  the  compound 
one,  exactly  the  same  prindple  must  be  observed,  aa  in  stating 
the  first  and  second  terms  of  a  simple  proportion ;  and  as  the 
particular  problems  or  questions  which  fall  under  this  branch 
of  the  practice  of  proportion  arc  of  a  more  complicated  nature 
than  those  in  which  onlyone  complete  ratio  is  ^ven,  they  require 
to  be  examined  with  more  attention.  It  may  not,  therefore, 
be  amies  briefly  to  mention  the  precautions  which  are  necessary. 

First,  it  must  be  ascertained  Whetiier  there  is  a  number  of 
paus  of  terms,  m  which  those  of  each  pair  are  of  the  same 
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Iciad  and  in  tlie  same  dnmnutoDees  with  each  other ;  that  in 
addition  to  these  there  ia  a  single  t«m  of  the  same  kind  and  in 
the  same  circumistances  with  tliat  which  ia  sought ;  eai  that 
beddefl  these  there  is  no  other  term  given;  for  unlesa  the  que»- 
&n  has  these  oonditiona,  it  does  not  involve  a  proportion  capa- 
Ue  of  being  reduced  to  a  compound  first  and  compound  second 
term,  of  the  same  nature  and  composition  with  each  other, 
and  a  ungle  third  t«rm  of  the  same  kind  and  in  the  same  cir- 
cnmstonceB  with  that  which  is  soi^ht. 

Secondly— The  two  terms  of  each  of  the  complete  simple 
ratios  must  be  expressed  in  the  same  denomination,  so  that 
their  numeiical  values  maj  hove  the  same  ratio  as  their  real 
ones ;  for  if  this  ia  not  done,  then,  though  the  whole  arrange- 
ment and  process  m^  be  rationally  correct,  the  compound 
terms,  and  consequently  the  result,  will  be  arithmetioally  wreng  ; 
and  as  the  quantity  sought  is  on  arithmetical  value,  it  will  be 
OS  erroneous  as  though  there  hod  been  umilar  errors  in  the 
rationale  of  the  process. 

These  two  pcdnta  require  a  good  deal  of  eonsiderstion ;  but  this 
consideration  is  not  only  absolutely  necessary,  fbrit  is  aiao  exceed- 
ingly well  bestowed ;  because  when  the  compound  role  of  three 
is  once  thoroughly  uuderatood,  it  becomes  a  most  efGcient 
instrument  in  the  simplification  and  abridgment  of  difficult  cal- 
culations, not  only  in  the  arithmetic  of  common  bnsinMB,  but 
in  every  case  where  calculation  con  he  applied,  or  indeed 
where  one  genera]  concluaon  has  to  be  drawn  from  a  number 
of  relations,  even  if  those  relations  are  the  points  of  an  argu- 
ment, or  the  stepping-stonra  by  which  one  finds  one'a  way  to 
the  accomplishment  of  a  difficult  project  of  any  kind. 

It  is  of  no  oonsequesce  of  what  Idnd  the  terms  of  any  or  of 
all  the  simple  ratioe  may  be,  provided  they  are  of  the  same 
kind ;  and  it  b  of  no  consequence  in  what  denominationa  or 
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terme  they  aie  e^ressed,  so  that  both  are  expressed  in  the 
ttme.  For  we  may  Uke  the  following  as  a  general  definition 
of  compound  terms : — 

The  terms  i^  a  rampound  ratio  are  of  the  same  Idnd  and  in 
the  same  circumstances  with  each  other,  if  all  the  simple  ones 
of  which  they  are  composed,  taken  one  in  each  product,  have 
this  property. 

This  is  nearly  self-evident ;  because  all  the  conditions  are 
(^ven  in  the  tonus  of  the  simple  ratios;  and  as  each  of  the 
compound  terms  is  the  result  of  an  eqnal  number  of  Actors 
and  multiplications,  there  is  nothing  in  the  operation  which 
can  change  the  relations  of  the  terms.  Further,  in  the  arith- 
metical part  of  the  process,  the  terms  which  have  to  be  multi- 
plied with  each  other  may  be  taken  in  any  order,  because  chang- 
ing the  mere  order  of  the  terms  does  not  afiect  the  value  of  the 
general  product.  In  almost  every  case,  too,  the  operation  may 
be  greatly  shortened,  by  dividing  the  antecedents  and  conse- 
quents by  their  common  measures ;  and  in  doing  this  it  is  of 
no  consequence  whether  the  terms  that  are  divided  by  the  com- 
mon measure  be  thone  of  the  same  simple  ratio  or  not ;  because 
the  general  result  will  not  be  affected  by  this ;  and  that  result 
IB  the  only  thing  which  ia  wanted. 

Every  operation  of  this  kind  could  be  performed  by  as  many 
successive  operations  in  the  simple  rule  of  three  aa  there  are 
complete  ratios  given,  by  making  the  result  of  each  operation 
the  third  term  of  the  succeeding  one ;  but  in  the  solution  of  a 
complicated  question  this  method  is  intolerably  tedious ;  and 
in  no  case  can  those  abrii^ments  be  made  which  are  so  advan- 
tageous in  the  compound  operation. 

The  method  of  stating  the  terms  is  just  a  repetition  of  that 
formerly  given ;  bnt  still  it  may  not  be  amiss  to  mention  the 
rule  very  briefly. 
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Writ6  down  as  the  third  lefto,  that  qoantity  whkli  is  of  the 
aame  kind  and  in  the  same  circainatancea  with  the  one  ti\at  a 
eonght.  Take  other  two  ternus  of  the  same  kind  and  in  the 
scune  circumstances  with  each  other;  consider  whether  on 
account  of  them  the  quantity  sought  should  be  greater  or  lese 
than  the  third  term ;  and  having  decided  this,  place  the  greater 
or  the  l»s  of  them  for  the  second  term  accordingly.  State  all 
the  remaining  pairs  in  the  same  manner,  ranging  the  antece- 
dents under  each  other  in  a  first  column,  and  the  consequents 
in  a  second,  until  all  the  pairs  are  exhausted.  If  there  is  no 
other  number  or  quantity  given,  the  conditions  are  properly 
stated ;  and,  when  they  are  reduced  to  the  same  denomination 
in  each  pair,  the  whole  is  rightly  prepared. 

There  ia  another  mode  of  arraogement,  which  thon^  ex- 
actly the  same  as  this,  is  perhaps  better,  because  it  brings  all 
the  data  into  smallor  compass.  It  is  tUs : — draw  a  horizon- 
tal line,  and  write  the  term  corresponding  to  that  sought  imme- 
diately above  it  towards  your  left  hand.  Then  write  all  the 
second  terms  of  the  difierent  ratios  after  this,  with  the  sign  x 
between  every  two :  write  all  the  first  terms  after  each  other 
under  the  same  line,  with  the  same  sign  between  every  two  ; 
and  the  whole  espression  is  a  general  fraction  equal  in  value  to 
the  quantity  sought,  while  nothii^  remains  to  bo  done  but  to 
reduce  this  fraction  to  its  simplest  form,  or  to  its  value  as  an 
integer  when  it  has  such  a  value. 

We  shall  illustrate  this  method  of  operation  by  a  very  mm-r 
pie  instance  : — A  log  of  wood  imported  from  a  certain  part  of 
the  world  cost  100/. ;  and  the  ibllowing  are  the  particulars  of 
it— the  length  24  feet,  the  breadth  fi  feet,  the  thickness  3  feet 
9  inches,  the  duty  5  per  cent.,  and  the  freight  and  chatges  2S 
per  cent. :  another  log  of  wood  has  been  imported  from  a  difife. 
rent  part  of  the  world,  of  which  the  following  are  the  parti- 
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culan, — the  length  30  feet,  the  breadth  4  feet,  the  thickness  3 
feet,  the  duty  10  per  cent,  and  the  freight  and  charges  12^  per 
cent.  Also  a  «oUd  feot  of  the  fiecond  log  is  worth,  in  the 
countiy  whore  pnrchaaed,  3  times  as  much  as  a  solid  foot  of 
the  first  log :  it  is  required  to  find  the  price  of  the  second  1<^, 

The  fractional  statement  of  this  is  as  follows :— 

100  X    30X4X3     X  10X12^X3^  ,^^  ^^  ^j^ 
24xSX3ix6xMXl 
second  log. 

Draw  Boother  line,  and  see  what  can  be  shortened.  The 
one  100  is  a  manageable  number,  and  therefore  it  may  be  left 
alone,  30  x  4  aboTe  is  equal  to  24  X  fi  below,  so  that  these 
four  numbeis  may  be  left  out.  Ag^n,  10  x  12^  =  5  X  2&^ 
therefcffe  they  may  be  left  out ;  and  3  above  and  3^  below, 
when  both  divided  by  3,  make  1  in  the  upper  line,  and  1;^ 
below:  so  that  the  remaining  numbers  are — 

100  X  3 
—If 

The  particulars  of  the  two  Ii^s,  in  this  example,  were  token 
much  at  random,  and  not  with  any  veiy  particular  view  to 
the  shortening  of  the  operation.  In  strict  propriety,  there 
should  have  been  three  operations  in  the  calcolation  of  this 
problem.  The  freight  and  chaiges  ai«  understood  to  be  at  so 
much  per  cent,  ad  valorem  on  the  other  roBta  of  the  two  I<^; 
and  the  duty  at  so  much  per  cent,  ad  valorem  aa  the  total  cost, 
freight,  and  chtu^:es  included.  ConsequenUy,  the  other  costs 
diould  have  been  first  estimated,  and  then  the  freight  and 
charges  made  the  first  and  second  terms,  with  100  in  each  in 
addition  to  the  rate  per  cent.  The  result  of  this  should  have 
again  been  made  the  third  term,  and  100  +  the  duty,  in  the 
two  casee^  the  first  and  second  terms ;  or  these  might  have  been 
compensated  in  the  one  operation,  by  making  the  terms  each. 
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100  +  the  per  centage,  which  would  have  made  the  original 
fraction, 
100  X  SO  X  4  X  3    X  110  X  IIH  X  3  ^^ 
24  X  6  X  3|  X  106  X  126    X  1 
This,  shortened  by  throwing  out  all  the  equal  products  wliich 
are  obvious,  and  dividing  by  all  the  conunoQ  divisoTH  which 
are  equally  so,  becomes — 

100  X  22  X  9  ■     _,  .u  ,  , 

— =  pnee  of  the  second  log. 

Shortening  this  again,  by  diriding  100  byl^  X  10,  which  te  12j, 
reduces  the  100  to  8  in  the  upper  numbers,  and  obliterates  1^ 
and  10  in  the  under,  we  hare — 

8  X  22  X  9 
7 
which  cannot  be  shortened;  but,  performing  the  multiplications 
in  the  upper  term,  we  obtain 


and  performing  the  division,  we  have 

226fl.  =  226/.  B«.  B^.  neariy  = 
the  true  value  of  the  second  log. 

We  took  the  first  of  these  methods,  in  order  to  diow  the 
modes  of  proceeding  in  cases  where  the  data-  need  no  correc- 
tioQ ;  and  we  have  added  the  second  in  order  to  show  how  the 
correction  of  the  data  can  be  made ;  for  if  the  three  operations 
are  performed  in  succession,  the  final  result  wiU  be  found  to 
be  exactly  the  same  as  the  last  arrived  at  by  the  general  ope- 
ration, namely  22B^l. 

We  shall  ^ve  another  example,  in  order  to  show  the  use  of 
the  compound  rule  of  three  as  an  instniment  of  investigation. 
Let  it  be  required  to  find  a  formula  for  computing  the  interest 
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t  of  any'sum  of  money  p,  for  any  number  of  days  d,  at  any  rate 
r  of  interest  per  cent,  per  annum,  that  is  1001.  for  365  days. 

From  tlie  case,  it  is  evident  that  100  and  36d  mnst  be  the 
antecedents  of  the  two  ratios,  p  and  d  the  consequents  of  the 
same,  and  r  the  last  term ;  for  r  is  interest,  and  therefore  the 
only  quantity  in  the  same  ciicnniSitaQces  with  that  which  ia 
sought,  though  100  andp  are  of  the  same  kind  with  it.    The 
arrangement  of  the  terms  will  there&re  be 
100  '  p—r  '.  t  the  intereet 
and  36fi  :  d 
If  365  is  mnltiplied  by  2  it  becomes  730,  which  is  a  more 
simple  Qomber.     Therefore  multiply  it  by  2 ;  and  as  r  is 
always  a  small  number,  and  will  be  Amplified  if  it  contains  ^ 
per  cent.,  multiply  it  by  2,  to  compensate  the  other.    Then 
the  fractional  expiession  for  the  operation  will  be 

p  d  2  r  ,     . 

^ =  t,  the  mterest. 

73,000 
In  words : — Multiply  the  principal  sum  by  the  days,  and  by 
double  the  rate  per  cent. ;  divide  the  product  by  73,000;  and 
the  quotient  is  the  interest.  As  it  is  best  to  perform  all  com- 
plicated operations  in  which  money  is  the  chief  subject,  by 
decimal  arithmetic,  from  the  ease  with  which  the  subdivisions 
of  a  pound  sterling  can  be  converted  into  decimab  of  a  pound,  or 
the  reverse  (as  explained  at  p^;e  69),  the  divisor,  in  this  cal- 
culation, may  be  simplified  by  cutting  off  three  additional 
places  of  decimals  from  the  product,  and  dividii^  by  78. 

Let  UB  take  an  example.  Requiredtheintereat  of  46(U.17*.6iJ. 
for  319  d^s  at  3^  per  cent. — 

Here,  p  =  468-875 
d  =  219 
2  r  ^  7,  therefore 
468-876  X  219  X  7 
^„nni; =  9/.  16«,  lW.,the  mterest. 
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If  the  product  of  any  two  quantities  taken  as  factors  be 
equal  to  the  product  of  any  other  two  difFerent  quautitiea  also 
taken  aa  factors,  then  &om  the  definitiou  of  equal  ratios,  it 
follows  that  those  &ctors  are  reciprocally  proportioual ;  which 
means  that  the  first  of  the  first  pair  has  the  same  proportion 
to  &e  first  of  the'second  pair,  which  the  second  of  the  second 
pair  has  to  the  second  of  the  first  pur.  Thus  let  a  b  be  the 
product  of  a  and  A,  of  which  a  ia  the  first  factor  and  b  the 
eecond ;  and  let  c  rf  be  the  product  of  other  two  fectors,  of 
which  e  ia  the  fiist,  and  a  the  second :  then 

For  by  hypothesis,  that  is,  by  the  conditions  assumed,  the 
product  of  the  extremes  a  b,  ia  equal  to  the  product  of  the 
meaos  e  d,  and  this  is  the  eeeraitial  property  of  proportion&ls. 
These  proportii»iak  ate  reciprocal,  because  the  term  of  the 
first  product  stands  first  in  the  first  ratio,  and  the  term  of  the 
second  stands  first  in  the  second  ratio,  or  the  terms  of  the  one 
ratio  are  in  reverse  order  to  those  of  the  odier. 

This  is  a  mmple  prindiJe,  as  depending  entirdy  on  a  umple 
definition ;  and  therefore  it  is  convertible,  or  may  be  stated  as 
-a  truth  the  otha  way ;  that  is,  if  two  fectorsand  othertwo  are 
recqirocaUy  proportional,  the  product  of  the  first  pair  is  equal 
to  the  product  of  the  sec<Hid. 

GSmple  as  this  pdndple  appears,  it  is  by  no  means  an  unimpor- 
tant one,  as  will  appear  from  a  plain  example.  A  man  has  a 
table  12  feet  \isa%  and  C  feet  broad,  and  he  wishes  to  have 
another  taUe  0  feet  long  which  shall  contain  just  as  much  tsaxr 
&C8  at  the  fiist ;  what  must  be  the  breadth  of  the  second 
lable? 
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We  have  expluned,  in  a  former  Bection  that  a  sai&ce  is 
represented  by  the  prodact  of  iU  length  aad  breadth ;  and  as 
the  Bui&cea  of  those  tables  are  t«  be  equal,  the  products  of 
their  lengths  and  breadths  must  also  be  equal,  otmseqaentiy 
they  are  reciprocally  proptvtional,  that  is,  callijig  the  nnknowa 
breadth  x, 

12  :  9  =  «  :  6 
12  :  S      60 
Hence,  x   =  — 9 — =^=  6f,  feet,  the  breadth  reqnired. 

This  case  often  occurs  in  questions  soWed  by  the  commoii 
mle  of  three ;  but  the  common  rule  applies  to  it  as  well  as  ta 
all  others.  It  is  use^,  however,  in  many  instances,  and  among 
others  in 


Wb  shall  be  best  able  to  explain  what  ia  to  be  understood 
by  this  by  taking  an  instance  : — A  mine  constantly  produces 
the  same  quantity  of  water  in  the  same  time.  Upon  one  occa- 
sion it  was  neglected  and  allowed  to  get  full,  and  it  took  12 
hotse  power  60  houis  to  empty  it.  On  a  second  occasion  it 
"was  again  allowed  to  fiU,  and  10  horse  power  required  80  hours 
to  empty  it.  Now  it  is  tail  a  third  time ;  and  it  is  deored  to 
know  what  power  will  empty  it  in  48  hours,  and  also  what 
power  of  an  engine  must  be  erected  to  keep  it  dry  after  it  is 
emptied  ?  It  is  to  be  understood  that  the  horse  power  and  the 
flow  of  water  into  the  mine,  are  quite  constant,  that  is,  exactly 
the  same  m  all  the  eases. 

It  is  evident  that  the  product  of  the  number  of  horse  power, 
and  that  of  hours  taken  in  each  case,  will  give  us  the  work 
done  in  each  case,  expressed  in  the  same  denomination  in  both, 
namely  the  work  of  1  horse  power  in  1  hour.     In  the  first 
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i  12  X  60  =  720  hours'  work ;  and  in  the  second 
«  10  X  80  =  800  hoiuB*  work.  Comparing  this  with 
tJie  fiwmer,  we  find  that  the  amaller  power  working  for  the 
longer  time,  had  80  horns  more  work  to  peribrm ;  and  thia  ie 
our  clue  to  the  whole  matter- 

During  60  of  the  80  hours  there  would  come  in  just  as  much 
water  as  there  did  in  the  other  60,  and  the  pitfiil  is  the  same 
in  both  cases.  It  is  dear,  therefore,  that  the  80  hou»'  work, 
that  is  the  water  i«quiring  80  hours'  work,  is  the  qnantity  tliat 
came  iu  during  tiie  additional  20  hours  in  the  second  instance ; 
«nd  if  wo  divide  it  bj  20  we  shall  ohtun  the  quantitj  which 
c<nne8  in  in  one  hour,  in  terms  of  the  number  of  horse  power 
necessaij  for  removing  it  duiii^  the  same :  80  •?•  30  ^  4. 
Therefore,  4  horse  power  will  remove  in  one  hour  the  water 
which  flows  into  the  nine  in  one  hour,  couaequentlj'  an  engine 
of  i  horse  power  will  be  necessary  for  keeping  the  mine  dry 
after  it  b  once  emptied,  which  is  one  of  the  answers  to  onr 
questions. 

Let  US  next  inquire  what  power  would  be  uecessarj  for 
emptying  it  in  48  hours, 

Jt  is  plun  that  whatever  numbers  of  horse  power  is  em- 
ployed, and  whatever  length  of  time  is  required,  there  is  always 
4  hone  power  which  does  nothing  towards  emptying  the  mine, 
because  it  merely  removes  the  water  which  flows  in.  This  4 
is  therefore  the  constant  quantity  which  must  be  separated 
from  tlie  power  in  each  of  the  two  cases ;  and  then  the  remain- 
ing powen  must  be  redprocally  proportional  to  each  other, 
because  the  product  of  each  by  the  number  of  hours  it  requires 
is  an  expresraon  for  the  same  thing,  namely  the  emptying  of 
the  mine,  and  so  these  products  must  be  equal  to  each  other. 
Taking  4  from  12,  8  remains;  and  taking 4  from  10,6  remmns; 
BO  that  the  mine  was  emptied  by  S  horse  power  in  60  hours. 
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and  by  6  hone  power  in  80  houM;  and  the  pn)dttct  in  each  of 
these  COMS  is  the  Mune,  namely  480. 

Stating  the  terms,  when  thos  deaivd  of  the  constant  quan- 
tity as  a  reciprocal  proportion,  we  have — 

Power.         Power.  Hoon.  Uoura> 

8      :       G      =■      80  :  60. 

Any  one  of  these  ratios  will  do  tor  finding  the  power  necessary 
for  emptying  the  mine  in  48  houn;  and  ae  it  will  take  more 
power  in  48  hours  than  in  60,  the  proportion  will  be 

48  ;  60  =  8  ;  tv,  the  number  required ;  and. 
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the  power  necessary  to  empty  the  mine  in  48  houts ;  and  if 
to  this  we  add  the  constant  quantity  4,  we  have  14  as  the 
other  answer  to  the  question ;  namely,  the  power  which  in  48 
hours  will  discharge  the  water  already  accumulated,  and  idso 
that  which  comes  in  during  the  same  time.  The  general 
answer  then  is :  14  horse  power  will  be  required  to  empty  the 
mine,  and  a  4  horse  power  to  keep  it  dry. 


F  PROPORTIONAL   QVANTTTIE8. 

In  the  changes  of  which  we  are  about  to  speak,  all  the  four 
proportionals  are  generally  understood  to  be  of  the  same  kind ; 
and  the  changes,  if  the  definition  of  equal  proportionaU  is  pro- 
perly understood,  and  the  perfect  correspondence  of  the  two 
terms  of  a  ratio  to  the  divisor  and  dividend  in  division  borne  in 
mind,  require  little  more  than  merely  to  be  stated. 

1, — Equi-multiples  and  like  parts  of  the  two  terms  of  a  ratio, 
produced  by  applying  to  them  both  the  same  multiplier  or 
the  same  divisor,  which  may  be  any  number  whatever,  have 
still  the  same  ratio  as  the  original  terms.  This  follows  imme- 
diately from  the  quotient  not  being  altered  by  equal  multi- 
plication or  equal  division  of  the  divisor  and  dividend. 
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Alao,  and  for  exactly  the  same  i«ssoii,  if  like  porta  aie  added 
to  the  two  tenns,  or  subtracted  from  them,  the  mnne  in  th« 
one  case  and  the  remsindeiB  in  the  other  will  have  the  same 
ratio  as  the  original  tenna. 

ThiB  ia  the  principle  by  the  application  of  which  we  are 
enabled,  for  any  practice  purpose,  to  reduce  the  terms  of  catioi 
to  their  very  cdmpleat  form ;  and  it  ia,  generally  speaking,  ad- 
visable to  perform  this  simple  operation  on  its  terms,  before  the 
ratio  is  applied  in  any  calculation  in  which  those  terms  ahall 
be  blended  with  other  quantities. 

2. — Proportionals  are  proportionalB,  if  taken  invertel}/,  that 
is,  if  the  first  and  second  and  third  and  fourth  are  made  to 
change  places.  Tbia  is  endent,  for  the  measure  of  the  inverse 
ratio  is  the  reciprocal  of  the  direct  one ;  and  if  quantities  are 
equal  themselves,  their  reciprocals  are  necessarily  equal. 

3. — Proportionals  are  proportionals  if  token  altemattly,  that 
is,  the  first  has  to  the  third  the  same  latio  which  the  second 
has  to  the  fourth.  This  is  also  evident,  for  the  second  is  the 
first  multiplied  by  the  measure  of  the  ratio,  estimated  as  a 
multiplier,  and  the  fourt;k  is  the  third  multiplied  by  the  same; 
therefiire,  the  second  and  fourth  are  equi-mnltiples  of  the  first 
and  third,  and  beli^  so  tkey  necessarily  have  the  same  latb. 
Inversely,  the  third  has  to  the  first  the  same  ratio  which  the 
fourth  has  to  the  second ;  for  the  fbrmer  are  respectively  like 
parts  of  the  latter. 

It  does  not  follow  in  this  case  that  though  the  second  and 
fourth  are  considered  as  equl-multiples  of  the  first  and  third, 
they  should  be  greater  than  these ;  for  the  multiplier  may  be 
any  number  whatever,  indefinitely  greater  than  the  number  Ii 
or  indefinitely  less ;  when  it  is  greater  than  1,  the  multiple  is 
greater  than  the  multiplicand,  and  wheii  less  than  1  it  is  less. 
This  fellows  from  the  veiy  ptinciple  of  multiplication. 
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4.— Proportionals  are  ptopottuinals  by  compo»itioi*  ;  that  is, 
the  first  or  second  has  &»  BBme  proportion  to  the  nun  of  Uie 
first  and  socMid,  that  the  third  or  fourth  has  to  the  sum  of  the 
thbd  and  fonith.  This  also  follows  from  the  principle  of 
eqni-miiltiplefl.  The  two  t«nnH  are  an  equi-multiple  of  either 
term  by  the  ratio  of  that  term  to  the  other  x  1;  and,  therefore, 
the  sums  of  the  two  tetma  are  equi-moltiples  of  the  oorre- 
aponding  terms ;  that  is,  the  first  and  third,  or  the  second  and 
fimrth,  and  so  they  must  be  proportional. 

6. — Proportionals  are  proportionals  by  Mparation  ;  that  i^ 
Uie  diHerences  of  the  two  terms  of  two  equal  ratios,  taken  in 
the  same  order,  hare  the  same  ratio  to  the  corresponding  terms. 
This  is  stjll  a  matter  of  eqni-mulUples,  for  the  difference  of 
the  two  terms  of  a  ratio  is  a  multiple  of  either  of  them  by  the 
ratio  of  that  term  to  the  other  —  1. 

6.— Proportionals  an  proportional  ex  aquali ;  that  is,  when 
those  which  an  equally  distant  from  each  other  in  one  series 
of  proportional  quantities  are  proportional  to  those  which  «R 
equally  distinct  from  one  another.  This  b  still  a  matter  de- 
pending upon  the  prindple  of  equi-mul^plee ;  but  it  may 
perhaps  requin  a  litUe  mora  explanation  than  the  former  ones. 

Of  this  equality  of  ratios  at  equal  distances  in  two  series  of 
'qnantitiea,  there  are  two  cases  which  Tery  much  resemble  the 
direct  and  the  inverse  statements  of  common  ratios ;  and  these 
an  usually  cited  in  mathematical  books  by  the  words  ex 
tequo,  from  equality,  and  ex  mqao  invertdy,  from  eqn^ity  of 
cross  distance. 

Ew  tequo.  If  there  an  any  number  of  quantitiea  in  one 
series,  and  as  many  in  another  seriea ;  and  if  these  taken  in  the 
same  order  have  the  some  proportion  to  each  other  two  and 
two,  it  is  assumed  for  proof  that,  when  an  equal  number  in 
each  series  is  taken,  the  first  <^  the  last  series  will  hftTQ  the 


bf  Google 


pitopoBTioKAU.  299 

same  i^tio  to  the  last  of  that  Beries,  as  the  fint  of  the  Mccmd 
aeriea  boa  to  the  last  of  the  Becond  seriea,    Thns  let 

i,B,l3,D,  E,  &c. 

a,  b,  e,  d,  e,  &c. 
be  two  series  of  quantities  in  which  A.  I  b  ^  a  '  b,  a  I  c  = 
btCTo',  D^e'dyB'x^dle;  then  a  I  b  =  a  ;  e. 

The  quantities  in  each  series  are  continued  pioportiotuds, 
and  their  ratios  taken  two  and  two  in  order  are  the  same ;  bnt 
we  have  already  seen  that  in  a  continaed  proportion  the  ratio 
of  the  fitst  tena  to  the  last  is  compounded  of  aU  the  nngle 
ratios  of  the  terms  taken  two  and  two;  the  terms  in  those  two 
seriM  are  the  same  in  number,  and  the  ratios  of  every  two 
terms  nearest  to  each  other  are  the  same  throughout.  These 
individual  ratios  are  the  fectors  whose  product  forms  the  ratio 
of  the  first  to  the  last ;  and  thoae  ratios  are  not  only  the  same 
in  value,  but  follow  each  other  in  the  same  order  in  both  series ; 
wherefore  their  prodncta  must  be  equal ;  that  is, 

£«  aqtM  int>ertely.    If  there  are  any  nomber  of  qnantttiee 
In  one  series,  and  as  many  in  another;  and  if  these  taken  two 
and  two  in  a  cross  order  have  the  same  ratios  in  the  one  series 
as  in  the  other,  it  is  assumed  for  proof  that  when  an  equal 
number  in  each  series  is  taken,  the  first  of  the  first  series  will 
have  the  same  proportion  to  the  last  as  the  first  of  the  second 
series  has  to  the  last.    Thus,  as  before,  let 
A,  B,  o,  n,  &c. 
a,  b,  c,d,  Sfe. 
be  two  series  of  quantities  in  whidi  ±',B  =  b  I  e,  b^o^ 
a'.b,it  I  a  =  e'.d,  and  0:0=6:0;  then  xl  D  =  a  I  d. 

This  is  a  case  of  continued  proportion  as  well  as  the  former; 
and  thoi^h  the  equal  ratios  in  the  two  series  do  not  follow  in 
the  same  order,  yet  they  alternate  with  each  other,  so  that  the 
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whole  La  the  one  are  still  equal,  eaeix  to  each,  to  the  whole  in 
the  other.  But  the  ratio  of  the  first  quantity  of  each  series 
to  the  last,  is  composed  of  the  product  of  all  the  single  ratioe ; 
and  theso  being  equal  to  each  other,  it  follows  that  the  products 
moat  be  equal ;  because  the  order  in  which  the  factors  are 
taken  does  not  altar  the  value  of  the  product.  Consequently 
the  product  of  those  equal  ratios  arranged  in  cross  order,  are 
exactly  the  same  as  if  they  had  been  arrai^;ed  in  the  same 
order  in  the  one  series  as  in  the  other. 

The  principles  which  we  have  now  stated  contain  the  whole 
elements  <:f  the  doctrine  of  proportion;  and  any  one  who  sta- 
dice  them  with  so  much  attention,  as  fully  to  ondeistand  them, 
can  find  no  difBcnlty  in  managiiig  any  peculiarities  which  may 
ftriae  in  paiticulor  cases.  Indeed,  if  the  changes  which  am  be 
mode  on  the  terms  of  a  ratio  widiont  altering  the  ratio  itself, 
;Bnd  the  condition  which  determines  the  equality  of  ratios,  are 
<Hice  clearly  understood,  the  whole  doctrine  of  proportion  may 
be  said  to  be  mastered.  We  shall  therefore  very  briefly  reca- 
pitulate these,  because  they  are  the  points  which  it  is  essential 
ibr  the  student  to  bear  in  mind,  in  order  to  profit  to  the  full 
extent  by  this  most  simple,  most  beautiful,  and  most  useful 
portion  of  mathematical  science. 

1.— A  ratio  remains  the  same  if  both  its  terms  are  multi- 
plied, or  hoth  divided  by  equal  numbers,  whatever  may  be  the 
Talne  and  chararter  of  those  numbers.  It  also  remains  the 
same  if  equal  parts  of  the  terms  be  added  or  taken  away.  In 
short,  if  whatever  is  done  to  the  one  term  be  also  done  to  the 
other,  and  be  done  to  both  in  the  proportion  of  thoir  ordinal 
values,  &e  relation  of  the  terms,  and  consequently  the  ratio, 
remains  unaltered  amid  all  the  changes,  be  they  ever  so  many. 

2.  Ratios  are  equal,  if  the  product  of  the  first  term  of  the 
fiUBt,  and  second  t«im  of  the  second,  is,  equal  to  the  pioduct  of 
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the  second  term  of  the  firat  and  first  tenn  of  the  second.  And 
this  equally  holds  whether  the  ratios  &re  considered  as  origuutl 
and  ample,  or  as  being  compounded  of  any  ntnnber  c^  equal 
ratios.  Compounding,  in  the  arithmetical  sense  of  the  term, 
means  multiplying  the  one  by  the  other ;  and  in  all  such  caaes^ 
it  is  of  no  conseqnence  in  nhat  order  the  Actors  are  taken,— 
which  last  consideration  is  erident  from  the  fact,  that  the  9 
times  4  is  exactly  tiie  same  as  4  times  3, 

If  these  two  articles^  and  they  are  short  and  simple,  are 
correctly  borne  in  mind,  the  student  will  feel  little  difficulty  in 
the  management  of  proportion ;  and  may  and  should  turn  to 
the  Fifth  Book  of  Eueli^i  Ekmeidt,  as  a  most  valuable  subject 
of  study,  not  for  mathematical  purposes  only,  but  for  laying  a 
sure  foundation  for  clearness  and  accuracy  in  general  reasoning. 


SECTION  XIII. 

POWEBS  ^ND   ROOTS   OF    QUANTITIES. 

A  powEB  of  a  quantity  is  the  product  which  arises  from  the 
multiplication  of  that  quantity  by  itself,  the  same  quantity 
being  both  multiplier  and  multiplicand  in  the  case  of  one  mul- 
tiplication, and  multiplier  in  every  socccssire  multiplication, 
the  product  in  the  previous  operation  being  multiplicand.  A 
power  is  thus  a  compoimd  quantity  produced  by  two  or  any 
greater  number  of  identical  or  equal  factors;  and  different 
powers  are  distiDgDished  by  the  number  of  times  that  the 
quantity  of  which  they  are  the  powers  occurs  as  a  factor  in  the 
compodtion  of  them.  We  have  already  partially  explained 
some  of  the  simpler  properties  of  powers  when  treating  of  the 
scale  of  numbers,  in  the  third  section,  and  also  in  some  other 
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parts  of  the  more  elemental?  portion  of  tMs  voltime.  W« 
there  mention  that  the  arithmetic  of  powers  gives  occaaim  for 
a  peculiar  kind  of  nnmberB  in  arithmetic,  and  for  a  peculiar 
^edee  of  notation  in  algebis ;  and  we  aliall  here  revert  more 
particalarly  to  the  wme  subject. 

We  mentioned  also  that  lines  are  arithmetically  repiesented 
by  ample  or  original  nnmberB  expressing  their  lengths  in  known 
measures ;  that  surfaces  are  expressed  in  nnmbets  by  products 
of  two  fiictors,  the  one  expressing  the  length  and  the  other 
the  breadth,  expressed  in  tlie  same  manner,  the  number 
e^ressing  the  value  in  squares  of  the  measure ;  and  that 
Bolids,  or  those  portions  uf  space  in  which  solids  could  be 
oont^ned,  are  expressed  in  products  of  three  fiictors,  all  in 
the  same  measure,  the  one  being  length,  another  breadth, 
and  the  third  thicknras.  The  number  expresdng  ihe  value  of 
solidity  in  the  last  cas^  consists  of  cubes,  that  is  of  solids 
bounded  by  six  equal  square  surfaces,  every  lode  in  all  of  which 
is  the  same  measure  as  the  denomination  of  lineal  measure, 
in  which  the  length,  breadth,  and  thickness  are  expressed. 

From  these  circumstances,  a  power  arising  from  the  mul- 
tiplicati<m  of  any  quantity  used  twice  as  a  factor,  or  once 
multiplied  by  itself,  is  called  the  square  of  the  quantity. 
There  Is  no  objection  to  the  use  of  thb  name  square, 
whatever  may  be  the  kind  of  the  quantity ;  because  when  the 
quiintity  is  expressed  by  a  number,  the  number  might  express 
the  length  of  a  line,  and  that  line  might  be  the  ade  of  a 
square ;  but  it  is  only  when  the  number  actually  means  the 
length  of  a  line  that  the  product  of  it  by  itself  is  a  square  in 
reality.  It  is  necessaiy  to  bear  this  in  mind,  in  order  that 
when  we  speak  of  the  square  of  3  or  any  other  number,  or  of 
the  square  of  a,  or  any  other  general  quantity,  we  may  not 
attach  the  same  positive  notion  of  squaring  to  it  which  w* 
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attach  to  the  piYtdnct  of  equal  length  and  brettdth,  expressed 
in  the  same  measure  and  multiplied  together.  Still  there  b  a 
certain  notion  of  aqnareneas  abont  the  product  of  every  iram- 
ber  when  mnltipUed  by  itaelf ;  for  if  we  make  aa  many  dots 
in  a  strai^t  line,  aa  there  are  ones  in  the  number,  and  rqieat 
this  line  of  dots  at  equal  distances  directly  under  the  first  one, 
the  dots  so  made,  if  accurately  placed,  will  fiirm  an  -exact 
square.  Indeed,  it  is  this  very  circumstance  which  makes  the 
product  of  the  length  uid  breadth  an  accurate  e:^reeaon  for 
the  area  or  soriace. 

So  alao,  when  a  quantity  expressed  by  a  number  b  multi' 
^ied  twice  by  itself,  or  used  three  times  as  a  factor,  thoi^:h 
the  last  product  expresses  a  real  cube  only  when  the  number 
lepreaeuts  a  line,  and  when  that  line  represents  length  in  one 
instance,  breadth  in  another,  and  thickness  or  depth  in  a  third, 
yet  there  is  some  notion  of  cubism  about  the  product  of  the 
same  number  used  three  times  as  a  &ctor.  For,  just  as  the 
product  of  the  two  numbers  when  represented  by  dots  makes 
a  squall,  having  the  number  of  dots  the  same  both  up  and 
down  and  crossways,  and  equal  to  the  number  of  ones  in  the 
number  in  both,  so  the  product  of  these  numbers  connsts  of 
as  many  of  those  squares  of  dots,  as  there  arc  in  each  row  o£ 
the  sqnare ;  and  if  we  imagine  these  squares  to  bo  placed  ex- 
actly over  each  other,  and  all  at  the  same  distance  as  the  dots 
are  both  ways  in  the  square,  we  shall  have  a  cube  of  dots, 
contuning  as  many  dots  as  there  ore  ones  in  the  product  of  the 
nunber  twice  by  itself.  This  cube  is  as  comprehensible  to  the 
mind  as  if  it  were  made  of  solid  matter ;  and  indeed  it  is  this 
Idnd  of  cube  which  is  referred  to  in  our  general  reasoning  on 
tiiat  solid, — not  a  cube  of  tangible  matter,  but  the  space  which 
such  a  cube  would  £11  if  it  really  existed.  In  like  manner  tha 
square  which  we  ^wak  of  in  oni  general  reasonings  concerning 
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that  fonn  of  snr&oe,  b  not  a  real  mpwre  portion  of  the  snr&ee 
of  any  substance  which  we  could  touch  witli  onr  finger,  or  bob 
with  our  eyes,  but  merely  the  extent  and  space  to  which,  such 
a  sur&ce  could  be  applied. 

Thus  &i  geometry  goes  lutnd  and  hand  with  the  general 
notion  of  quantity  in  a^^bra,  and  the  particular  ad^tation  to 
number  in  arithmetic.  But  when  we  get  beyond  the  cube, 
geometry  leaves  na,  inasmuch  as  extenmon,  which  is  the  proper 
subject  of  geometry,  cannot  be  more  than  solid. 

On  the  other  hand,  no  geometrical  quantity  can  be  more 
umple  than  a  line  ;  because  a  point,  which  is  the  only  coneide- 
lation  more  simple,  has  no  magnitude,  and  cannot  be  measored, 
or  in  itself  made  an  element  in  any  compound  quantity  pro- 
duced by  multiplication. 

Algebra  and  arithmetic  are  not  trammelled  hy  the  propertied 
of  exten^on ;  and  therefore  beyond  the  line,  the  surface,  ^d 
the  solid  which  belong  to  geometry  in  common  with  the  test, 
powers  of  quantities  may  be  carried  upward  to  any  number  of 
&ctors  and  multiplications,  or  downward  by  any  number  of 
repeated  divisions  by  the  factor,  or  multiplications  by  its  reci- 
procal, which  BB  already  mentioned  is  only  another  name  for 
division  by  the  factor  itself 

This  factor — how  often  soever  it  may  be  repeated,  it  must 
be  .the  same  in  every  case,  otherwise  the  product  would  not 
be  a  power — is  called  the  root  of  the  other  powers,  because 
it  is  the  value  of  this  root  which  determines  the  value  of  all 
these  powers ;  and  it  need  hardly  be  stated  tliat  like  powers  of 
equal  roots  must  be  equal  to  one  another,  for  they  are  the 
results  of  equal  opemtions  performed  with  equal  quantities. 

Any  quantity  or  number  may  be  regarded  as  a  root,  and  the 
povrers  of  it  may  be  (bund  upwards  or  downwards  to  any 
extent.    Evei;  number  or  quantity  when  not  described  as  a 
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power,  IB  alnaya  in  the  nune  condition  u  a  root ;  and  in  this 
sense  of  ihe  t«rm,  a  number  is  not  neceBsarily  considered  aa 
anjr  other  product  than  tliat  of  its  own  value  by  the  number 
1.  Even  in  this  aenae,  however,  a  number  may  be  considered 
■s  a  power ;  and  thus  considered,  it  is  necessarily  a  first  power, 
and  ita  exponent,  the  general  nature  of  which  is  explained  at 
page  3S,  is '.  The  meaning  of  tiiia  i^  that  the  number  or  root 
is  considered  as  one  &ctor  only,  and  that  there  is  no  multipli- 
cstion  alluded  to.  Thus,  if  a  is  put  for  all  quantities  whatever, 
it  is  expressed  as  a  power  by  a' ;  but  this  difiers  in  no  respect 
froip  a  without  the  exponent,  &rther  than  by  giving  us  a  be- 
ginning tor  the  powers  of  a.  The  other  powew  upward  pro- 
ceed in  the  natural  order  of  the  numbers,  those  numbers  being 
written  as  exponents,  and  pointing  out  the  number  of  times 
that  the  root  is  used  as  a  factor,  which  is  always  1  greBt«r  than 
the  number  of  multiplications,  the  first  multiplicatioa  requir- 
ing two  loctors,  and  the  next  lower  power  being  always  a  fiictor 
in  the  one  immediately  above  it. 

From  what  has  been  already  said,  it  is  evident  that  the 
•eoratd  and  third  powen  are  the  only  ones  which  can  have 
ntunea  expressive  id  geometrical  extensions  j  the  second 
power  being  the  squaro,  and  a^isread"a  square,"  and  the  third 
power  the  cube,  and  a^  is  read  "acube."  The  fourth  power  is  also 
sometimes  called  ihe  biquadrate,  because  it  is  the  square  of 
the  square,  and  perfecily  intelligible  in  the  management  of 
quantities  and  numben,  though  there  is  of  course  no  geome- 
tiiccd  magnitude  wbicb  can  answer  to  it.  The  other  higher 
powers  are  named  after  the  numbers  of  &eir  exponents,  and 
therefbro  require  no  further  explanaticm.  The  following  are 
aome  of  the  ascending  powers  of  a,  beginning  with  the  first ; 
and  in  as  farasthey  are  powers,  and  expressedby  the  exponents, 
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they  would  be  exactly  the  ume  whaterer  quantity  or  nnmfaet 
was  used  instead  of  the  letter  a— 

a',  a",  a',  a*,  a\  a*,  tf*,  a",  af>,  o'",  a". 
This  series  might  be  continued  indefinitely  and  without  limit ; 
andwhen  an  indefinite  exponent  is  introduced,  the  cliaract«r  tat 
it  isusually  the  letter  °;thu8  0"  is  the  "  th  power  of  a,  that  ia, 
any  power  indefinitely  great,  indefinitely  amall,  or  intermediate 
between  these  points. 

Mere  ine^>ection  of  the  above  series  of  powers  will  show  that 
every  additional  multiplication  adds  one  to  the  exponent ;  and 
of  course  theaddltion  of  any  number  of  times  1  to  the  expo* 
nent  would  express  the  same  nnmbei  of  multiplications  by  the 
root.  If  we  divide  the  product  by  the  multiplier  we  always 
get  back  the  multiplicand ;  and  therefore  any  number  of  times 
1  Bubtnicted  from  the  exp  onent,  expressesthat  the  power  ia  to 
be  Ba  often  in  succesdon  divided  by  the  root,  the  quotient  of 
each  division  being  made  the  dividend  in  that  immediately 
following.  Thus  a'' — *,  means  that  the  seventh  power  of  a  is 
to  bo  divided  four  times  in  succession  by  a ;  but  to  divide  by 
any  number  of  diviaois  in  anccession  produces  exactly  the 
same  quotient  as  multiplying  all  the  divisois  and  dividing  by 
their  product  at  once.  Therefore  o'  ',  is  the  same  as  divid- 
ing the  seventh  power  of  a  by  the  fourth  power  of  the  same, 
which  may  be  expressed  by ,  or  by  d^. 

If,  instead  of  a',  the  first  part  of  this  expreedon  had  been 
Nmply  a,  then  the  remaining  part  of  the  expreauon  would 
have  been  o^.  From  this  we  can  see  that  a  n^ative  exponent, 
and  an  exponent  expressed  as  a  denominator  or  divisor,  have 
the  same  meaning,  and  are  exactly  equal  to  each  other,  when 
numerically  alike ;  and  thus  a  number  of  multiplications  by  the 
root,  and  a  number  of  divisions  by  the  root,  or  rather  the  root 
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tued  a  uurnlKr  of  times  as  s  multiplier,  or  a  number  of  times 
aa  a  divisor,  are  alike  expreadble  hy  exponents ;  only  there 
is  this  difiereiu«  between  ihera,  that  the  exponent  denoting 
multipliers  has  the  sign  +  expressed  or  understood,  and  that 
expi^sing  divisors  has  the  sign  —  always  expressed. 

Bat  &om  the  perfect  equality  of  the  expresdons  a*  and 
o'  *,  it  follows  that  the  negative  exponmt,  or  that  which  has 
—  prefixed,  is  really  the  reciprocal  of  the  same  exponent 
when  positive,  or  having  the  sign  +  ;  or  that  oh-*  is  exactly 
the  same  as  -— . 

This  at  once  shows  ns  that  +  and  — ,  as  applied  to  exponents, 
have  quite  difFerent  meanings  than  when  applied  to  qnanlities ; 
and  that  there  can  in  re^ty  be  no  such  operation  as  either  the 
adding  or  the  subtracting  of  exponents,  in  the  sense  in  which 
those  words  are  used  with  regard  to  common  numbers  and 
qilantities.  This  leads  to  some  very  important  conclusions, 
which  we  shall  have  to  notice  afterwards :  in  the  meantime  we 
may  examine  a  series  of  those  negative  exponents. 

Looking  back  at  the  positive  exponents  of  a,  we  find  that  the 
left  hand  is  1,  and  that  the  others  increase  regularly  toward 
the  light,  by  the  addition  of  1  for  every  next  succeeding  term. 
If  we  look  at  them  in  the  other  order,  we  find  that  they 
diminish  in  order  toward  the  left  by  the  subtraction  of  one. 
Now  we  may  readily  continue  the  seri^  towards  the  left  hand ; 
because  a',  where  the  former  series  stops  in  this  direction,  is  any 
number  or  quantity  whatever.  If  we  divide  that  quantity  by 
itself,thequotientmust  beexoctly  1,  whatever  may  be  thevaluecf 
a,  because  every  quantity  is  contained  just  1  time  in  itself,  with- 
out anything  deficient  or  over.  If  we  divide  another  time  by 
df  we  have — ;  if  we  divide  still  another  time  by  a,  we  obtain 
x2 
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— ;  and  ftfterttiat  — i    — ,  and  bo  ou  as  for  as  we  choose  to 

oany  our  aeriea  of  diviakna.    Theae  naolta,  ammging  them 
from  right  to  left,  are  a«  follows — 
11111111111, 


Up<m  ezaminiiig  these  from  right  U>  left,  the  firat  in  the  series 
is  the  numbei  I,  whatever  may  be  the  ralue  of  a ;  and  its 
expoaent  is  ",  that  is,  it  has  no  exponent.  This  is  exactly 
what  might  be  expected ;  for  the  number  1  can  neither  be 
a  multiplier  nor  a  diriaor.  The  next  term  in  order  is  1  divided 
by  the  equate ;  that  is,  it  ia  the  reciprocal  of  the  square,  the 
third  is  the  reciprocal  of  the  cube,  and  the  rest  in  order  are  die 
redprocak  of  the  corresponding  powers  in  the  former  series. 
But  we  hare  already  seen  that  egressions  in  the  form  of 
the  above  are  the  same  in  import  as  if  the  exponent  were  made 
a  fraction  with  1  for  its  numerator,  or  written  with  the  sign 
— .     Hence  we  have, 

aiV^  oT^F^  aV^  flV^  aV  ^V,  ot^  gV  qV,  oi^  aO ;  and  also 

Bot  though  these  anawer  to  the  same  places  in  the  genersl 
series,  they  do  not  expreaa  the  same  meaninga.  The  firat  oS 
the  two  series — namely,  that  with  the  fractional  exponents — 
expresses  roots  of  a  considered  as  a  number  of  which  a  root 
answering  to  the  exponent  ia  to  be  found ;  for  the  number  1 
which  occurs  as  the  numerator  of  each  shows  that  a  is  still  to 
be  takea  as  one  fector,  or  rather  as  the  power  arismg  from  the 
multiplication  of  the  mctor,  which  must  be  in  all  cases  diffe- 
rent from  a.  As  for  instance,  o^  meana  that  some  root  or 
number  r  is  to  be  found,  which  when  used  four  times  as  a  &c~ 
tor,  or  multiplied  three  times  by  itself^  shall  produce  »  result 
either  exactly  equal  to  a,  or  as  nearly  equal  to  it  as  possibla. 
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In  the  other  series  the  expr^Bions  are  tdrapl;  the  descending 
powera  of  0,  hSTing  that  quantity  for  their  root,  and  being  in 
&ot  Hie  reciprocals  of  the  corresponding  positive  powen. 

To  take  an  example  in  nnnbera :  let  a  =:  S ;  and  let  us 
write  the  powera  of  a  expiewed  by  their  ex{«nent8  in  one 
line ;  the  powers  of  6  expressed  by  their  facton  in  a  second 
line ;  and  the  same  powers  expressed  by  the  prodoets  of  their 
factors  in  a  third  line. 

iBt,— a,    a«,         a',  a*,  a' 

Sd.— £,  Sx6,  BXBX6,  5x6XSx6,  BxBxSx6x6. 
3d.— fi,    25,         12fi,  62C,  3125. 

The  fint  of  these  three  lines  cont^ns  the  general  espresaionB 
for  the  first  five  positiTo  powers  of  any  Hmple  qoMitity 
whatever,  because  the  letter  a  may  mean  anything.  The 
second  line  cont^na  the  first  five  powera  of  the  pazticalar  nuin~ 
ber  5,  expressed  in  terms  of  S,  the  root  connected  by  mgna  of 
multiplication  which  point  out  the  operations  to  be  perfoimed. 
In  each  power  the  number  of  times  that  the  factor  or  root  5  is 
rqieated,  corresponds  exactly  with  the  exponent  of  a  in  the 
first  line ;  and  the  nnmber  of  times  that  the  sign  of  multipli- 
cation X  occura.in  each  points  out  the  number  of  multiplica- 
tions. The  third  line  has  exactly  the  same  valae  in  numbera 
as  the  second,  only  the  multiplications  are  performed,  and 
each  power  appeare  as  a  separate  number. 

Let  Us  next  take  the  same  illustration  with  native  expo- 
nents; and  we  tdiall  begin  thera  at  the  left  in  order  that  they 
may  be  the  more  easily  compared  with  the  former. 
Ist.— rf>,    a~\    a-*,  a-^,  a~*. 

„,       5         1  1  1  1 


5,        C,      6x5,  SxSx5,  6x6x6x6. 

M,—  1.       -2,        -04,  -008  ■0016. 

The  first  of  these  linea.contuns  the  general  expresdon  of 
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3l6  powBRs  or  2  AND  5. 

Jwwen  immediately  fbllowing  each  other  below  the  fint  po^r  J 
and  as  the  fine  of  these  is  an  expreasioa  for  the  number  I,  it 
haa  the  exponent " ;  the  others  are  continual  diviaiona  of  1  a8 
many  times  succesdvely  by  a  as  there  are  onee  in  thur  reapectiTe 
exponents.  The  second  line  contains  a  particular  instance  of 
the  anine,  in  tenns  of  the  Dumeiical  root  6  ;  and  the  third  line 
Contuns  the  values  of  the  expressions  in  the  second  stated  in 
decimals, — Uiat  is,  in  tenns  of  10,  the  loot  of  the  common 
arithmetical  scale. 

Upon  carefully  examining  this  third  line,  it  will  .'be.  fonnd 
that  there  is  some  information  to  be  obtaiusd  from  it,  farther 
than  the  men  illustration  of  powers  with  negative  exponents. 
The  toot  5  made  use  of  in  the  second  line,  is  a  &ctor  of  the 
number  10,  and  the  number  2  is  the  other  foctor.  Now  if 
we  examine  the  decimal  numbers  in  the  third  line,  we  aixaXl 
find  that  they  ate  the  powers  of  2,  divided  by  the  cor- 
responding powers  of  10.  We  may  leave  out  the  first  of 
the  series  because  it  is  1,  and  of  no  use  as  a  power.     The 

second  -2  is  -^  ;  the  third  -04  is    — -,    for  it  is  —  ;  (he 

"'  lOXlO'  100* 

'•'^  ■•'08  is  ,— -— - — --,  for  it  is  ; —  ;  and  the  fourth   is 
10x10x10  1000 

2x2x2x2       ...       18 

"^ ,  for  it  IS . 

10x10x10x10'     .  10,000 

-  From  tiUs  it  follows,  that  if  any  power  of  a  number  is 
divided  by  the  same  power  of  one  of  its  Victors  or  oomponent 
parts,  the  quotient  is  always  the  same  power  of  the  otlier  com- 
ponent part,  and  conversely.  If  like  powers  of  any  num- 
bers of  factors  are  multiplied  together,  their  product  will  be 
the  same  power  of  the  product  of  all  the  factors.  Thus,  if  a 
and  fi  are  the  &ctora  of  any  quantity  c,  a^  &^=c',  when  the 
■  power  of  the  composite  number  or  quantity  is  found  by  multi- 
plying the  same  powers  of  its  &ctors,  it  !s  of  no  consequeuce 
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in  what  Older  they  are  taken.  Thtta,d<  X2*,  atid2<  XS'  are 
both  ^  10^  ;  and  it  is  the  same  in  every  other  case  Iiowever 
complicated. 

Tlte  general  explaoatioa  which  we  liave  here  endeavoored 
ta  gire  of  tUe  elonentary  doctrine  of  poweis,  is  aufficient  to 
prepare  an  ordinary  reader  for  more  elaborate  woika,  and  ao 
we  ehaU  now'proeeed  to  Uie  practical  matters  of  expressing 
the  powers  of  nombers  and  quantities,  and  finding  them  by 
calculstion  in  any  case  where  tliat  may  be  lequired ;  for  tliis 
purpose  we  make  a  sub-section, 

IlfVOLUTlON. 

Involution  literally  means  "  tolling  up,"  in  the  same  manner 
as  multiplicaticm .  means  "manyfolding;"  and  the  diatiuction 
of  the  names  is  worth  attending  to :  because  in  multiplication, 
there  m^  be  many  footora  all  different  from  each  other,  the 
one  of  which  is,  as  it  were,  folded  down  upon  itself  as  often  as  it 
ia  expressed  by  the  other ;  whereas  in  inTolntion,  or  the  finding 
ot  poweis,  the  same  quantity  is,  as  it  were,  folded  its  own 
number  of  times  upon  itaelf  at  ereiy  multiplication. 

The  first  point  to  be  attended  to  aa  this  subject,  is  the 
correct  expresaioiia  of  powers ;  and  this  is  a  matter  of  no 
inconsiderable  importance;  because,  in  complicated  opera- 
tions especially,  it  is  dsaixable  to  get  our  expression  for  the 
whole  operation  to  the  end  b^re  we  begin  any  of  the  parts 
of  the  operation,  and  thereby  lose  sight  of  some  of  the  givea 
quantities.  Indeed,  this  is  a  matter  of  so  very  great  import- 
ance^ that  it  ought  to  be  enforced  upon  every  occasion  where 
tile  enforcement  of  it  can  be  introduced,  even  though  it  may 
^ipear  not  only  inelegant,  bat  apparently  tedioos.  If  we  do 
not  huumer  it  till  it  becomes  hot,  the  spring  becomes  the 
more  elastic  the  more  that  we  hammer  it ;  and  it  is  even  so 
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vith  the  haman  mind ;  if  we  wifdi  to  import  to  it  that  vigo- 
uma  doBtMity  which,  onoe  acquired,  will  Bend  it  hnnniting 
along  the  paths  of  knowledge  in  the  strength  of  its  own  energy, 
ao  that  we  keep  it  oool,  it  is  our  duty  to  hammer  sway,  in  order 
that  error  or  prejudice  may  not  afterwards  bead  it  from  the 
line  of  the  trnth. 

It  is  not  in  mathemAtical  inrestigationB  alone  that  this  prac- 
tice of  fining,  the  exprenon  before  proceeding  to  the  operas 
tions,  is  one  of  the  most  useful  mlea  that  can  be  obaerred ;  fi>r 
it  applies  eqoaUy  to  erery  project  that  can  be  sccomplisbed, 
and  evei^y  object  which  can  be  obt^ned ;  and  we  may  add,  that 
it  is  owing  to  the  want  of  this  preliminary  seeing  of  the  way 
and  the  means,  more  than  to  any  thing  else,  that  the  fiilores 
and  mishaps  of  mankind,  in    every  department  ot  lifb,  we 

If  the  quantity  of  which  any  power  te  to  be  expreeaed  is 
simple,  or  coufflsts  <^  a  ungle  number  in  arithmetic,  or  a 
Hngle  letter  in  algebra,  the  pow^  is  exjHeieed  at  onoe  by  writ- 
ing the  proper  exponent  over  the  right  hand  of  the  tnimber  or 
quantity ;  and  in  this  case,  in  nnmbera,  the  power  itself  can  be 
found  by  common  mnlt^licatlon,  the  extent  cf  which  is 
pointed  out  by  the  exponent 

In  the  case  of  conqiound  quantities,  a  little  more  attentftoi 
is  necessary  in  expresdi^  their  powers.  If,  indeed,  the  "whole 
of  the  compound  quantity  ia  to  be  considered  as  the  root  of 
which  the  power  is  sought,  we  have  only  to  inclose  it  within 
parentheses,  or  draw  a  vinculum  over  it,  and  write  the  expo- 
nent as  if  it  were  a  simple  quantity.  In  algebra,  an  exp<ment 
occurring  in  a  compound  quantity  is  not  understood  to  extend 
any  further  than  the  angle  letter  over  which  it  is  placed. 
Thu8a+6«  is  not  the  square  of  a+b,  it  is  a-t-  the  sqnaie  of 
i.    As  little  is  a"  +b'  the  square  of  a+b,  for  it  is  the  (rum 
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of  their  si^uares.  The  square  of  a+b  is  (a+6)*,  ora+b. 
If  the  compound  quantity  of  vrhich  the  power  is  to  be  ex- 
pressed ia  a  product,  then  the  whole  may  be  either  enclosed  in 
parentheses,  or  the  exponent  may  be  attached  to  each  letter, 
er  other  factor.  Thus,  the  square  of  ft  product  of  a  and  b  is 
either  (a  by,  or  a'  6*.  So  also,  if  the  compound  quantity  is  a 
quotient  expreasod  in  teims  of  a  diTideni  and  divisor,  the  expo- 
nent may  }>e  either  affixed  to  the  whole,  or  to  each  term  sepa- 
rately.   Thus  (-r-)>  or  — ,  is  the  square  of  the  quotient  of  a 

divided  by  b.  If  the  terms  of  a  compound  quantity  are  oon- 
nected  by  the  sign  +,  or  tlie  sign  — ,  they  must  alwaj-s  be 
enclosed  in  parenthesea ;  because  no  multiplication  or  diviuon 
extends  to  both  aidee  of  either  of  those  signs,  unless  it  is  so 


We  have  made  these  explanations  as  ample  as  possible ;  but 
titey  contain  all  the  elements,  and  will  apply  to  the  most  com- 
plicated quantity  that  can  arise. 

i.".  The  next  point  for  our  conddeiationis  the  value  of  the  power 
in  terms  of  the  root  and  the  ei^Kinent.  We  do  not,  in  the 
mean  time,  allude  to  the  numerical  value  in  any  particular  case, 
but  merely  to  the  general  value,  as  to  whether  the  power  is  to 
be  greater  or  lees  than  nothing,  greater  or  leas  than  1,  or 
greater  or  less  than  the  root. 

First,  no  power  can  be  less  than  nothing,  though  any  quan- 
tity not  conadered  as  a  power  may.  — a^  has  meaning  as 
part  of  many  compound  quantities;  but  standing  alone  it  has 
no  meaning,  as  it  cannot  be  the  prodoot  <^  any  quantity  by 
itself.  The  product  of  -|-oby  +«,  and  that  of — a  by  —a, 
are  both  exactly  the  same  quantity— namely  +ffl*,  as  is  ex- 
{dained  at  length  at  page  80 ;  and  — o^  though  it  b 
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as  the  product  of  +  o  by  —a,  thereby  indicating  that  aa  mai^ 
times  a  ahonld  be  taken  away  aa  b  expreeaed  by  the  said  a ; 
yet  a  sqnara  can  be  obtained  only  by  multiplying  a  quantity 
by  itself;  and  instead  of  +a  and  —a  being  the  same  quantity, 
the  difference  of  their  values  is  2a.  If,  however,  the  expo- 
bent  of  a  simple  quantity  is  an  odd  number,  and  the  dgn  of 
the  root  — ,  the  sign  of  the  pon«r  will  also  be  —  ;  so  that  the 
powers  of  n^ative  roots,  taken  as  uugle  quantities,  have  the 
tign  —  in  all  the  even  ones,  and  the  dgn  —  in  all  the  odd 

Secondly,  if  the  root  is  greater  than  1,  the  power  must 
be  also  greater  than  1  and  greater  than  the  root,  and  the 
power  must  increase  as  the  exponent  increases ;  but  if  the  root 
is  lew  thad  1,  the  power  must  be  lees  than  1  and  also  leea 
than  the  root,  and  the  power  must  dimiajsh  as  the  exponent 
increases.  This,  of  course,  applies  only  to  positive  exponents ; 
for  if  the  exponent  is  negative,  the  power  must  in  all  cases  be 
lees  than  one ;  for  °  is  the  exponent  of  the  number  1  in  the 
case  of  all  roots  whatever ;  and  the  nc^tive  powers  are  all  less 
than  this,  and  less  cxsctiy  in  proportion  as  the  positive  powets 
are  greater,  for  they  are  the  reciprocals  of  those  powers. 

That  every  power  of  a  miniber  greater  than  1  must  be 
greater  than  both  1  and  the  root,  is  very  eofdly  seen,  because 
eves  in  one  multiplication  it  is  taken  or  repeated  as  many  times 
more  than  its  original  value  as  that  value  exceeds  the  number  1 ; 
and  it  signifies  not  how  small  this  increase  may  be  in  any  parti- 
cular case,  but  it  must  be  something.  If  we  cany  the  matter 
oaward  another  step,  we  have  the  increased  number  increased 
again  by  the  same  number  of  times  itself  as  the  increase ;  and 
if  we  pursue  the  powers  in  their  order  to  any  length,  we  shall 
still  find  that  the  aignment  applies,  and  that  each  succeeding 
power  beo(Hnee  greater  than  the  one  immediately  before  it. 
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Nor  is  tliis  all,  for  let  a  root  be  ever  so  little  more  than  I,  we 
could  imagine  with  perfect  correctoess  a  power  of  it  with  m 
high  an  exponent  to  be  taken,  as  that  the  value  of  this  power 
would  be  greater  than  the  valne  of  any  number  that  we  could 
name.  For  instance,  let '  represent  the  Btnallest  imaginable 
number,  and  '  the  greatest  possible  exponent  that  we  can 
imagine,  but  not  name;  then  (l  +  ')"  is  really  greater  than  any 
number  that  could  be  ariLbmetically  expressed,  even  though 
the  line  of  fig^nree  extended  both  ways  through  space  to  the 
most  diitant  stars. 

It  is  equally  apparent  that  no  power  of  a  quantity  less  than 
I  con  ever  be  so  great  aa  1,  or  indeed  bo  great  aa  the  root 
itself.  For,  if  we  take  the  square  which  is  the  result  of  multi- 
fdying  the  quantity  or  root  by  itself,  we  have  a  quantity  le«8 
than  1  reckoned  np,  repeated,  or  taken  leas  than  one  time  itaelf, 
which  is  saying  expressly,  though  in  other  words,  that  the 
square  of  a  quantity  less  than  1  must  be  leas  than  tiiat  quantity. 
If  again  we  consider  the  second  multiplication,  which  produces 
the  cube  or  third  power,  we  hare  this  diminished  quantity  the 
square  token  leas  than  once  itself ;  and  if  we  continue  to  ex- 
amine the  succesdve  multiplications  which  produce  the  powers 
in  their  order,  we  have  the  multiplicand  leas  in  each  case  than 
in  the  case  before  it,  and  the  multiplier  the  some  in  them  all, 
90  that  as  the  exponent  increases,  tbe  valne  of  the  power 
diminishes. 

When,  however,  we  turn  our  attention  to  the  descending 
exponents,  or  those  which  are  less  than  I,  the  index  of  the 
root,  we  find  the  state  of  things  rcveised.  Whatever  the 
fraction  is,  the  value  of  its  power  which  has  "  for  its  exponent, 
is  1,  the  same  aa  in  the  case  of  all  other  roots;  and  as  the 
next  term  is  1  divided  by  the  fraction,  which  by  hypothesis 
is  less  than  1,  it  follows  that  the  quotient  of  1  divided  hy  it 


bf  Google 


most  be  gieatei  than  I ;  and  as  the  divisois  of  1  contiuDe  to 
decrease  afler  this,  the  quotients  must  inci«ase,  for  thoM  quo- 
tients which  are  the  values  of  the  powera,  ate  the  redprocals  of 
the  poritive  poweis  which  hare  the  mme  exponents. 

A  veiy  rimple  ease  will  serre  to  illuatrate  thiB ;  and  the  vety 
dmplest  fraction  we  can  employ  for  the  purpose  is  the  fraction 
^,     The  firat  fire  poaitire  powers  of  this  »re~ 

i,   ixl,  ixjxi,  Jxixjxj,  ixjxjxixl. 

Peifbiming  the  multiplications  we  bave,j 

i,     h  h  A,  A- 

Or,  expreaaing  them  in  dedmals,  they  are 
•6,    -25,  -126  -0626,  -03125. 

Thns  the  positive  powers  of  J-  go  on  diminishing  as  the 
exponent  increases,  and  each  power  is  the  same  fraction  of  the 
one  preceding  it,  namely  ^  of  it ;  and  in  the  case  of  any  other 
ftaction  every  positive  power  must  be  the  same  port  of  the  one 
immediately  preceding  it,  that  the  root  or  original  fraction  is 
of  the  number  1. 

Let  us  next  examine  the  powers  which  have  negative  expo- 
nents.   The  first  six  of  them  are  as  follows, — 
i  2  1  J.  JL  -L 

h  h  h  h  iV.  ^- 

If  we  suppose  each  of  these  to  be  multiplied  by  the  denomi- 
nator of  the  fraction  in  the  under  term,  we  shall  thereby  reduce 
all  the  lower  terms  to  1,  while  the  upper  ones  will  be  the  same 
as  those  denominatois.  Therefore  in  the  case  of  the  fraction  ^, 
the  first  negative  term,  that  is  the  term  after  the  one  with  the 
exponent  °,  is  2,  the  next  is  4,  the  next  to  that  8 ;  and  so  on, 
doubling  the  value  for  every  I  that  the  exponent  is  increased 
nnmerieally,  though  diminished  in  value  because  of  the  negative 
sign.  Those  negative  powers  increase  in  a  ratio  corre^onding 
to  the  reoiprooal  of  the  root ;  and  it  is  evident  the  reciprocal  of 
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any  other  fraction  moat  be  the  rote  of  incieaM  in  thoee  terms 
which  have  oegatiTe  exponeute,  for  the  same  reason  that  the 
fraction  itself  is  the  ratio  of  decrease  in  those  powers  which 
have  poaitiTe  ezpoiienta. 

Let  OS  next  conaider  the  caae  of  a  fractional  number,  the 
value  of  which  is  greater  than  1.  Snch  a  nomber  may  be 
regarded  as  made  np  of  two  parts — the  one  an  integer,  either  the 
number  1,  or  any  nnmber  greater  than  1 ;  and  the  other  the 
fraction,  whidi  in  all  cases  must  be  leas  than  1,  or,  if  it  is  not  ao 
OT^nally,  the  integral  part  of  its  value  can  be  separated  from 
the  fractional  part,  and  taken  in  witii  the  other  integen.  Hence 
mch  a  nnmber,  which  may  be  called  a  mixed  number,  consists 
of  two  distinct  parts,  which,  without  reducing  the  int^r  to 
the  terms  of  the  fraction,  cannot  be  added  together  so  as  to  have 
their  value  expressed  by  one  simple  nuuibei.  It  may  therefore 
be  represented  by  a +&,  in  which  a  is  the  integral  part,  and  b 
the  fractional. 

The  expreaaion  of  any  power  of  it  will  be  {a+b)'^;  and  that 
of  its  square,  (a + &)*•  The  composition  of  this  square  has  been 
already  alluded  to  at  page  99 ;  but  we  shall  again  repeat  the 

(a+6)«=(o+6)x(a+6). 


a'  +  ab 
+  ab  +  b* 

Though  this  compowtion  of  tlie  square  of  a+b  is  veiy  pluH, 
it  may  not  be  amiss  to  dwell  a  little  longer  upon  it,  forthe  pur- 
pose of  fixing  it  in  the  minds  of  snch  readers  as  may  not  have 
previously  studied  the  subject.  Whatever  may  be  the  value  of 
n,  it  is  plun  that  the  a  multiplied  by  a  must  be  a*,  so  also  the 
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product  of  a  aad  h  rnoBt  be  both  a  timta  6,  and  b  times  Q ;  a&d 
whoterw  ia  die  value  of  6,  the  product  of  t  multiplied  by  b  must 
be  6« ;  then,  aa  ^  product  of  a  and  6  occnra  twice,  2  can  be 
made  a  co-effident,  which  Bares  writii^  a  b  twice  orer  with  the 
ngn  +  between.  The  expreasiait  translated  into  words,  and 
stated  generally,  iS'— 

The  square  of  the  sum  of  two  numbers  is  made  up  of,  and 
omisequeiitly  equal  to,  the  sum  of  their  squares  and  twice  their 
product. 

We  shaJl  now  consider  a  as  an  integer,  6  as  a  fraction,  and 
the  two  taken  together  as  a  mixed  number.  We  can  do  this 
with  perfect  propriety ;  because  a  and  b,  being  perfectly  general 
expresnons,  represent  all  numbers  whatsoever.  Then  accord- 
ing to  the  composition,  as  above  explained,  the  square  of  the 
mixed  number  must  consist  of  _the  square  of  the  integral  part, 
twice  the  product  of  the  integral  part  by  die  fractional  part, 
and  the  square  of  the  Pactional  part.  The  square  of  the  finit 
is  of  course  always  an  integer ;  twice  the  product  of  the  two  may 
sometimes  be  an  integer,  though  generally  speaking  it  will  be  a 
mixed  number;  but  the  square  of  the  fraction,  having  its  deno- 
minator the  square  of  the  denominator  of  the  given  fractional 
part,  must  not  only  be  in  every  case  less  than  the  given  fraction, 
but  must  be  sach  that  no  fractional  pait,  which  may  arise  in 
twice  the  product  of  the  integer  and  fraction,  can  he  so  applied 
to  it  as  to  make  it  an  integer;  wherefore,  the  square  of  no 
mixed  number  whatever  can,  under  any  circumstances,  be- 
come a  whole  number.  If  this  be  true,  as  It  evidently  is,  in  the 
case  of  the  square,  much  more  must  it  be  true  in  the  case  of  any 
higher  power,  because  in  such  a  power  the  denominator  <^  the 
power  of  the  fraction  is  stUl  more  compounded.  This  is  a  very 
important  conclusiou,  and  so  is  the  converse  which  follows 
immediately  from  it ;  namely,  if  any  root  of  a  whole  numbet 
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ctmncrt  be  exactly  espreaeed  by  a  whole  number,  it  cannot  be 
exactly  expresaed  by  any  mixed  numbei  whaterer.  We  shall 
have,  however,  to  conaider  this  a  little  further,  when  we  come 
to  examine  a  few  points  in  the  doctrine  and  management  of 
nmts.  In  passing,  we  may  remark,  however,  that  the  very 
amplest  whole  number  which  can  have  a  root  different  irom 
itself,  namely,  the  number  2,  belongs  to  this  class.  The 
number  1  is  not  the  root  of  2,  fi>r  the  sqnare  of  1  is  only  1,  and 
the  square  of  2  is  twice  2,  so  that  2  cannot  be  its  own  root, 
Consequently  2  has  no  square  root  which  can  be  expressed, 
either  in  a  whole  nnmber  or  in  a  mixed  number,  with  perfect 
accuracy ;  though  there  is  no  doubt  that  the  square  root  of  S 
is  a  real  quantity,  because  the  product  of  it  by  itself  is  the 
number  2. 

The  existence  of  roots  not  expressible,  gives  rise  to  a  dif- 
ferent kind  of  numbers  from  any  that  we  have  hitherto  men- 
tioned. They  are  called  mirdg,  or  irrational  numbers,  that  is, 
numbers  of  which  the  ratios  cannot  be  exactly  staled.  At  one 
time  the  management  of  these  numbers  was  exceedingly  trouble- 
some ;  but  since  the  introdoctiaii  of  Deeimol  Arithmetic,  and 
various  other  improvements  of  modem  times,  they  occasion 
very  little  trouble  in  practice,  because  their  values  can  be  xp- 
proximated  to  any  iegree  of  accuracy  that  may  be  required. 

The  powers  of  all  numbers  and  quantities,  umple  and  com- 
pound, being  merely  the  results  of  multiplications,  performed 
hi  exactly  the  same  way  as  other  multiplicatioDS,  h  is  not  ne- 
cessary to  go  into  any  explanations  of  the  process.  It  may  not 
be  amiss,  however,  to  show  the  composition  of  the  cube  of 
the  sum  of  two  numbers  or  quantities;  because  there  are  some 
elementary  proceedings  in  which  it  is  nsefdl. 

Let  us  then  examine  tiie  cube  of  a  -|-  b,  where  we  have, 
(a  +  by-(a  +  b)xia  +  b)x  (a  +  b). 


bf  Google 


SSO  OOHMUTHHI   or   THE   OUBB. 

We  have  already  obtained  ihe  sqnai«,  and  if  we  multiply  thia 
aquara  hy  a  +  by  the  product  will  give  na  the  cube, 
(<i  +  6)»  =  <.»  +  2o6+6» 

Multiply  by a  +  b 

a*  +  2a*b+ab^ 

b  +  2ab*  +  b- 


Upon  examining  thia  we  find  that  it  conaista  of  four  tenna, 
the  cube  of  the  first  quantity,  three  times  the  square  of  the  first 
quantity  multiplied  by  the  aecond,  three  times  the  fiiat  quastity 
multiplied  by  the  square  of  the  second,  and  the  cube  of  the 
seoond  qoantity. 

This  formula  rarely  occurs  in  ordinsiy  bnenneas,  compared 
with  that  of  the  compodtion  of  the  square ;  but  still  it  is  de- 
HTKble  to  bear  in  mind  tin  composition  of  the  cube,  and  indis- 
penKkble  to  commit  that  of  tiie  square  to  memory. 

It  would  be  reiy  ea^  to  investigate  any  numbor  of  these 
fermnln,  because  fcH'  every  higher  pne  we  have  only  to  multiply 
another  time  by  a  +  fr,  and  translate  the  product  into  words. 
There  is,  howeveT,  a  general  method,  by  which  any  power  of 
a  +  b  may  be  obtained  without  the  trouble  of  perfonning  the 
multiplications ;  and  we  shall  very  Imefly  state  the  leading  prin- 
ciples of  that  method. 

From  the  examples  which  we  have  had,  it  will  be  perceived 
that  theaquareconaistsof  three  terms,  separated  by  the  laga  +, 
and  the  cube  conaiats  of  four  terms,  separated  from  each  other 
by  the  same  ugn.  If  the  operations  were  continued,  it  would 
be  found  that  the  uuinber  of  terms  in  each  power  is  1  greater 
than  the  exponent  of  the  power ;  and  that  the  first  term  of  the 
root  only  appears  in  the  first  term  of  the  power  with  the  same 
exponent  aa  that  of  the  power,  while  only  the  second  term  of  the 
root  appears  in  the  last  term  of  tite  power,  also  with  the  expo- 
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nent  of  the  power.  Further,  oeither  of  those  two  tenns  has 
any  numeTal  co-«fBcieDt,  or  mimber  before  it,  and  they  are  the 
only  terms  mthont  snch  co-efficient.  If  we  take  the  otbec 
terms  from  the  h^iinning,  the  exponent  of  the  first  term  of  the 
root  diminiahM  by  one  &om  term  to  term,  or  is  1  less  in  every 
term  than  in  tlie  term  immediately  to  the  left.  On  the  other 
hand,  ibt  second  term  of  the  root  does  not  ^>pear  at  all  in  the 
first  term  of  the  power,  but  it  appears  in  the  second  term  with- 
out any  exponent,  and  Uierefbre  with  the  exponent  1  understood ; 
&om  this  toward  tlie  right  the  exponent  of  the  second  term  in- 
creases by  1  in  ere^  term  toward  the  rig^t,  nntil  in  the  last 
term,  in  which  the  first  term  of  the  root  does  not  appear,  it  is 
the  same  as  the  exponent  of  the  first  term  of  the  root  in  the  first 
term  of  the  power. 

The  e^woentB  of  the  two  terms  of  the  root  are  thiis,  as  it 
were,  applied  reversed  upon  each  other,  only  the  first  extends 
a  term  further  thanthesecond  at  the  beginning,  and  the  second 
a  term  ;Kirther  than  the  first  at  the  end.  It  will  periiaps  ren- 
der this  arrangement  of  the  exponents  more  clear  if  we 
introduce  them  (or  a  moderately  high  power,  disencumbered 
of  the  letters,  co-efficients,  and  aJgns,  and  merely  separated 
from  tack  other  by  commas ;  and  it  may  be  as  well  that  we  do 
this  for  a  power  which,  has  the  exponent  an  odd  number,  and 
consequently  an  even  number  of  terms ;  and  then  for  a  power 
which  has  the  exponent  an  even  number,  and  consequently  an 
odd  number  of  terms.  It  is  to  be  nnderalood  that  in  both, 
the  first  line  expresses  the  exponents  of  the  first  term  of  the 
root  a ;  and  the  second  line  the  exponents  of  the  second  term 
of  the  root  b. 

First. — Exponents  of  a  and  fi  in  the  ninth  power  ot  a  +  b, 
or  {a+b). 
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6,    8,    7,    6,    6,    4,    3,    2,    1, 
1,    2,    3,    4,    S,    6,    7,    8,    9. 

Here  it  will  be  Beeo  that  the  mm  of  Ike  two  esponents  in 
erei;  tenu  is  the  same ;  and  that  it  ia  the  mme-  as  the  ezp<h- 
nents  of  the  fint  and  last  t«nna,  which  are  the  aome  as  t&at  of 
the  power. 

Secondly. — ^Exponaita  of  the  tentii  pow«  of  a  +  ^  or 
{a+b)">. 

10,    fl,    8,    7,    6,    S,    4,    3,    2,    1, 

1,    2,    3,    4,    a,    6,    7,    8,    9,    10. 

In  this  case  the  sum  of  the  exponents  is  eqnal  in  all  the 
terms  aa  it  was  in  the  former ;  bnt  there  h  one  peenliaiitjr 
here,  and  that  is  ^mt  the  exponents  of  hoth  terms  of  the  root 
are  equal  in  the  middle  t«Tm  of  the  power.  This  conld  not  be 
in  the  former  case,  because  there  is  no  middle  term  there,  the 
number  of  terms  being  even ;  but  if  we  look  back  to  it,  and 
examine  the  two  tenns  on  each  side  of  the  middle,  we  shoU 
find  that  the  exponents  of  both  are  the  same  numbers,  differing 
bom  each  other  only  by  the  number  1 ;  the  first  term  of  the 
root  haying  the  larger  exponent  in  the  first  of  them,  and  the 
second  term  of  the  root  having  the  larger  exponent  in  the 
second.  From  this  illustration  it  would  be  an  easy  matter  to 
write  down  the  exponents  of  all  the  t«nns  of  any  power  of 
a  +b;  and  as  no  more  letters  than  a  and  b can  posubly  appear 
in  any  term,  and  as  their  product,  each  aflected  by  its  own 
exponent,  is  the  form  in  which  they  always  appear  ii^ien  both 
are  in  the  same  term,  the  only  thing  which  is  wanting  to  com- 
plete the  expresdon  of  the  power  is  the  co-effioients ;  for  as 
both  t«rms  of  the  root  have  the  sign  •)',  all  the  terms  of  the 
power  must  also  be  separated  from  each  other  by  the  sign+ . 

To  determine  the  co-efficients  is  also  a  matter  of  no  great 
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difficulty ;  and  we  have  a  general  means  of  getting  at  the  anm 
of  these  for  any  power ;  for,  as  the  value  of  the  co-efficients  is 
indep^ident  of  the  particular  value  of  the  letters  in  any 
ease,  the  Emm  of  the  co-effidents  of  the  some  power,  inclnding 
iJioBe  of  the  first  and  last  terms,  each  counted  as  1,  is  always 
the  same.  Well,  let  us  take  the  case  in  which  both  a  and  b 
are  each  equal  to  the  number  I.  In  this  case  (a  +  A)  "  must 
be  equal  to  (1  +  1)',  that  is,  to  2".  This  is  obvious,  because 
from  both  tennB  being  1,  neither  of  them  can  in  any  way  count 
in  multiplication.  The  whole  value  mnst  thus  be  found  in 
tie  co-efficients ;  and  as  the  powers  are  just  the  powers  of  2, 
H  follows  that  in  any  one  power  the  sum  of  the  co-efficients 
must  be  the  same  power  of  2.  In  the  first  power  or  root  it 
must  be  equal  to  2,  and  it  is  so,  focit  is  once  each  of  the  terms. 
In  the  second  power  or  square,  it  must  be  4,  and  it  is  so,  1  in 
the  first  term,  2  in  the  middle  term,  and  1  in  the  last  term. 
In  the  cube  it  is  1  in  the  first  term,  3  in  the  second,  3  in  the 
third,  and  1  in  the  fourth,  which  make  8.  If  in  like  manner 
we  were  to  examine  any  of  the  others  we  should  find  the  sum 
always  the  same  power  of  2. 

The  nest  point  is  to  determine  what  the  several  individual 
co-efficients  are ;  and  as  the  investigotaon,  which  depends  on 
the  transpoution  of  the  letters,  is  rather  long  fi>r  our  purpose, 
if  fuUy  worked  out,  and  not  satisfactory  unless  it  is  so,  we 
shall  state  in  brief  the  result  of  it.  The  co~efficient  of  the 
second  term  is  always  the  same  as  the  exponent  of  the  power 
ot  of  the  first  term ;  and  the  other  co-efficients  are  found  thus  : 
multiply  the  co-efficient  <tf  a  in  the  second  term  by  its  expo- 
nent in  the  same,  divide  by  the  number  of  terms  which  is  2, 
the  quotient  is  the  sufficient  of  the  third  term ;  for  every  suc- 
ceeding one,  multiply  the  co-effici(»it  and  exponent  of  a  in  the 
preceding  term,  divide  by  the  number  of  terms  from  the  be- 
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gioning  inola^iig  thM ;  and  the  quotient  is  the  co-efficient  of 
the  teim  next  in  order.  Contimie  this  operation  throu^oatall 
the  t«nnB;  and  if  that  of  the  last  hnt  one  come  oat  the  same  as 
that  of  the  second,  and  the  increase  toward  the  middle  is  the 
same  as  the  decrease  after  it,  the  whole  of  the  co-effictenta 
must  be  cwrect.  It  follows  that  they  must  be  so ;  because,  as 
with  the  exception  of  that  of  the  second  term  they  are  all 
deriTed  from  each  other,  if  an  error  is  committed  at  any  step 
of  the  cBlcnlotion  it  most  be  c<mtinued  to  the  end,  and  die 
last  co-efficient  bat  one  will  not  come  oat  the  same  as  the 
second. 

The  doctrine  of  combinations,  npon  which  the  finding  of 
these  co-efBdenIs  in  a  great  meHsare  depends,  is  a  very  beanti- 
tifnl  subject,  and  when  entered  upon  in  tbe  proper  manner,  it 
is  by  no  means  difficult.  It  is  not,  howerer,  a  purely  elemen- 
taiy  doctrine ;  and  besides  its  beauty,  could  not  be  felt  without 
a  greater  breadth  of  explanation  than  we  can  devote  to  the 
whole  sol^ect  of  powers.  Our  omitting  it  is  the  less  to  be 
regretted  as  we  reqnire  only  one  porticnlar  case ;  and,  even 
if  we  had  room  to  investigate  that  case,  it  would  lose  much  of 
its  beauty  if  taken  out  of  its  connexion. 

From  wliat  we  have  stated,  it  is  easy  to  find  any  power  of  a 
binomial,  that  is,  of  any  root  consisting  of  two  tcnos,  repre- 
sented generally  by  a  and  b ;  and  the  number  of  terms,  the 
order  of  the  letters,  the  exponents,  and  the  co-efficients  will 
be  the  same  whether  the  sign  of  the  last  letter  6  is  +  or  — • 
The  only  difference  is  in  the  tdgns,  which  are  all  +  inthecase 
of  a  -t-  6,  and  alternately  +  and  —  in  the  case  of  a  —  6.  It 
is  worthy  of  remark,  as  showing  the  perfect  agreement  of  the 
,  most  complicated  algebraical  operations,  that  if  the  powers  are 
found  by  successive  multiplying,  all  the  odd  powers  of  the  ne- 
.  gative  quantity  —  b  have  the  sign  — ,  and  all  the  even  powers 
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hare  the  sign  -^•,  Thia  fiillowa  of  necesrity  from  what  was 
explained  when  treating  of  mnltiplicatioii,  En  Section  V. ;  and 
h  snppliee  the  only  other  element  neceBHai]'  for  obtaining  the 
power  of  a  binomial,  with  the  second  term  of  the  root  n^ative, 
without  the  trouble  of  going  over  all  the  mnltiplicotions. 

In  illustration  of  the  whole  matter,  we  diall  combine  th» 
different  etepe  of  the  finding  of  the  mxth  power  of  a  —  h: 

First — there  most  he  seven  terms. 

Secondly — the  exponents  are  for  a  and  6,  as  in  the  follow- 
ing lines— 

a  ..  6,    5,    4,    3,    2,    1, 
6  .    .         1,    2,    3,    4,    8,     6. 

Thirdly— Inserting  the  letters  we  have, 

o«,  o>  6,  o*  S=,  a»  6»,  o«  (>•,  a  6»  ft*. 

Next— to  find  the  co-efficients:  that  of  the  second  term  is  fl ; 

that  ot  the  third  term,  — — -  =  16 ;  that  of  the  fourth, 

Ifi  X  4                                            SO  X  3 
5 —  =20;  that  of  the  fifth, 7—  =  16;  the  axth, 


we  have  —3 —  =  1 ;  so  that  the  calculation  is  right.  The 
co-efficients  therefore  stand  as  follows,  incladh^  those  of  the 
first  and  last  termfh- 

1,  6,  16,  20,  16,  8,  1. 
Then  for  the  dgns :  the  exponent  of  6  is  on  odd  number  in 
the  second,  fourth,  and  sixth  terms,  and  an  even  number  in  all 
the  others,  so  that  we  begin  with  the  dgn  +,  and  the  signs  of 
the  other  terms  are  —  and  -f-  alternately.  The  complete 
aixth  power  of  a  —  6,  therefore,  is  — 
il«_6o»6  +  16<i'6«  —  20o»63-)-16aS6*  —  6o6«-H6». 
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Any  power  of  a  binomial  may  be  found  in  the  same  maa^ 
ner  without  the  trouble  of  peiformiiig  the  multiplicationa; 
and  fbnnalK  might  be  investigated  for  finding  powerB  of  root* 
conoBting  of  j^reater  numbera  of  terms.  Theee  are,  however, 
of  comparatively  little  nee  for  practical  purpoees;  lo  that  we 
absU  now  proceed  to  the  more  elementary  principles  of 


EVOLUTIOM. 

As  a  root  b  sud  to  be  involved  in  a  power,  so  when  the  power 
is  given,  and  we  find  the  root  of  it,  that  l^x)t  is  said  to  be  eiWtwd, 
ot  '^  nniolled,"  and  the  process  is  called  Evolution.  It  is  also 
called  Eirtractiim,  which  means  "  drawing  ont.' 

As  any  number,  or  qnaatily  expressed  generally  by  Algebra, 
mAy  be  gjven  as  a  root,  of  whidi  any  power  is  required,  so  any 
number  or  any  algebraical  quantity  may  be  given  as  a  power, 
of  which  any  root  ia  required ;  but  here  the  parallel  between 
the  two  cases  ends.  Iftheroot  and  the  exponent  of  the  power 
are  given,  the  power  itaelf  can  always  be  found  exactly  by  the 
common  process  of  multiplication,  and  sometimes  without  that 
precesB,  as  we  have  seen  in  the  case  of  the  powers  of  abinomial. 
But  a  root  can  in  no  case  be  found  by  the  simple  application  of 
any  of  the  elementary  operations  of  Arithmetic  or  <f  Algebra ; 
and  there  are  many  cases  in  which  it  cannot  be  found  exactly  by 
any  meUiod. 

A  very  little  reflection  vrill  show  the  reason  of.this.  The 
data  toi  finding  a  root  are  nominally  very  nearly  the  same  as 
those  for  finding  a  power,  namely,  the  power  and  the  exponoit ; 
but  in  reality  there  is  a  very  wide  difference  between  them.  In 
finding  the  power,  the  only  instrument  with  which  we  have  t« 
work  is  the  root,  which  is  a  common  number  or  quantity,  and 
as  such  baa  a  value ;  while  the  exponent  poiula  out  the  extent 
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4j  dte  working— the  namber  of  timee  tliat  the  root  ia  to  be  used 
ae  a  JBctor — wbicb  also  has  nnmerical  value. 

Bat  when  a  root  is  sought,  there  is.onlf  one  teal  number  or 
quantity  g^veit— the  power;  and  the  other  datum, the  exponent, 
inerely  points  out  the  relation  which  the  quandly  sought  must 
have  to  the  quantity  given.  But  we  cannot  work  with  a  rela- 
tion, either  in  Arithmetic  or  in  Algebra,  nnleas  we  have  that  re- 
ladon  expressed  in  terms  of  two  quantities  or  numbers ;  and  here 
there  ia  only  one,  theiefore  we  have  no  meana  of  obtaining  a 
generftl  solution  of  the  problem  ot  finding  a  root  which  will 
apply  to  all  cases. 

This  will  periiape  appear  more  evident,  if  we  put  the  problem 
in  its  moat  general  and  ample  form.  Ar^  root  of  any  umple 
quantity,  is  the  most  dmple  and  the  moat  general  form  in  wMch 
we  can  put  it ;  and  the  amplest  mode  of  expression  is — Required 
the  nth  root  of  a. 

We  can  indicate  this  root,  either  by  a  fractional  exponent,  or 
by  the  radical  sign ;  in  the  first  way,  the  indication  or  expres- 
sion of  the  root  is  a*;  and  in  the  second  it  is  !t/a.  Bat  there 
is  no  operation  of  Arithmetic  or  of  Algebra  pointed  out  by  any 
sign  in  either  of  those  expressions, — no  addition,  no  subtraction, 
no  multiplication,  no  division,  and  no  proportion ;  therefore,  the 
expieasiiHi  p<»nts  out  nothing  that  we  can  do,  though  it  indicates 
in  brief  terms  what  ougjit  to  be  done. 

Yet  we  cannot  doubt  that  the  qutuitity  which  we  seek  is  a 
posdble  quantity,  or  that,  in  the  case  of  every  particular  value 
of  the  given  quantity  a,  any  root  of  a  mnst  have  one  constant 
and  definite  vtdne ;  foe  if  it  liad  not  this,  its  square,  for  instance, 
namely,  the  given  quantity  a,  would  not  have  a  definite  value  ; 
toi  the  square  is  the  product  of  the  root  itself,  and  its  value  de- 
pends upon,  and  is  determined  by,  the  value  of  the  toot.   There 
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ig,  indeed,  one  case  in  whioh  we  can  at  once  tell  the  value  of  all 
possible  roots  of  o,  and  that  is  when  a  =  1 ;  for  then  a  •,  or 
V  o  >  >s  also  :=  1.  Bat  then  this  tells  us  nothing  further  than 
that  1  is  a  number  hy  which  we  can  neither  multiply  nor 

What,  then,  are  we  t«  do  in  this  case  t  We  know  that  there 
is  a  quantity  of  a  fixed  and  definite  value  to  be  determined,  and 
a  standard  by  which  to  measure  its  value  after  it  is  determined ; 
and  yet  we  have  no  direct  clue  to  the  quantity  itself.  We  shall 
best  answer  this  question,  in  a  general  way,  by  putting  another : 
What  are  mauldnd  obliged  to  do  in  all  cases  where  they  know 
what  they  want,  but  do  not  know  the  way  to  get  it?  They 
(ry,  and  if  one  trial  does  not  succeed,  they  try  again  and  again; 
and  it  is  this  perseverance  in  tryii^  which  is  the  parent  of  all 
discovery, 

Th»:«fote,  let  us  ti; ;  and  as  every  trial  must  be  made  on  a 
particular  case,  let  us  take  a  particular  number,  and  endeavour  to 
find  a  particular  root  of  it.  We  shall  take  a  small  number  and 
a  small  exponent  for  our  first  trial ;  and  it  would  be  useleas  to 
try  a  number  of  which  we  already  know  the  root,  because  that 
would  teach  us  nothing.  We  need  not  try  the  number  I,  be- 
euise  all  its  roots  are  the  same  as  itaelf ;  and  we  need  not  try 
the  square  root  of  4,  because  we  can  see  at  (aice  that  it  is  2. 
Let  us  therefore  take  the  number  2,  and  endeavour  to  find  the 
square  roQt  of  it^-that  is,,  to  resolve  into  one  number  nnaffected 
by  any  sign,  the  expression  ?,  or  ^  ^  .  ^When  a  root  is  in- 
dicated by  the  radical  ^gn,  it  is  not  necessary  to  write  the  ex- 
ponent of  the  square  root,  though  it  is  necessary  to  write 
that  of  every  other ;  and  the  exponent  over  the  radical  sign  is 
written  Hmply  as  a  number,  and  not  as  a  fraction,  as  the  &ct  of 
its  meanii^  a  root  and  not  a  power,  is  Indicated  by  the  sign. 
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When  the  sign  is  applied  to  a  compoimd  quantity,  the  finculum 
pait  of  the  ugn  mast  extend  over  all  the  t«TmB,  or  the  teiWB 
mtut  be  included  in  parentheMS,  and  the  sign  placed  before.^ 

The  square  root  of  2  must  be  greater  than  1  and  less  than 
2 ;  so  let  us  first  try  1^,  and  take  the  aquafe  of  that.  1^  is  |, 
and  ^  X  -I  —  ^^  2^,  which  is  too  much,  so  that  the  root  is  less 
thanlj.  Try  1|.  =  V,  and  V  x  V  =  i^,  =  VfrJ  "l^"'' 
ifl  still  too  nmch.  Try  l-^^  =  H.  ™d +J  X  ^  =  i§Si  = 
^■^n  '•  which  is  too  small,  but  not  a  great  deal,  as  the  square  is 
only  y^ji,  or  ^  of  1  from  the  truth.  We  have  fiiund,  there- 
fore, that  the  aqoare  root  of  2  is  between  1^  and  l^;  that  is, 
that  it  is  less  than  the  former  and  greater  than  the  latter. 
This  shows  the  method  of  proceeding;  and  as  we  do  not  in 
the  meantime  require  the  square  root  tot  any  particular  pur- 
pose, we  shall  not  pursue  the  inTestigation  further-;  but  pro- 
ceed at  once  to  the  method  of  finding 


In  this,  as  in  all  other  matters  connected  with  numbers,  we 
must  attend  to  the  proportions  of  the  scale  of  numbers,  as  ex- 
plained in  Section  III. ;  and  as  it  is  too  long  to  be  repeated, 
perhaps  the  reader  may  find  advantage  by  a  reperusal  ot  that 
section  at  this  stage  of  the  inquiry.  We  most  mention,  how- 
ever, that  the  places  of  the  number,  whether  intq^en  or  deci- 
mals, all  represent  powera  of  10,  the  unit's  place  being  the 
centre  of  the  series,  or  the  term  whkh  has  the  exponent  ° ; 
and  the  other  places  have  their  exponents,  the  numben  of  th«T 
distances  from  tiiis  place,  +  in  the  integers,  and  —  in  the 
decomalB.  The  figures  which,  in  any  particular  number,  occupy 
those  places  are  multipliers  of  the  corresponding  powers  of  10. 
Thus,  in  the  integer  number  865',  the  unit  figure  S  is  a  mul- 
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tiple  ot  llfi  hjt;  that  is,  of  1  tiy  C ;  ihe  tens  figure  6  is  & 
multiple  of  W  by  6,  that  is,  of  10  hy  6 ;  and  the  hundreds 
figure  3  is  a  multiple  of  10=  by  3,  that  is  of  100  by  3. 

In  like  manner  in  the  mixed  number  38,75,  B  being  in  the 
hundredths  place  of  decimals  is  a  multiple  of  10  ^  by  6,  that 
is,of  I- J  ^  by  5,  or  it  is  JI  hundredth  parts;  7  in  the  tenths  place  of 
decimate  is  a  multiple  of  10  '  by  5,  that  is  of  -^  by  S ;  and 
the  integers  follow  the  same  law  as  in  the  former  instance. 

Thug,  in  every  number,  the  radical  values  of  the  aereral 
places — that  is,  their  T«luea  when  occupied  by  the  number  1 — 
remam  the  same  for  the  same  place  from  the  units,  whether 
that  place  be  upwards  in  the  integer  numbers,  or  downwards  jn 
the  decimals ;  and  as  the  extent  of  the  scale  ia  perfectly  un- 
limited both  ways,  it  becomes  at  once  the  most  easy  and  the 
most  efficient  instrument  of  calculation  that  can  well  be 
imagined.  The  series  of  powers  which  forms  the  basis  of  it 
adapts  it  remarkably  well  for  all  matters  connected  with  the 
arithmetic  of  powers  and  roots,  only  this  portion  of  it  does  not 
apply  to  any  prime  numbers  except  the  two  factors  of  10,  2 
aud  5.  The  multiplications  which  are  necessary  when  the 
figures  in  the  diflcrent  places  are  greater  than  1,  are  easily 
understood  and  managed,  because  none  of  them  is  greater  than 
9'.  The  power  of  10  too,  howsrer  high,  or  however  low,  is 
the  simplest  of  all  possible  &ctorB,  being  always  1  with  as 
many  Os  aft«r  it  as  brings  the  estimate  down  or  up  to  the  unit's 
place. 

In  order  to  apply  this  scale  to  the  finding  of  roots,  and 
of  course  to  the  square  root  among  others,  it  is  necessary 
to  commit  to  memoiy  the  powers  of  some  of  the  smaller 
numbers ;  and  for  the  square  root  every  one  acquires  a 
knowledge  of  them  in  learning  a  common  multiplicatioii 
table ;  and  the  square  of  9,  or  9  times  9,  is  the  highest  that  is 
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absolutely  neoeastoy.    This  being  home  in  mind,  we  may  pro- 
ceed at  once  to  the  applicatioii. 

For  this  purpose  let  uB  take  a  particular  number ;  for  instance, 
the  number  C4756. 

Aa  the  scale  of  numbers  to  which  we  must  look  for  assist- 
ance in  this  matter  condsts  of  two  parts — the  geometrical  series 
or  powers  of  10,  which  determine  the  number  of  figures; 
and  the  multiplications  of  the  different  powers  which  determine 
the  individual  figures — we  must  divide  our  inquiry  into  two 
parts : — First,  how  many  figures  shall  be  in  the  square  root  of 
our  number?  Secondly,  what  shall  those  figures  be  indivi- 
dually? When  we  have  obtained  satisfectory  answers  to 
these  two  questions,  we  diall  be  in  poaseB^on  of  the  square 
root  of  the  number.  Let  us  set  the  number  apart  in  order  that 
we  may  consider  it. 

S4766. 

First — How  many  figures  shall  be  in  the  square  root  of  this 
number  ?  The  lai^est  square  which  we  can  have  of  any 
sinj^e  figure,  is  the  square  of  9,  or  81 ;  and  it  consiate  of  two 
figures.  The  smallest  square  that  we  can  have  of  a  number 
consisting  of  two  figures,  is  the  square  of  10,  or  100;  and  it 
con^ats  of  three  figures.  Therefore  we  must  have  the  units 
and  tens  of  the  power  to  answer  to  the  unit  figure  of  the  root. 
But  eveiy  two  figures  of  a  number  which  are  immediately 
beude  each  other,  stand  in  the  same  relation  to  each  other  as 
if  the  ri^t  hand  one  were  units  and  the  left  hand  one  tens ; 
and  therefbre  we  must  have  the  hundreds  and  thousands  of  the 
power  for  the  tens  of  the  root.  In  like  manner  for  every 
other  hgaie  of  the  root  we  must  have  two  figures  of  the  power ; 
excepting  in  the  case  of  the  left  hand  one,  and  there  we  can 
have  only  one,  if  the  number  of  figures  in  the  power  is  odd. 
We  might  have  arrived  at  the  same  coucluskm  in  another  way. 
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The  figares  in  a  somber  vsiy  ^m  each  other  in  their  places 
hy  a  ratio  of  10,  the  square  of  10  is  100,  and  the  expoaent  of 
100  is  *,  while  that  of  10  is  '.  Therefore,  for  every  figure  in 
tlie  root,  with  the  exception  of  the  left  hand  one,  there  must 
he  two  figures  in  the  square.  It  is  easy  to  see  why  this  should 
not  necessarily  apply  to  the  left  hand  figure ;  for  it  depends 
upon  the  individual  value  of  that  figureitsel^  whether  its  square 
shall  cooust  of  ono  figure  or  of  two.  1,  2,  and  3,  haTe  their 
squares  consisting  of  only  one  figure,  but  every  integer  number 
greater  Uian  3  has  its  square  consisting  of  at  least  two  figures. 

It  will  be  readily  seen  that  this  application  of  the  exponent 
of  the  root  to  the  scale  of  numbers  in  the  power,  is  not  con- 
fined to  the  square  root,  but  applies  equally  to  all  roots  what- 
ever ;  and  therefore  we  may  state  generally,^ 

To  find  how  many  figures  shall  be  in  any  root  of  any  integer 
number,  begin  at  the  right  hand  of  it  and  divide  it  into  periods 
consisting  of  oa  many  figures  each  as  the  exponent  of  the  root, 
and  there  wUl  be  as  niajiy  figures  in  the  root  as  there  are 
periods.  If  there  is  a  portion  of  a  period  on  the  left  hand  of 
the  entire  ones,  that  must  be  considered  as  a  period  as  well  as 
the  rest,  and  connted  accordingly. 

There  is  rather  a  curious  inference  to  be  drawn  Irom  this ; 
namely,  that  we  cumot,  by  any  angle  and  direct  arithmetical 
operation,  find  a  root  answering  to  a  fractional  exponent  which 
has  both  its  t«nns  greater  than  the  number  1 ;  because  we 
cannot  divide  the  figures  of  a  number  into  fractional  periods. 
Let  us  return  to  our  number  and  divide  it  into  periods.  It  is 
as  follows : — 

C'47'M. 
Therefore,   the  square  root  of  £4756  must  consist  of  three 
figures ;  and  had  it  been  any  other  number  or  any  other  power, 
the  number  of  figares  in  the  root  would  have  been  detennined 
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in  a  simiUr  manneT.  Thus,  there  would  be  two  figares  in  the 
cube  root  of  the  same  nuinber,  because  when  divided  in  threes 
from  the  right  it  makes  bat  two  periods;  and  there  would  be 
but  one  figure  in  the  fifth  root  of  it ;  for  it  contains  only  five 
figures,  which  answer  to  but  one  figure  of  a  fifth  root. 

Our  next  inquiry  is,  the  particular  values  of  the  figures ;  and 
SB  we  detennined  the  number  i^  figures  by  beginning  at  the 
right  of  the  number,  we  must  determine  the  figures  themselves 
by  beginning  at  the  left. 

The  first  period  of  the  power,  ornnmber,  condsts  of  the  figure 
B  only ;  and  this  5  roust  contain  the  square  of  the  first  figure 
of  the  root.  B  is  not  a  aquorb,  but  the  largest  square  that  we 
can  subtract  from  it  isl,  the  root  of  which  is  2,  so  that  we  have 
2  as  the  first  figure  of  the  root,  and  1  of  the  first  period,  and 
also  the  two  other  periods  retnaioing;  that  is,  we  hare  the 
number — 

1'47'66. 

There  are  still  three  periods  in  this  remuunder,  so  that  if  it 
hod  been  the  number  originally  gjven,  it  would  have  had  three 
figures  in  its  square  root.  But  we  must  bear  in  mind  that 
though  the  places  of  the  figures  in  the  root  are  powers  of  10, 
answering  to  powers  of  100  in  the  square,  yet  that  1  of  each 
power  of  10  is  multiplied  by  one  of  the  nine  figures,  and  the 
three  products  are  added  to  make  up  the  entire  root.  We  may 
leave  out  the  last  period,  and  confer  the  second  one  only ; 
and  as  the  root  of  the  first  two  periods  is  the  sum  of  two  ^luree, 
which,  independently  of  their  individual  values,  stand  to  each 
other  in  the  relation  of  units  and  tens,  we  may  conmder  them 
as  a  binomial,  a  +  6,  of  which  the  square, 

Q»  +  2ab  +  6*,  is  in  the  present  example  =  647- 
Of  dhis  we  have  already  obtained  the  value  of  a,  which  is  2  as 
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ft  aingle  fignie,  bnt  20  when  another  Is  put  after  it ;  and  it  will 
be  found  that  ve  have  mbtrect«d  20^,  or  400,  from  the  two 
peiioda  as  they  stood  in  the  original  number. 

From         a«  +  2o6  +  6»  =  547 

Snbtract  ^ =  400 

Bemains  2ab  +  b*  =  14?. 

If  we  examine  this  algebrakal  lemaiDder,  we  find  ihat  both 
termsof  it  can  be  divided  by  b,  and  that  the  quotient  is  2a4-6; 
and  conversely,  if  we  had  divided  it  by  2  a  +  6,  the  quotient 
would  have  been  6,  which  b  the  representative  of  the  second 
letter  of  our  root. 

Let  us  next  see  in  what  relation  to  the  scale  of  onmbeis 
the  two  terms  of  2  a  +  b  stand,  a  is  one  figure,  b  is  another 
to  the  right  of  it,  and  in  the  meantime  our  consideration  does 
not  need  to  reach  any  forther.  Therefoie,  a  is  t«ns  and  b 
units;  or  if  we  subsUtate  onr  numerical  value  for  2  a,  we  obtun 
40  +  6  for  OUT  divisor ;  but  b  must  occupy  the  same  place  which 
0  occupies  in  the  20,  so  we  may  understand  this  and  leave  the 
units'  place  of  our  divisor  blank.     We  shall  then  bare — 

4  )147(  . 
As  the  divisor  4  b  tens,  we  must  get  it  out  of  the  dividend, 
leaving  out  the  last  figure ;  that  is,  we  most  find  how  often  it 
con  be  got  in  14,  and  we  soon  discover  that  it  is  three  times ; 
so  that  the  numerical  value  of  b  b  3;  and  if  we  write  this  3 
as  units,  after  the  4  tens  in  our  divisor,  it  will  be  complete  ; 
and  the  rest  of  this  step  of  the  process  will  be  like  common 
division. 

43  )  14?  (  3  s:  6,  tlie  second  figure, 
129 

16  remainder. 
We  have  now  got  the  fiist  and  second  figures;  a  +  b;  and 
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we  haTe  sobtracted  the  square  of  their  soin  =  400  +  129  = 
629,  from  the  fignrea  of  our  number  without  leference  to  the 
last  period ;  that  ia, 

From  M7 

There  an  taken     529 
RemEUDfl  16- 

Or  remolni  of  the  whole  number, 
16 '56. 
Here  agun  it  m%ht  appear  that  the  root  <if  Qiia  remaning 
part  would  consist  of  two  %ureB,  and  that  the  firat  of  these 
two  figures  would  be  4 ;  but  it  is  the  sum  of  23  with  another 
third  %ure  as  units  which  is  the  entire  root  of  which  we  are 
in  giieat ;  and  the  24  which  we  have  already  obtained,  and 
which,  OB  tiieie  is  to  be  another  figure  after  it,  is  230,  must 
enter  into  the  divisor,  and  be  multiplied  by  2  as  well  as  by  the 
third  figure  which  we  have  still  to  determine.  This  230  may 
be  conadeted  as  24  tens,  and  this  will  stand  in  the  same  rela~ 
tion  to  the  figure  which  we  hare  to  determine  as  tens  st^d  to 
units  in  any  other  number.  Therefijre,  24  may  now  be  called 
0,  and  the  figure  of  which  we  are  in  quest  (,  and  with  this  un- 
derstanding we  may  again  refer  to  the  algebraical  operation. 
The  whole  will  now  b^— 

From      a«+2<i6  +  6*  =  64756 

Subtract  o» =529 

2o6+6»  =    1856 
Henc8tiiedivisor,inordertofind6,  is  2a  +  (,or2  x  23= 
46  +  ft,  and  a  place  to  be  left  blank  until  h  is  determined  :  so 
that  the  divisor  and  dividend  will  stand  thus  :-~ 
46    )1856(    . 
The  46  must  be  got  out  of  the  dividend  exclusive  of  the 
units,  because  there  is  another  figure  to  add  to  the  divisor,  and 
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we  at  once  aee  that  the  quotient  cannot  be  rooK  than  4.     Hence 
the  (Mmplete  divisor  and  the  dividend  stand  thus  j— 
464  )  13G6  (4  =  »,  3d  figure. 
1856 

o'remains. 
Therefore,  the  three  figures  of  the  reot  are  respectively  2,  3, 
and  4 ;  and  the  root  itself  of  course  is  234.  If  we  take  this 
and  multiply  it  by  itself,  we  shall  find  that  the  product  com- 
ddes  exactly  with  54756 ;  and  in  the  same  manner  the  square 
root  of  any  integer  number  ccmusting  of  more  than  two  figures 
might,  be  found  J  but  if  the  power  conuated  of  two  %ureB,  or 
of  one  figure,  we  should  have  no  means  of  finding  the  root  but 
by  trials,  as  in  that  case  it  would  be  only  a  single  figure.  But 
aa  S  is  the  limit  of  roots  of  this  kind,  and  as  1  requires  no  con- 
uderation,  the  squares  of  numbers  &om  2  to  8  are  all  that  we 
require  to  try  for  by  a  smgle  i^ration. 

The  piindple  whidi  is  here  applied  was  alluded  tn  in  the 
early  part  of  the  volume,  and  we  reverted  to  it  ag«un  in  the 
preceding  section,  when  treatii^  of  squares.  We  may  now 
mentfon  it  aguu  with  regard  to  any  two  parts  of  a  number 
which  stand  to  each  other  in  the  relation  cf  units  and  tens, 
bearing  in  mind  at  the  same  time  that  if  any  one  figure,  what- 
ever its  place  in  the  scale  may  be,  is  considered  as  uuits,  all  the 
figures  to  the  left  of  it,  taken  as  a  whole  expresaon,  may  be 
conadered  as  tens.  With  this  understanding,  the  arithmetical 
application  of  the  square  of  a  binomial  may  be  stated  as 
folloiTO : — 

The  square  of  the  sum  of  the  units  and  tens  is  composed  of 
the  square  of  the  tens,  twice  the  product  of  the  tens  and  units, 
and  the  square  of  the  units.  Of  course,  after  the  sqnare  of 
the  tens  is  taken  away,  the  first  part  of  the  divisor  for  finding 
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the  units  is  double  t)ie  tens,  and  in  comparing  this  witli  the  divi- 
dend in  Older  to  find  the  quotient,  which  ia  the  units  of  the 
root,  the  unit's  figure  of  the  dividend  must  be  left  out ;  and 
when  the  unit's  figure  has  been  determined,  it  mnst  be  placed  on 
the  right  of  the  divisor  aa  well  as  in  the  quotient.  When  the 
divisor  thus  completed  is  multiplied  by  the  quotient  figure, 
and  the  product  subtracted  &om  the  diridend,  this  step  of  the 
operation  is  performedi 

Collecting  all  these  elements  together,  we  have  this  general 
formula  for  the  extraction  of  the  square  root  of  any  integer 
number  consisting  of  more  than  two  ngures : — 

First, — To  find  the  number  of  figures  in  the  root :  Begin  at 
tho  right  hand  of  the  given  number,  and  divide  it  into  periods 
of  two  figures  each ;  snd  the  number  of  those  periods,  counting 
the  single  figure  on  the  left,  if  there  should  happen  to  be  one, 
shows  the  number  of  figures  that  must  be  in  the  root, 

Secondly, — To  find  the  figures.  For  the  first  figure,  ascer- 
tain, by  trial,  the  greatest  square  which  can  be  subtracted  from 
the  left  hand  period  of  the  root;  the  root  of  this  square  ia  the 
first  figure  ot  the  root,  and  the  square  itself  must  be  jiubtracted 
from  the  period,  and  the  second  period  placed  after  the  remain- 
der, which  thus  increased  will  become  the  dividend  fima  which 
the  second  figure  of  the  root  is  to  be  obtained. 

For  the  divisor :  double  the  figure  already  found,  and,  leaving 
the  unit's  place  blank,  ascertain  how  often  it  can  be  had  in  the 
dividend  exclusive  of  the  units.  This  being  done,  place  the  - 
number  of  times  as  the  second  figure  of  the  root,  and  also  as 
the  unit's  figure  of  the  divisor. 

Multiply  the  divisor  thus  completed  by  the  figure  of  the 
root,  and  subtract  the  product  ftom  the  dividend,  annexii^  the 
third  period  to  the  remainder  for  a  third  dividend.  Repeat 
this  operation  till  all  the  periods  are  exhausted,  always  making 


b>  Google 


the  dirisor  doable  the  root  already  fitund,  and  with  the  unif  b 
place  bhmk  for  the  sdditioiul  figure. 

I^  at  any  atep  of  that  operation,  it  ia  fonud  that  the  first  part 
of  the  dividend — namely,  double  the  part  of  the  root  irtiich  has 
been  found — cannot  begot  once  in  the  dividend  exduave  of  the 
unites  figiuie ;  then  0  must  be  written  m  the  root,  and  also  in  the 
divisor,  and  another  period  annexed  to  the  divideod. 

Should  there  be  a  remunder  a^r  a  figure  of  the  root  has 
been  obtained  for  each  period,  it  shows  (if  the  number  of  which 
the  root  is  taken  is  wholly  an  integer  nomber)  that  the  root 
cannot  be  expressed  exactly  in  terms  of  the  common  scale  of 
numbers.  But  it  may  be  approximated  in  decimals  to  any 
degree  of  accuracy ;  and  the  method  of  doing  this  is  to  annex  to 
each  successive  remainder  two  Os,  as  an  additional  period  of 
figures.  When  the  operation  has  been  carried  to  a  great  length 
there  is  a  large  portion  of  the  divisor  which  is  not  afiectedby  the 
figures  subseq^iiently  found ;  and  then,  a  few  addidonal  figures 
may  be  obtained  in  the  manner  of  common  division,  by  leaving 
out  an  additional  figure  on  the  right  of  the  divisor  in  the 
ubtaining  of  each. 

Decimal  numbers  are  arranged  according  to  the  same  scale  as 
integer  numbers,  and  consequently  their  roots  are  fbnnd  in  the 
same  manner.  But  when  the  numbers  contain  no  integers,  the 
exponents  of  all  the  places  in  it  are  reciprocal  or  negative ;  and 
therefore  the  squan  roots  are  one  degree  higher  than  the 
powers ;  and  in  cojisequence  of  this  we  must  count  oar  periods 
from  the  decimal  point  to  the  right,  or  the  oppoote  way  to 
which  we  count  them  in  integers.  Also,  if  any  nnmber  of 
periods  at  the  commencement  of  the  decimal,  or  next  the  point, 
consists  of  Os,  we  must  place  one  0  in  the  beginning  of  the  root 
for  every  such  period.  The  roots  of  such  decimals  are  always, 
uf  comae,  of  greater  value  than  the  decimals  themselves.  . 
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We  h&re  enteied  fully  into  the  analyua  of  this  operation, 
becanse  it  ia  one  with  which  an  intimate  ac^uuntamce  is  highly 
necessary ;  bat  having  done  m,  we  shall  not  need  to  adduce  any 
fllrther  example. 

When  it  is  necesBsry  to  find  the  roots  effractions — which  is, 
however,  seldom  done  in  ordinary  practice — the  metbod  ia  to 
extract  the  root  of  each  term ;  and  this  follows  as  a  matter  of 
course  from  the  principle  of  the  multiplication  of  fractions.  If 
numbera,  of  which  we  require  to  find  the  roots,  are  ex- 
preased  in  factors,  the  root  of  each  factor  may  be  taken  sepa- 
rately ;  and  the  product  of  those  individual  roots  will  be  the 
root  of  the  whoIe,juatas  the  product  of  the  factors  is  the  whole 
power.  It  is  not,  however,  deairable  to  do  tliis,  unless  the  fectors 
are  complete  powera  of  which  tlie  roots  can  be  exactly  taken  ; 
because  by  these  separate  operations  we  should  get  an  iirational 
number  for  every  &ctor  not  a  power,  whereas  by  previously 
multiplying  the  &ctors  altogether  we  should  have  only  one  irra- 
tional root,  and  thus  could  carry  on  our  approximation  witli 
less  labour  and  greater  accuracy. 

There  is  one  case,  however,  in  which  it  ia  often  desirable  to 
separate  the  factors  of  a  number,  in  order  to  find  the  root  of  the 
rational  one,  and  indicate  that  of  the  irrational  by  means  of  tlie 
radical  signs.  This  ia  deairable  only  in  the  case  of  two  &ptors ; 
and  the  finding  of  the  square  root  of  18  will  serve  as  an  iUua- 
tration :  18  haa  several  seta  of  factors ;  but  two  out  of  the  num- 
ber are  9  and  2,  and  9  is  a  square :  therefore  we  simplify  v'lS, 
by  expres^ng  it  3  ^  2 ;  wliich  expreadon  means  3  multiplied  by 
the  square  root  of  2. 

There  are  various  methods  of  expreaaing  the  appronmations 
of  the  roota  of  numbers  which  are  not  complete  powers,  by 
continued  fractions,  and  other  infinite  aeries ;  but  they  are 
not  strictly  of  an  elementary  nature,  and  our  Umita  will  not 
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admit  of  those  explanations  which  would  be  necessary  for  ren- 
dering thorn  pleasant  or  useful,  or  indeed  intellipble ;  we  shall, 
therefore,  proceed  to  point  out  the  means  of  finding 


It  would  be  very  easy,  from  mere  inspection  of  the  coire- 
sponding'  power  of  a  -]-  ft,  and  the  comparison  of  it  with  two 
numbers  standing  to  each  other  in  the  relation  of  t«ns  and  units, 
to  investigate  a  separate  formula  for  finding  every  possible  root. 
But  this,  though  a  good  exercise  for  those  who  wish  to  discipline 
themselTes  in  the  practice  of  calculation,  is  not  necessary  in  any 
oase  where  the  exponent  b  a  composite  number ;  because,  if 
roots  answering  (o  the  component  parts  of  that  nnmber  are 
taken  in  succession,  the  root  of  the  one  power  being  considered 
as  the  power  in  the  next,  the  same  object  may  be  accomplished 
with  more  ease.  Thus  the  4th  root  is  got  by  extracting  the 
square  root  twice  ;  the  6th  root  by  extracting  the  square  and 
cube  roots  in  succession ;  the  8th  root  by  extracting  the  square 
root  three  times ;  the  9th  root  by  extracting  the  cube  root 
twice ;  and  so  on  in  the  case  of  all  composite  exponents.  Where 
the  exponents  are  prime  numbers,  there  is  no  means  of  extract- 
ing the  root  by  commcoi  aritlimetic,  except  by  a  fiirmula  for 
tlie  particular  case.  These  large  exponents  rar^y  occur  in  prac- 
tice, however;  and  when  they  do  occur,  there  is  a  fiir  simpler 
method  of  dealing  with  them,  wliieh  we  can  l)etter  explain 
in  the  next  section ;  so  that  we  shall  confine  the  few  additional 
observations  which  we  have  to  make  upon  this  branch  of  the 
subject  to  the  extraction  of  the  culje  root  only. 

In  this,  as  in  the  extraction  of  the  square  root,  there  are  two 
distinct  connderations :  first,  what  shall  be  the  number  of  . 
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figures  in  tlie  cube  root  of  any  given  number ;  and  secondly, 
what  these  figures  shall  be. 

We  have  already  mentioned  how  the  number  of  figures  in 
uiy  root  of  any  integer  number  is  to  be  found,  namely,  by  be- 
ginning at  the  light  hand,  or  nnit's  place,  and  dividiitf^  into 
periods,  each  conMating  of  as  many  figures  as  the  number  ex- 
pressed by  the  exponent  of  the  root,  with  the  exception  of  the 
period  on  the  left,  which  must  of  course  consist  of  whatever 
number  of  figares  is  left,  after  the  other  periods  are  marked  oft' ; 
tU}d  as  the  exponent  of  the  cube  root  is  3,  the  periods  of  it  must 
oonflist  of  three  fignrea.  If  the  number  is  wholly  a  decimal, 
the  only  difference  is,  that  we  must  begin  the  periods  from  the 
left  hand,  and  not  from  the  right,  aa  in  integers ;  and  if  the 
number  consists  both  of  integers  and  of  decimals,  both  must  Ih! 
^vided  into  periods  from  the  decimal  point,  the  inters  toward 
the  left  hand  and  the  decimals  toward  the  right.  Also,  in  t\m 
and  in  every  other  root,  if  the  right  hand  period  of  the  decijnal- 
does  not  contain  the  right  number  of  figures,  the  deficiency 
mnst  be  supplied  by  Os  when  ihat  period  is  annexed  to  the 
remainder. 

In  the  second  part  of  the  operation,  the  finding  of  the  figurcK 
of  the  root,  the  root  of  the  left  hand  period,  with  which  we 
b^jn,  whether  in  int^iersor  in  dedmals,  must  be  found  by  trial, 
as  in  the  case  of  the  square  root,  because  tiiere  is  no  device  or 
oontrivance  which  can  assist  us  in  finding  any  root  when  it  con- 
lists  of  a  single  figure  only.  There  are  only  eight  cubes  to  be 
committed  to  memory  for  this  purpose,  namely,  the  cubes  from 
2  to  9  inclusiTe.  The  cube  of  2  is  B,  so  that  if  the  first  period  is 
less  than  8,  its  cube  root  must  be  1,  The  cube  of  9  is  729, 
which  of  course  is  the  largest  which  we  have  occasion  to  apply 
to  a  first  period,  and  the  others  intermediate  between  these  are 
easily  learned,  or  easUy  found  if  not  learned. 
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Whea  the  greatest  possible  cube  that  can  be  subtracted  from 
the  first  period  is  determined,  the  root  of  that  cube  is  to  bo 
taken  as  the  first  figure  of  the  root,  the  cube  itself  aubtcActed 
from  the  period,  and  the  second  period  annexed  to  the  remainder; 
tlie  remainder  thus  enlarged  being  the  diridend  &om  which  the 
second  figare  of  the  toot  b  to  be  found. 

The  next  step  <^  the  operation  is  to  find  the  divisor  which  we 
are  to  apply  to  the  dividend  for  the  purpose  <£  ascertaining  ttte 
second  figure  of  the  root ;  and  here,  as  in  the  case  of  the  squaro 
root,  vre  must  have  recourse  to  the  compoution  of  the  power  of 
a  binomial,  a  +  b,  though  this  ie  a  little  more  complicated  than 
in  the  case  of  the  squaro  root. 

The  complete  cube  of  a  +  6,  as  formerly  found,  is,-— 
a»  +  3a«6  +  3  ab' +  6'. 
But  we  are  already  understood  to  have  found  and  subtracted  die 
numerical  value  of  a' ;  and  therefore  the  quantity  which  we 
have  still  to  subtract,  in  order  to  get  firom  the  number  the  en- 
tire cube  ota  +  b,iB, 

3<^b  +  3al^  +  b\ 
Tliia  expresHion  is  the  product  of  the  divisor  by  6,  the  second 
figure  of  the  toot,  whose  value  we  are  seeking- ;  and  therefore,  if 
we  divide  this  product  by  b — that  is,  if  we  lower  the  exponent  at 
6  by  1  in  each  term — the  remainder,  or  rather  the  quotient,  will 
become  our  divisor  for  finding  b.  There  are  three  terms  in  this 
product,  with  the  first  power  of  i  in  the  first  term,  the  second 
power  in  the  second  term,  and  the  third  power  in  the  tUrd  term ; 
80  that  if  we  diminish  the  exponent  of  A  by  1  in  each,  there  will 
remain  the  divisor,  which  is, 

3  a'  +  3  a  b+  b^. 

a  is  tens,  and  b  units,  in  relative  plgco  with  regard  to  each 
other.  Let  us  see,  therefore,  what  aie  the  places  of  the  three 
terms.    Tfaefiisthasa*  init,andthesquareof  tensishnndreds; 
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therefore,  the  co-effident  3  of  the  fint  term  Ih  300,  and  the 
whole  term  means  300  timee  the  square  of  a,  that  is,  of  the 
figure  already  found.  The  second  term  contams  the  first  power 
of  a,  which  is  tens,  affecting  both  the  co-efficient  3  and  the  other 
fector  b ;  therefore  the  second  term  is  30  times  the  product  of 
the  figure  already  found,  and  the  figure  which  we  are  finding. 
At  this  st^;e  of  the  operation,  therefore,  the  value  of  b  must  be 
determined  by  trial ;  and  it  may  take  two  or  three  trials  of  a 
b^inner  before  the  right  one  is  discovered,  because  we  are  not 
yet  in  posMsaion  of  the  whole  divisor.  When  the  value  of  fi  is 
found,  it  mnet  be  multiplied  by  a  and  then  by  30,  and  made 
the  second  line  of  the  divisor,  properly  arranged  under  300 
times  the  square  of  a,  the  first  figure,  which  is  the  first  line  of 
the  divisor.  The  third  term  of  the  divisor  is  the  square  of  6 ; 
and  in  respect  of  the  other  lines  of  the  divisor,  the  right  hand 
figure  of  it  is  units,  because  b  is  units,  considered  in  relation  to 
a  as  tens,  and  therefore  the  right  hand  figure  of  any  power  of  it 
must  be  units,  because  the  powers  of  quantities  must  be  of  the 
same  kind  with  the  quantities  themselves. 

Thus  the  complete  divisor  for  finding  the  second  figure  of  a 
cube  root  consists  of  three  lines.  First,  300  times  the  square  of 
the  figure  already  found ;  secondly,  30  times  the  product  of  the 
figure  already  found  and  the  figure  which  we  are  finding ;  and 
thirdly,  the  square  of  the  figure  which  we  are  finding.  These 
three  lines  are  to  be  added  together,  and  their  product  by  the 
%are  which  we  are  findit^,  subtracted  from  the  dividend ;  and 
the  figure  is  the  second  one  of  the  root;  while  the  remainder 
with  the  next  period  annexed  makes  a  new  dividend,  out  of 
which  to  find  the  third  figure. 

At  the  third  and  every  subsequent  step  of  the  operation,  all 
the  part  of  the  root  found,  which  always  stands  in  the  ration 
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of  tens  to  the  next  figure  as  imits,  b  to  be  used  as  a,  and  the 
figure  we  are  finding  as  b ;  and  with  this  undentanding  evety 
step  of  tKe  operation,  however  long  it  vaaj  be,  ia  an  ^plication 
of  the  same  foimtila. 

If  the  root  does  not  terminate  in  int^era,  so  as  to  leave  no 
renuunder,  it  will  not  terminate  in  decimals ;  but  U  may  be 
carried  to  any  approximate  degree  of  accuracy  that  may  be  re- 
quired, by  annexing  three  Oe  to  evety  reminder,  and  continuing 
the  operation  aa  before. 

If  the  number  is  wholly  decimal,  we  must  be^  with  three 
figures  immediately  after  the  decimal  point ;  and  as  often  OS 
three  Oa  occur  between  the  dedmal  point  and  the  significant 
figurea,  one  0  must  be  placed  after  the  decimal  point  and  before 
the  other  figures  in  the  root. 

The  cube  roots  of  &acdona  may  be  obtuned  by  taking  those  of 
the  numerator  and  denomlnater ;  and  those  of  numbers  expressed 
by  factors,  may  be  taken  in  the  cube  roots  of  the  factors,  and  m.ul- 
tiplied  together  for  the  general  root.  But  as  cnbea  occur  much 
lesa  frequently  in  the  natural  order  of  the  nuraben  than  squaresi 
it  is  seldom  that  any  advantage  can  be  gained  by  this  method. 
It  is  sometimes,  however,  of  advantage  to  take  the  cube  root  of 
one  &cter  of  a  number,  and  express  that  oi  the  other  by  the 
radical  sign.  Thus,  the  cube  root  of  S4,  that  is  ^ '  64,  may  be 
expressed  by  3  ^  2 ;  for  64  is  the  prodsct  of  27  and  2,  the  first 
of  which  is  the  cube  of  3. 

Wa  shall  now  |^ve  one  ^ort  example,  as  illustrative  of  the 
application  to  numbers : — 

Let  it  be  required  te  find  the  cube  root  of  12812904? 

Beginning  at  the  right,  and  dividing  into  periods  of  three 
fignres,  because  the  exponent  is  ^,  we  have 
12'812  '904. 
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The  neareit  cube  to  12,  the  first  period,  ia  8,  the  root  of  which 
IB  2 ;  therefore  2  b  the  finrt  figure  of  the  root,  and  its  cube  sub- 
tracted from  tlie  given  number  leaves 
4'812'904. 
We  have  now  subtracted  the  cube  of  a,  and  there  remains 
4'812,  out  of  which  to  find  the  second  figure,  a  and  b  stand  to 
each  other  in  the  relatioa  of  a  tens  and  b  onits,  tlierelbie  the 
divisor,  as  found  by  the  general  operation,  is 

300a^+3Dafi  +  6^; 
and  we  must  apply  this  to  our  number,  and  determine  b  by 
trials.    300  a^  is  the  largest  part  of  our  divisor,  so  that  we  may 
compare  it  with  the  dividend, 

a  =  2and300«2=1200  |  4'812. 
We  would  get  1200  four  times  in  4800 ;  but  the  remwnder  12 
would  not  be  equal  to  the  cube  of  4,  and  we  want  another  term 
which  is  30  a,  or  SO  times  the  number  vre  are  seeking,  there- 
fbre  we  must  try  3for  the  VEilue  of  (,  our  second  figure;  and 
as  it  is  probable  that  3  may  answer,  we  may  complete  our 

300  a»  =  1200    I    4'812 

30  a&  =180 


Product   =   300a«6+30o6«+63=     .     .    ,  416? 

Remains 645 

We  have  now  found  2  and  3  for  the  first  and  second  figures  of 
the  root,  2  conudeied  as  tens,  and  3  as  units ;  we  have  sub- 
tracted the  cube  of  their  sum,  which  is  23,  from  the  first  and 
second  periods  of  our  number,  and  there  lem^ns  SiC,     If  we 
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next  annex  the  next  period  of  our  number  to  this,  we  shall 
have  the  following  number  for  a  new  dividend, 

645904. 
a  is  now  ^  23,  but  with  this  exception  our  divisor  is  exactly 
the  same  as  before ;  therefore,  using  the  numbers  in  place  of 
the  letters,  we  have  300  x  23*  =  168700  =  the  trial  divisor. 
Comparing  thia  with  the  dividend,  we  have 

168700  I  e4fl'904. 
Comparing  IB  with  64,  which  are  the  corresponding  flgares  of 
the  divisor  and  dividend,  there  being  an  equal  number  of  figures 
to  the  right  hand  of  them  in  each,  we  find  it  conbegot  4  times, 
so  that  we  may  try  4  as  our  next  figure ;  and  the  complete 
operation,  u^ng  these  numeral  values  in  jdsce  of  letlera,  will  be 


900x2S>      =     1S870O 
30xS3x4=        2760 


-645'904 


Consequently,  234  is  the  cube  root  of  the  given  number 
12812904  {  and  the  cube  root  of  any  number  might  be  found 
in  a  similar  mamier ;  only  when  there  are  decimab  in  the 
number,  this  must  be  pointed  from  the  left,  while  the  int^ers 
are  pointed  from  the  right. 

Any  one  who  fiist  examines  the  investigation  of  the  formula 
with  Bofiicient  care,  then  goes  over  the  steps  of  this  operation, 
uid  bears  in  mind  that  the  divisor  is 

300o^+ao<i6+J', 
and  also  that  a  means  the  figure  or  figures  of  the  root  already 
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fonnd,  and  b  the  figure  which  one  is  finding,  can  have  no  difficulty 
inextiacfingtliecabe  root  of  any  number  what«Ter.  Formuls 
for  ail  other  roots  ma;  be  found  hy  taking  the  corresponding; 
power  of  a  +  b,  omitting  the  first  term,  diminishing  the  expo- 
nent of  b  by  unity,  or  1,  in  each  lemmning  term,  and  hearing  in 
mind  that  there  are  always  as  miany  Os  on  the  right  of  the  nu- 
meral co-efficient  in  each  term  as  there  are  terms  to  the  right  of 
that  one  in  the  formula. 


SECTION  XV. 


ARITHMETIC   OF   EIPONENTS lAGARITHMS. 

Ik  the  case  of  every  root  or  power,  that  is,  of  every  quan- 
tity considered  either  aa  a  root  or  98  a  power — and  any  quantity 
whatever,  when  spoken  of  and  expressed  generally,  may  be 
considered  in  this  manner — there  are  three  distinct  subjects,  any 
one  of  whiiA  may  be  the  object  of  our  inquiry.  First,  there  is 
the  root ;  and  if  the  root  is  given,  the  power  is  found  by  mul- 
tiplication, as  already  explained.  Secondly,  if  the  power  is 
given,  the  root  may  be  Ibund  by  the  methods  explwned  in  the 
latter  part  of  last  section.  But  thirdly,  there  is  the  exponent, 
and  it  also  may  become  that  which  is  sought ;  or,  a  and  b  being 
any  quantities  or  positive  numbers  whatsoever,  and  "  any 
e^wnent  whatsoever,  an  answer  nay  be  demanded  to  the 
question,  what  power  a  is  of  6,  or,  in  other  words,  to  find  such 
a  value  of  "  aa  that 
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The  exponent  *  may  be  any  number  whatever,  integral  or 
(iaetional.  If  it  ia  a  fraction,  with  1  for  a  numerator,  the  power 
required  will  be  a  descending  one,  or  a  root ;  and  if  it  be  a 
fraction  with  both  its  terms  greater  than  1,  a  power  must  first 
be  found  anawering  to  the  numerator,  and  then  there  most  be 
taken  a  root  of  that  power  answerii^  to  the  denominator. 

But  when  we  begin  to  conHtder  how  we  shall  find  such  a 
value  of  '  aa  will  make  A"  =  a,  we  find  that  *  ia  not  an  exprei- 
aion  to  which  common  arithmetic  will  apply,  even  though  it 
should  be  expressed  by  a  number.  It  is  not  a  quantity,  neither 
tnn  it  be  made  the  representative  of  a  quantity  ;  because  it 
means  a  number  of  &ctor3,  or  rather  a  number  of  times  that 
the  same  bctor  is  to  be  used  in  ninlilplication;  and  this  is  a 
kind  of  expression  upon  which  we  cannot  perform  any  of  the 
common  operations  of  arithmetic.  If  we  add  to  it,  we  merely 
say  that  there  shall  be  aa  many  more  multiplicationa  aa  the 
number  which  we  add ;  if  we  aubtract  from  it,  we  merely  aay 
that  there  ahall  be  aa  many  multiplicationa  fewer  than  there 
were  before,  as  is  expressed  by  the  number  which  we  subtract ; 
in  other  words,  that  we  are  to  unmuUiply  the  number,  that  is, 
to  undo  a  certain  number  of  multiplications  which  enter  into 
the  composition  of  the  numlwr ;  and  there  is  no  means  of 
nndoing  a  multiplication  but  dividing  the  product  by  the 
multiplier. 
-[.  ThnB,in6"^=o,  weare  tomultiply6»asoftenby6as  the 
letter  "  expresBes,  which  of  course  may  he  any  number  of  times, 
integral  or  fractional.  Also,  in  6»— "  =  a,  we  arc  to  divide 
b"  by  6  as  often  as  the  exponent  "*  expiessea,  which  also  may 
be  any  number,  integral  or  fractional.  Hence,  thongh  we 
cannot  either  multiply  or  divide  exponenta  themselves,  yet 
we  can,  by  meana  of  them,  deal  in  a  very'  summary  manner 


bf  Google 


vrith  those  numbers  of  which  tliej  aie  the  expcmcnts.  For  it 
follows  immediately  from  what  haa  jnHt  been  stated,  that, — 

The  addition  of  exponents  is  exactly  the  same  as  the  multi- 
plication of  those  numben  of  which  they  are  ihe  exponents ;  and 
the  subtraction  of  eiqunents  is  exactly  the  same  as  the  diviwnt 
of  those  numbers  of  whidi  they  are  the  exponents.  In  other 
words,  the  sum  of  any  number  of  exponents  answers  to  the 
continued  product  of  those  nmnbera  of  which  they  are  the 
exponents,  and  the  difference  of  two  exponents  is  the  quotient 
arising  &om  dividing  the  number  aoBweiing  to  the  exponent 
which  we  subtract  from  it. 

Consequently,  if  we  can  get  aU.  sumbera  expressed  by  expo* 
nents,  we  shall  get  rid  of  the  laborious  opeiations  of  multiplying 
and  dividing  in  our  arithmetic,  by  substituting  instead  i^  tiiem 
the  comparatively  simple  ones  of  adding  and  subtracting. 

Nor  is  this  the  only,  nor  even  the  greatest,  simplification  of 
our  proceedings  that  we  should  obtun,  if  we  could  express  all 
numbers  by  means  of  exponents ;  for  it  is  evident  that  doubling 
an  exponent  is  an  expression  for  squaring  the  number  of  which 
it  is  the  exponent ;  that  multiplying  an  exponent  by  3  answers 
to  the  cube  of  the  corre^nding  quantity,  and  that  multiplyii^ 
an  exponent  by  any  number  "  is  the  same  as  raising  the  quan- 
tity to  that  povrer.  But  the  multiplier  "■  of  it  may  be  any  num- 
ber whatever,  int^ral  or  fractional ;  and  if  it  is  a  faction  with 
1  for  numerator,  it  is  evident  that  the  result  is  the  same  as 
dividing  by  the  denominator  of  that  fraction ;  and  that  if  an 
exponent  is  multiplied  by  such  a  fraction,  tlie  product  will 
indicate  a  root  answering  to  the  denominator.  Thus  a  "'  is  the 

tilth  power  of  a" ;  and  a  ~  is  the  mth  root  of  a  ".  These  ex- 
presMons  are  perfectly  umple  and  general,  and  being  such,  they 
apply  equally  to  all  numbers,  and  all  exponents  whatsoever ; 
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and  hence  again  ve  haye  the  fbllowing  reaults  from  the  use  of 
exponents. 

To  find  any  power  of  an  exponent,  multiply  the  given  expo- 
nent by  that  of  the  power  requured ;  and  to  find  any  K»t  of  any 
exponent,  divide  the  given  exponent  by  that  of  tte  toot  which 
19  required. 

It  is  for  theae  TeaaonB  that,  aa  lias  been  hinted  at  in  Section 
III.,  while  endeavouring  to  explain  the  aiithmeticBl  notation 
and  scale  of  numbeiH,  e^ionents  ate  called  LooAitiTHHS,  or 
"  the  voices  of  nurabeca;"  and  thete  is  something  in  the  word 
logot,  of  which  the  first  patt  of  this  name  is  composed,  which 
is  always  worthy  of  oar  attention  when  we  meet  with  the  wotd 
alone  or  in  a  compound.  iMgoa  is  not  the  mere  sound — the 
noise  in  the  ear  made  by  an  utteied  word ;  for  the  Gieek  ex- 
ptessbnfoT  that  is  jiAone,  which  means  "a  noise,"  and  isequally 
applicable  to  all  noises,  whether  there  is  any  sense  in  them  or 
not.  Logot,  on  the  other  hand,  is  the  information  which  the 
thing  alluded  to  is  capable  of  giving  in  answer  to  our  inquiry 
or  our  observation ;  and  theiefore,  as  there  may  be  a  sound  or 
pkone  where  there  is  no  logot,  so  there  may  be  a  legot  without 
any  fHione,  in  which  the  information  may  be  communicated  to 
the  eye  or  any  other  of  the  senses,  or  to  the  mind,  without  any 
instrumentality  of  the  senses,  which  is  in  iact  the  case  in  our 
general  perception  of  the  meaning  of  ratios,  Logo*  is  nearly 
synonymous  with  ratio,  and  with  relation ;  for  as  it  is  imposvble 
for  the  mind  to  judge  of  anything  without  a  standard  of  judg- 
ment, mentioned  or  implied,  there  is  reference  to  such  a  standard 
in  every  case  where  truth  or  cor«ct  information  of  any  kind  is 
acquired. 

Hence,  in  the  plainest  lai^ua^  of  mathematics,  Logarithms 
are  the  ratios  of  numbers ;  the  expressions  for  Logarithms, 
whether  pven  in  the  common  figures  rf  arithmetic,  or  in  any 
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other  way,  are  the  e^xments  ttf  those  >&tioB ;  and  the  operations 
which  we  ore  enabled  to  shorten,  or  perform  in  oaaes  where 
common  arithmetic  ia  unequal  to  them,  constitute  the  Arithme' 
tic  of  Exponents. 

In  order  to  make  this  arithmetio  available  to  the  case  of  all 
numbers,  and  therefore  available  in  any  practical  instance  that 
may  occur,  we  most  first  obtwn  the  ratios  of  all  nnmbers 
expressed  in  the  common  characters  of  our  arithmetic.  But  in 
every  ratio  there  must  be  two  quantities  of  the  same  kind ;  and 
consequently  wo  must  have  some  one  number ;  and  our  loga- 
rithms must  be  the  expressions  of  the  ratios  of  ^othernombeia 
to  this  one.  The  number  1  will  not  do  for  this  purpose,  be- 
cause eveiy  number  in  its  common  arithmetical  sense  expresses 
the  only  ratio  that  it  can  have  to  the  nuuiber  1 ;  and  as  1  can 
neither  be  a  multiplier  nor  s  divisor,  those  relations  of  the 
common  numbers  in  arithmetic  to  the  number  1,  are  simple 
arithmetical  relations.  But  the  relations  of  ratios  which  we 
require  for  logarithms,  are  geometrical  ones ;  and  when  we 
seek  for  the  It^arithms,  we  seek  for  an  answer  to  this  question. 
How  many  times  must  a  given  number  m  be  multiplied  by 
itself  in  order  that  the  last  product  may  he  equal  to  any  one 
number  of  common  arithmetic  ?  Separate  answers  to  this  ques- 
tion, in  the  case  of  every  number,  would  famish  us  with  a 
series  of  logarithms,  extendii^  both  ways  without  end,  in  like 
manner  as  the  scale  of  nnmbers  extends.  But  as  the  continua- 
tion of  the  arithmetical  scale  is  obtained  by  the  simplest  of  all 
poeuhle  operations — namely,  by  adding  1  to  get  the  next  higher 
nnmber,  and  subtracting  1  to  get  the  next  lower ;  and  as  the 
logarithms,  except  those  of  very  particular  numbeis,  cannot  be 
obtained  without  very  laborious  operations,  we  are  obliged  to 
rest  satisfied  with  a  limited  number  of  It^arithms, — in  the 
common  tables,  with  the  logarithms  of  all  numbers  not  exceed- 
ing 10,000. 
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The  number  nt,  'whkh  is  one  teim  in  every  ratio  expreseed  by 
ft  logsrithm,  and  which  is  of  course  the  Bune  in  them  all,  other- 
wise ve  <Muld  not  compare  the  istjos,  is  usually  termed  th« 
modalut.  This  modnlua  is  qaite  independent,  both  of  the 
number  compared  with  it,  and  of  the  logarithm  which  ezpresBes 
the  result  of  this  comparison;  and  therefore  it  may  be  any 
number  whatever.  The  nnmber  10,  being  the  foundation  of 
the  geometrical  series,  or  order  of  the  difierent  p]ac«s  in  our 
scale  of  uumbeiB,  is  the  best  one  to  use  as  the  modulus  of  our 
It^arithms,  and  it  is  adopted  accordingly.  Logarithms  formed 
by  any  modulus,  employed  as  one  term  in  all  ratios,  are  called 
a  system  of  logarithms ;  and  the  logarithms  in  common  use  are 
a  system,  iiaving  10  for  the  modulus. 

The  modulus,  or  radical  number,  being  once  fixed  upon,  all 
the  esact  poweis  of  it  ena  have  their  logarithms  expressed 
without  any  calculation,  for  they  are  whole  numbers ;  always 
equal  to  the  number  of  times  that  the  modulus,  or  radical 
number  occurs  as  a  factor,  or  1  greater  than  the  number  of 
multiplications.  Thus,  for  instance,  10  being  the  modulus,  we 
at  once  have,  bc^iinning  at  the  left  hand, — 

Numbers     1,  10,  100,  1000,  10,000,  and  so  on, 

Logarithms 0,     1,       2,         8,  i,  and  soon; 

and  these  give  us  the  only  simple  integer  numbers  which  can 

oocnr  as  logarithms,  between  the  number  1  and  the  number 

10,000  inclusive. 

We  can,  however,  carry  the  same  series  downwards  below  I 
in  the  powers  which  have  n^ative  exponents ;  and,  also  be- 
^ning  at  the  left,  they  will  stand  as  follows, — 

Numbers       -1,    -01,   -001,   -0001, and  soon, 
Logarithms  ~1,       2,        3,  4,  and  so  on. 

The  powers,  marked  numbers,  in  the  last  of  these  ercprea- 
sions,  are  the  reciprocals  of  the  same  in  the  firet,  that  is,  they 
are  quotients   ari^ng  from  dividing  1  by  the  correspondiiq; 
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powera  of  tO ;  and  as  the  aafatraction  of  logarithms  is  the  Bome 
aa  the  diviaioa  of  irambera,  the  logarithmB  in  the  second  exprea- 
Hon  aie  alwy  tlte  ledprocab  of  those  in  the  fint.  The  loga- 
rithma  hare,  Ihercfcre,  the  verj  same  i^tioB  to  each  other  in 
the  two  expresEBons  aa  the  Dambera  have ;  eonseqtiently,  if  the 
RWnbers,  which  am  found  by' common  mnltiplication,  and  e&n 
«asilj  I>e  TeriSed,  are  correct,  the  logarithma  muat  also  be 
correct. 

This  fundamental  part  of  the  system  rf  logaritluns,  as  com- 
pared with  the  powers  ot  10,  both  ascending  and  descending,  of 
which  tliey  are  the  exponents,  is  worthy  of  some  conaidcrBtion, 
as  seen  in  its  simple  form,  and  without  the  other  logarithms  and 
nunbera  which  have  to  be  mterpotated  in  order  to  complete 
the  system  of  logaritluns  and  the  aeries  of  the  natural  nnmbera. 
In  the  first  place,  tBe  number  of  fignres  in  each  of  the  integer 
numbers  or  ascending  powers^  is  in  eveiy  case  1  more  than  the 
units  in  the  exponent ;  and  each  of  the  nnmbem  is  the  smallest 
posdble  that  can  be  expressed  by  the  same  number  of  figures ; 
lience  we  have  thia  general  conclusion :  the  integral  part  of  the 
h^^arithm  of  any  number  consist^  of  integers,  or  integers  and 
deeimab,  is  always  1  lees  than  the  number  of  int^ier  places. 
j\l80,  on  looking  at  the  decimal  numbers  or  descending  powers, 
we  find  that  the  integral  parts  of  their  logarithms  alwaja  ex- 
preaa  the  distance  of  the  first  significant  figure  from  the  decimal 
point,  or  that  there  are  aa  many  Oa  before  the  aignificant  figures 
of  the  decimal  as  the  number  of  Is  in  the  integral  part  of  the 
l<^rithm  wanting- 1. 

Secondly,  there  must  b«  as  many  logarithma  between  each 
of  the  two  numbers  in  the  line  marked  logarithma,  as  there  are 
natural  nnmbets  between  the  natural  numbera  which  answer  to 
these.  ThuB,  between  0  and  1,  in  the  logarithms  of  integers, 
there  most  be  eight  logarithma,  anawering  to  the  natural  num- 
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beis  from  2  to  9  incInaiTe ;  and  these  must  be  vrhoUy  fractions, 
and  are  best  expresaed  by  decimalB.  Between  1  and  2  in  the 
logarithms,  there  must  be  eighty-nine  l<^arithmB,  answering  to 
the  natural  numbers  from  11  to  99  incluaTe.  Between  2  and 
3  there  must  be  eight  hundred  and  ninety-nine  logarithms, 
answering  to  the  natural  numbets  from  101  to  999  inclusive^ 
Between  3  and  4  there  must  be  e%ht  thousand  nine  himdred 
and  ninety-nme  logarithms,  answering  to  the  natural  numben 
from  1001  to  9999  inclusive.  If  we  take  the  expressioB  &r  the 
descending  powers,  the  number  of  logarithms  between  every 
two  must  be  the  same  as  between  the  eoneqioading  two  of 
these  Is. 

Thirdly,  the  whole  <£  those  logarithms  which  require  to  be 
interpolated  between  the  iat^^fral  ones,  whether  those  integers 
have  the  sign  ■+■  expressed  or  understood,  or  the  sign  —  always 
expressed,  ore  necessarily  fractional  numbers ;  but  none  of  them 
can  be  aceurately  expressed  by  any  fiaction,  whether  that  coo- 
sista  of  a  numerator  and  denominator  both  expressed,  or  of  a 
decimal,  in  which  the  denominator  is  understood  to  be  1  with 
w  many  Os  aimexed  to  it  as  there  are  %ures  in  the  decimal,  in- 
cluding in  this  number  anyOs  which  may  be  between  the  signi- 
ficant figures  and  the  decimal  point. 

This  will  appear  evident  when  it  is  considered  that,  as  already 
explained,  no  fraction  and  no  mixed  number  con^stiug  of  an 
integer  with  a  fraction  annexed,  can  have  any  ass^nable  power 
of  it  in  a  whole  number.  Bnt  in  the  case  of  a  system  of  loga- 
rithms, of  which  the  modulus  or  root  is  10,  and  the  natural 
numbers  a  series  of  powers,  all  the  powers  which  aie  not  inte- 
gral, or  consist  of  1  with  Os  after  it,  must  be  fractions ;  and  as 
both  root  and  power  are  whole  numbers,  and  the  exponent  a 
fractional  vd,ue,  it  is  nece^arily  a  fractional  value  which  cannot 
be  accurately  expressed  by  apy  fraction  whatever,  jnst  as  it  ia 
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impossible  to  express  bj  any  fraction  whatever  an  integral 
poner  of  an  integer  number  wtiicti  is  not  t>  complete  power. 
Therefore,  everjr  log&rithm  which  we  cam  have,  from  2  to  10,000 
inclusive — and  there  are  of  conne  9999  of  them — must  be  irra- 
tional numbers,  with  the  exception  of  1,  2,  3,  and  4,  which 
answer  to  the  firet  four  powen  of  10. 

We  can,  therefore,  expiew  those  irrational  exponenU  or  loga- 
rithms, only  by  approximation ;  and  the  simplest  way  in  which 
this  can  be  done  is  by  using  decimals,  which  in  tables  of  even 
moderate  accuracy  are  extended  to  six  places,  which  express 
the  value  of  the  logarithm  to  the  nearest  millionth  part  of  the 
Dumber  1  in  the  iutep^  portion  <d  a  logarithm ;  and  as  the 
differences  of  these  Ic^arithms  form  a  series,  thoi^h  a  diminish- 
ing one,  a  little  more  accuracy  can  be  obtained  by  means  of  the 
differences. 

Upon  looking  back  at  the  sutxesEdon  of  integer  logarithms,  it 
will  at  once  be  seen  that  the  difFerences  mnst  diminl»h  as  the 
Ic^arithms  themselves  increase  ;  and  that,  as  the  numbers 
answering  to  the  logarithms  increase  by  multqilicatioiis  by  10, 
while  the  logarithms  increase  only  by  additions  of  1 ,  the  dif- 
ferences of  the  logarithms  of  high  uumbera,  equalfy  distant  from 
each  other  in  the  scale,  moat  be  very  much  smaller  than  those 
of  low  numbers  at  the  same  distance  in  the  scale.  Between  O 
and  1  there  are  only  eight  logarithms,  and  the  natural  number 
answering  to  logarithm  0  is  1,  and  that  answering  to  logarithm  1 
is  10 ;  so  that  between  logarithm  0  and  logarithm  1  there  are 
only  nine  differences.  But  between  logarithm  1  and  logarithm 
2,  there  are  eighty-nine  differences,  and  yet  their  sum  isonlyl,as 
inthe  former  case;  so  also  between2and3thereareeighthun- 
dred  and  ninety-nine  differences,  the  sum  of  which  is  also  only  1 ; 
and  between  3  and  4there  are  e^i;ht  thousand  nine  hundred  and 
ninety-nine  diiierences,  the  sum  of  which  is  Btill  no  more  than  1 . 
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Now  it  requires  do  reasoBii^  to  ■bov,  that  if  the  mkc  ge- 
neral difierence  1  haa  tobe  divided  into  8parUiia<HM  caee^into 
89  porta  in  a  second,  into  899  in  a  third,  into  8099  in  a  fourth, 
and  GO  on,  the  iadiridnal  part  miHt  be  ver^  mach  iem  in  each 
of  those  cases  than  in  the  caee  b«fore  it,  even  suppoung  that 
the  porta  in  each  case  were  all  equal  aeaoag  theeteelres. 

But  there  is  nothing  peculiar  about  those  numben  in  the 
arithmetical  scale  of  which  the  logarithms  are  integers,  fiirther 
than  that  they  hiqtpeD  to  be  inte^jal  powns  of  10,  the  modulus 
•r  ladictd  number  of  the  sjrstem.  For,  Hie  series  of  natnn] 
numbers  goes  an  regnlariy  by  the  addition  of  1  to  every  lomr 
number,  in  order  to  make  up  every  <me  next  ftdkiwhig  It ;  and 
the  logaritlims,  though  they  exjwees  the  expoD«)tfl  of  thoae 
nnmbere  «i  their  ratios  to  10,  must  still  be  true  to  the  numbers, 
otherwise  they  could  not  be  uaed  as  the  representatives  of  those 
DumbeiB ;  thwefore,  the  difference  between  mte  logarithm  tuid 
the  one  coming  after  it,  goe«  cm  gradually  diminishing,  or  be- 
coming less  and  less,  as  we  get  to  the  logarithms  of  numbers 
bigger  in  the  soak. 

This,  though  appanmUy  a  simple  matter,  is  one  which  is  very 
important  to  a  clear  nnderstuiding  of  the  nature  of  logaiidtme, 
and  a  due  appreciatim  of  the  advantages  resntting  from  the  use 
of  them ;  and  therefore  we  dutU  very  biieSy  cmsider  it  in 
another  light.  Logarithms,  and  consequently  the  diJ^rences  of 
logarithms,  bear  a  very  dose  resemblance  to  the  quoti«it«  of 
HumbetB  whoi  divided  by  each  other,  and  the  dtSerenoes  of 
those  quotients ;  and  a  very  litdfr  consideration  wOl  suffice  to 
show,  that  if  the  arithmetical  difibrence  between  two  num- 
bers remains  the  same,  the  quotient  uiidng  from  the  diviuon  of 
the  one  of  those  numbers  by  the  othor  must  always  be  the  lees, 
the  greater  the  numbers  are,  it  being  und«stcod  that  the 
smaller  number  is  the  divisor,    'nins,  if  the  nnmben  are  1  and 
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2,  of  which  tlie  difference  U  1,  the  quotient  upon  dinding  2  by 
1  is  the  number  2 ;  but  If  the  Dumbere  ftre  100  and  101,  the 
difference  of  which  is  ftlao  1,  the  quotient  upon  dividing  tlie 
greater  by  the  less  is  only  1*01,  tvhich  is  99  hundreth  parts  of 
1  less  than  the  former.  So,  tf  the  numben  are  1000  and  1001, 
the  quotient  arising  from  dividii^  the  greftter  by  the  kss  is 
I'OOI,  which  is  Milyl  and  one  thouwndth  part.  If  we  went  on 
incnasing  the  equal  puts  of  the  two  numbers  by  multiplication 
by  10  &i  a  great  number  of  times,  and  still  had  the  difference 
only  1,  We  should  at  last  airive  at  a  quotient  diKtring  from  I 
'  by  a  fraction  less  than  any  fraction  which  we  could  name ;  uid 
this  girea  us  some  idea  <^  the  rate  at  which  the  differences  of 
lagarithnis  diminish,  as  the  natural  numbera  to  which  they 


But  this  difference  between  one  logarithm  and  another,  is 
not  a  quantity  which  can  be  added  or  subtracted  upon  the 
principles  of  common  atithmetio,  fnatmudi  as  addition  and  sab- 
traction  are  not  opentions  which  can  be  performed  with  loga- 
rithms, so  as  to  hare  any  meaning  with  reference  to  the  natural 
numbers  answering  to  the  logarithms ;  for,  as  we  hare  already 
shown,  theaddition  of  logarithms  answers  to  the  multiplication  of 
the  natural  iimnbers  fbr  which  they  stand,  a&d  the  subtraction 
of  logatithms  answets  to  the  division  of  the  naturd  numbere. 
-  IiOgarithms  do  cot  tepresrat  quantities  of  any  kind,  except  in 
that  aeoondary  way  in  which  they  are  the  representatives  of 
flMnmoD  nnmben ;  and  therefore,  when  we  ai*  performing  any 
operation  by  means  of  logarithnu  as  the  representatives  of 
numbers,  we  must  always  find  the  represented  numbw  .which 
answers  to  the  lepesenting  loguithm,  befitre  we  can  perform 
either  addition  or  subtraction.  So  also  we  cannot,  by  the 
addition  of  any  difference  which  we  can  find  by  the  principlce 
cf  uUhmetio  to  the  logarithm  c^  any  number,  get  the  logarithm 
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of  the  next  number  above  it  in  the  common  arithmetical  series ; 
nelthei  can  we,  by  the  aobtractkin  of  any  diSbrence  from  the 
logarithm  of  any  tramber,  get  the  It^arithm  of  the  number  nest 
below  it  in  the  scale.  If  the  nnmbers  are  composite,  or  the 
products  of  factors,  we  can  g«t  their  loffarithma  by  adding  the 
logarithms  of  the  fectocs ;  hnt  if  they  are  prime  nnmbers,  not  the 
products  of  factors,  we  cannot  get  theb  logarithms  in  any  other 
way  than  by  a  separate  operatiim  for  each,  and  this  operation  is 
a  very  laborious  one. 

Thus,  if  the  thing  demanded  of  us  were  to  find  the  logarithm 
of  2,  we  could  get  no  aanstance  whatever  from  the  integer  loga- 
rithms 0  and  1,  between  which  it  lies,  &rther  than  that  it  must  be 
greater  than  the  one  of  them  and  less  than  the  other ;  but  how 
much  great«r  or  how  much  leas,  we  have  no  direct  means  of 
finding  out.  Wltat  we  want  to  know  is,  how  often  the  number 
10  most  be  mnltipUed  by  itself  in  order  to  make  the  nimiber 
2 ;  and  as  2  is  a  smaller  number  than  10,  the  esponent  or  loga- 
rithm of  2,  of  which  we  are  in  quest,  must  be  fractional. 

If  we  call  the  logarithm  of  2  by  the  letter  ■,  then  onr  ex. 
pression  will  be 

10"  =2; 
and  that  which  is  required,  is  to  find  a  fVactional  value  of  ", 
which  will  satisfy  the  conditions  that  are  demanded  of  ua.  If 
we  assume  any  fraction,  and  raise  10  to  the  power  of  tite  nume- 
rator, and  2  to  the  power  of  the  denominator,  we  shall  make  a 
trial ;  and  according  as  the  power  of  10  is  greater  than  the  power 
of  2,  or  less  than  it,  we  shall  know  whether  the  fraction  we 
have  assumed  for  the  exponent  is  greater  or  less  than  the  truth ; 
for  we  have  already  stated  that  the  truth  is  an  irrational  frac- 
tion, and  cannot  be  expressed  by  any  numerator  and  denomi- 
nator whatsoever. 

Let  us  first  tiy  n  =  ^;  then  10'  =  10,  and  2'  =4,  which  is 
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6  less  than  10 ;  so  that  the  Miction  ^  is  too  great.  Next  try 
"  s:  4i  a>i^  we  shall  have  10  *  =:  100,  and  2  >  =  128,  which  is^ 
28  more  than  100;  ea  that  the  esponent  ■  is  leas  than  ^,  but 
greater  than  ^  ■^s'^^  fraction  intermediate  in  valne  between 
^  and  ^,  let  US  again  try  it.  10  *  =  1000,  and  2  ■<>  =  1024, 
which  is  still  greater  than  1000 ;  and  consequently  the  fraction 
-^  is  still  too  small ;  but  as  the  denonnnator  of  that  fraction  is 
10,  if  we  are  to  express  the  exponent  or  logarithm  decimally, 
the  first  figure  of  it  will  be  three,  and  this  is  one  approximation, 
though  a  rude  one,  to  the  logarithm  of  2. 

The  next  step  of  your  operation  would  be  to  find  the  second 
figure,  and  hero  it  might  be  as  well  to  begin  with  0  in  the  enu- 
merator ;  and  the  figure  which  brought  the  power  of  2  nearest 
to  the  power  of  10,  would  be  the  second  figure.  Not  more  than 
nine  triab  would  be  required  for  this  purpose ;  but  the  finding 
of  the  power  of  2  would  be  a  veiy  laborious  matter.  Let  us 
take  ■  =  -j^g,  and  we  have, 

which  b  less  than  the  power  of  10 ;  so  that  -f^^  is  too  large  a 
fraction,  and  the  second  figure  of  the  logarithm  expressed  deci- 
m^y  must  be  0,  or  the  first  and  second  figures  '30,  which  is 
Miother  and  nearer  approximatioii. 

We  might  try  n  ^-^jj^jri  in  order  to  find  the  third  figure ; 
»nd  if  the  power  of  2  were  greater  than  the  power  of  10,  the 
fraction  would  be  too  small;  and  we  might  try  ag^n  with 
n  =:  -f^^g,  and  if  the  power  of  2  were  in  this  case  less  than  the 
power  of  10,  then  2  would  be  too  large  for  our  third  figure,  and 
the  fint  tiuee  figures  would  be  -301,  which  would  be  another 
step  in  the  approximation,  still  nearer  the  truth  than  the  former 
one.  Multiplying  2  by  2  repeatedly,  till  it  occurred  a  thousand 
times  as  a  factor,  would  however  be  intolerably  tedious ;  and 
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if  we  were  to  try  a  step  beyond  diiB,  it  would  be  tmtjmeamoie 
no.  Tbere  are  shorter  methods  than  this  ot  getting  the  loga- 
rithm of  a  [mme  namb^,  but  this  is  the  only  one  which  pro- 
ceeds upAo  the  common  prine^es  of  arithmetic  The  othera 
are  not  quite  elementaiy,  w,  at  all  events,  they  depend  upon 
prindi^es  which  we  hare  not  hitherto  inveatigM«d ;  and  tliete- 
fore  the  introducUon  of  them  here  would  be  (oiaga  to  our 
purpose,  which  ie,  to  state  nothii^  bnt  what  we  can  tnee  from 
first  principles. 

In  an  elementaiy  piant  of  rfew,  this  ia  a  matter  of  but  little 
consequence,  because  nobody  requires  actually  to  find  a  loga- 
rithm by  an  original  investigation ;  for  they  are  already  found, 
and  inserted  in  the  common  tables  ;  and  it  is  qnite  enough  Epr 
every  practical  purpose,  that  we  understand  wdl  the  nature  of  a 
logarithm,  can  know  how  to  find  it,  if  that  were  nece«ary,by  even 
the  most  tedious  process,  and  ai«  also  acquainted  with  the  struc- 
ture of  the  tables,  so  as  to  be  able  to  find  in  them  rather  the 
logarithm  answering  to  a  nuinber,  oi  the  number  answering  to 
a  logarithm. 

The  decimal  part  of  the  logarithm  of  any  figure,  being  de- 
rived wholly  from  tiat  figure  ilael^  and  dep^ding  altogetJier 
upon  its  individual  value,  without  any  regard  to  the  place  which 
it  occupies  in  tile  scale  of  numbers,  is  of  course  the  very  same 
whatever  is  the  place  of  the  figure,  and  whether  it  is  integers 
or  decimals.  Thus,  '301030  is  always  the  decimal  port  of  the 
li^arithm  of  2,  whether  that  2  mean  units,  thousands,  hundretb 
parts,  or  any  other  number  whatever  which  is  the  result  of 
multiplying  or  dividing  2  successively  by  10 ;  and  it  is  the  same 
with  the  decimal  part  of  thelogarithnuof  all  the  other  figutes. 
That  such  must  be  the  case  is  quite  evidrait ;  for  multiplying 
by  10  is  only  adding  1  to  the  integral  part  of  the  logarithm,  sad 
dividing  by  10  is  only  sabtisoting  I  from  the  intqnl  part;  and 
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liow  often  soever  1  ia  added  to  the  integral  part  or  suUntcted 
from  it,  neither  openUiwi  affects  in  the  least  the  value  ot  the 
decimal  pMl. 

Hence,  when  the  int^fral  port  has  the  sign  — ,  that  sign  does 
not  aEFect  the  decimal  part,  which  is  always  to  be  cooudeied  as 
a  poffltive  number;  and  the  — ,  when  thus  placed  befoi«  the 
int^ral  part  of  a  logarithm,  expittaea  not  an  arithmetical  but 
a  logarithmic  enbtiactioii,  which,  aa  has  alreadj  be«n  shown,  it 
the  same  thing  as  an  arithmetical  division ;  uid  as  the  subtrac- 
tion 1  is  the  expression  for  a  diviaioii  by  10,  —  before  the  inte- 
gral part  of  a  logarithm  merely  points  out  ihttl  the  figure 
answering  to  the  logarithm,  and  conddered  as  units,  is  to  be 
divided  as  often  in  aucoeeeion  by  10  as  there  are  Is  in  that  ptrt 
of  the  logarithm  which  is  affected  by-— . 

Thus,  the  inttf^al  and  the  decimal  parts  of  a  li^arithm 
relate,  in  different  ways,  to  the  number  answering  for  the 
li^rithm ;  and  as,  on  this  account,  it  is  convenient  to  give  a  par- 
ticular name  to  the  integral  part,  it  is  oalled  the  ind&r,  or 
characteristic  of  the  logarithm  ;  and  the  decimal  port  only  is 
called  the  logarithm,  by  way  of  dktinction.  When  there  is  no 
sign,  or  + ,  before  the  index,  it  is  said  to  be  positive,  and  when 
there  is  —  before  it,  it  is  said  to  be  negative ;  but  +  and  — 
here  do  not  mean  addition  and  subtraction ;  ibr  we  have  already 
shown  that  these  are  operations  which  cannot  be  perfonned  on 
It^aritbms.  -f  means  as  many  multiplications,  and  —  as  many 
divisions,  by  10,  of  the  coireqwuding  number,  as  there  are  Is 
in  the  index  which  it  affects. 

The  index  and  the  logarithm  answer,  therefore,  to  the  two 
parts  of  whidi  a  number  expressed  arithmetically  is  made  np. 
The  index  points  out  the  distance  of  the  left  hand  figure  of  the 
number  irom  the  units  figwe,  and  when  it  is  +  that  figure  is 
higher  than  the  units,  and  when  it  is — itislower.  Thus,  +  3- 
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i»  always  the  index  of  thooaands,  and — 3-  is  always  the  index 
of  tbousandtb  parts;  and  it  is  the  some  with  every  other  expo- 
nent. It  is  always  1  leas  than  the  number  of  figures  in  an 
int^^  number,  and  1  more  tlian  the  number  of  Os  at  the 
beginninff  of  a  decimal  one. 

But  though  the  index  thus  determines  the  place  of  the  left 
hand  figure  of  the  number,  and  consequently  also  the  places  of 
all  the  other  figurea  In  their  order,  it  gives  us  no  information 
"whatever  with  r^ard  to  the  individual  values  of  the  figures ; 
for  whether  the  figure  is  1,  or  9,  or  any  of  the  intermediate 
ones,  the  index  of  ita  logarithm  ia  the  same ;  bo  that  the  indi- 
vidual values  of  the  figures  answering  to  a  logarithm  depend 
wholly  upon  the  decimal  part,  without  aoy  regard  whatever  to 
the  index. 

One  who  had  not  reflected  on  the  subject,  m^fat  be  apt  to 
suppose,  that,  as  the  logarithm  of  a  single  figure,  disregarding 
the  index,  is  the  same  whatever  place  in  the  scale  that  figure 
occupies,  the  logarithm  of  a  number  consisting  of  several  figures 
could  be  found  in  some  way  from  the  logarithm  of  thoae  figurea 
taken  individually.  Tliat,  for  inatance,  the  logarithm  of  96Ji 
might  be  found  by  some  combination  of  the  Ii^rithms  of 
300, 60,  and  5 ;  and  that  the  logarithms  of  :dl  numbers  whatever 
m%ht  be  obtdned  by  combinations  of  the  logarithms  of  the  nine 
figurea  ;  because,  arithmetically  apeaking,  all  numbers  are  com- 
posed of  those  figurea,  each  one,  in  a  number  conaistii^  of 
several,  being  multiplied  by  a  different  power  of  JO,  the 
modulna  or  root  of  the  arithmetical  scale. 

If  this  could  be  done,  it  would  reduce  the  construction  of 
logarithms  to  a  veiy  simple  process.  But  a  very  little  con- 
^oratbn  will  show  that  this  is  impossible.  For  this  purpose, 
let  ua  take  any  number,  36S  for  inatance,  and  analyze  it  accord- 
ing to  ita  arithmetical  compodtion,  and  aec  vrtiether  logarithms 
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wfli  ^>ply  to  every  process  in  that  composition.  365  ia^SOO 
+60  +  6;300i8  =  3xl0*,  60U  =6  x  10',  and  5  ia  =  5xlO*. 
So  &r  as  the  composition  of  each  of  these  three  paris  goes, 
the  process  is  multiplication  only,  and  therefore  it  could  be 
performed  by  means  of  the  logarithms ;  but  when  we  look  at 
the  other  part  of  the  composition,  and  take  the  whole  analysis, 

3xlO«+6  xlO'+SXltf", 
we  find  that  there  are  additions  to  be  performed,  and  these  are 
operations  to  which  Ic^srithms  wOl  not  apply ;  consequently  the 
Beale  of  nambers  gives  us  no  assistance  in  the  fiudii^  of  loga- 
rithms, further  than  the  place  of  the  left-hand  figure  of  the 
number  determines  the  index.  Consequently  a  distinct  raid 
separate  operation  is  required  for  finding  the  l<^arithm  of 
eveiy  prime  number  i  but  the  logarithms  of  all  composite 
numbero  may  be  found  by  taking  for  each  the  sum  of  the 
l<^;arithms  of  all  its  prime  factors. 

The  explanations  wluch  we  have  given  will,  we  trust,  be 
found  sufficient  to  convey  an  elementary  notion  at  least  of  the 
nature  of  logarithms,  and  of  the  relation  in  which  they  stand 
to  common  numbers;  and  we  shall  close  this  section  by  adding 
a  diort  explanation  of  the  tables,  and  the  notation  of  li^a- 
rithms ;  and  a  brief  recapitulation  of  the  more  useful  logarith- 
mic operations,  the  principles  of  most  of  which  have  been 
explained  already. 


In  tables  of  common  logarithms,  there  are  usually  two  parts : 
the  first  containii^  the  logarithms  of  all  the  integer  numbers 
apl«  100;  and  in  this  part  of  the  table  the  numbers  are  placed 
in  one  column,  and  the  whole  of  the  logarithms,  index  and  all, 
immediately  Bgdnst  them  in  another  column.    The  column* 
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of  nnmbera  are  marked  N  at  top  and  bottom,  aad  tbe  cohiinm 
of  bgarithmB,  Lt^.  So  tlut  this  table,  aa  &r  bb  it  goea,  is 
perfectly  nimple.  The  next  port  of  tbe  tables  contuna  aU  the 
Diuaben  from  100  to  9,999,  ranged  in  a  eohmm  down  the  left 
of  as  many  p^;es  as  are  necessary ;  the  number  of  pages  de- 
pending, of  course,  on  the  dze  of  the  page  and  tbe  tjpe.  The 
page  contains  eleTen  other  columns ;  t«n  <^  wMcb  are  occupied 
by  tbe  arithmetical  figurea,  from  0  to  9  indnMre ;  and  the  last 
one,  at  the  right  hand,  contuns  the  difierencea  of  the  logaiithms, 
and  ia  marked  D  at  the  top  at  the  page.  The  odnmn  nndcff 
0  contains,  against  each  munber  in  the  column  of  nnmben^  the 
decimal  part  only  of  its  logarithm;  and  tbe  other  colnmiH 
contain  the  It^iarithms  of  the  same  numbers,  with  the  fignn 
at  the  top  of  the  column  of  logarithms  included  ■■  a  unit's 
figure  after  the  three  flgnrEs  which  an  in  the  Irft-hand 
column  of  nnmlHiTfi  at  the  b^innii^.  Thug,  if  we  were  to 
look  at  the  tables  for  the  logarithm  of  any  three  figures,  we 
would  hare  only  to  find  those  figures  in  the  column  of  num- 
beia,  and  the  decimal  part  of  the  logarithm  would  be  i^ainst  it 
in  the  first  column  of  logarithms,  under  0  at  the  t<^.  If 
there  were  fimr  fignies,  we  could  find  them  aD,  exo^  the 
units  in  the  lefUhaud  colui>)n,  as  before ;  and  then,  if  we  fill* 
lowed  the  line  of  logarithms  till  we  came  to  the  column  which 
hod  the  units  figure  at  the  top,  we  would  find  the  logwithra 
of  the  four  figures  there.  If  there  were  more  than  fbur  figures, 
we  could  not  find  directly  in  the  tables  the  Ic^arithm  of  any 
more  than  ihe  four  nearest  the  left  hand;  but  we  could  get 
on  approximate  ralne  of  the  oUter  ones  by  means  of  the  differ- 
ences which  were  marked  in  the  last  colnmn  of  the  p^c 
These  differences  are  those  trf  the  logarithms  of  the  nnmbers 
connsting  of  fijur  figures,  and  the  next  higher  number  of  four 
figures ;  that  is,  a  number  which  baa  the  last  of  the  four  1 


bf  Google 


365 

gxaater.  Now,  any  number  of  figures  whieh  can  sland  to  the 
l^ht  of  any  one  figare  in  a  namber,  are  always  of  lesa  Taln« 
Ibaa  if  that  figun  were  1  greater,  and  tbe  places  of  the  others 
Bup^kd  bjOs;  and  therefiH^  if  we  take  the  (Bfierence,  and 
mnhiply  it  by  the  figures  wbidi  are  in  our  nnmhor  to  the  right 
of  four,  reckonii^  from  the  left,  and  cut  off  as  nany  %urea 
front  the  right  of  the  product,  ae  there  are  in  the  number  by 
which  we  multiply  the  difference,  the  rest,  or  left-hand  part  of 
the  prodnct,  will  be  a  correction,  which,  added  to  the  logarithm 
of  the  first  four  figares,  will  approsimate  the  logarithm  of  the 
entire  number.  The  approximation  wHl  be  a  very  rude  one, 
however,  if  there  are  more  than  one,  or  at  any  rate  than  two, 
figures ;  for  every  figure  which  ia  annnced  to  the  right  hand 
of  the  number,  not  only  adds  its  oMOi  value  aa  units,  but  mul- 
tiplies the  value  of  all  the  reet  by  10.  We  mentioned  already 
that  as  the  numbers  increased,  the  difference  of  the  logarithms 
decrease  much  more  rapidly;  and  therefiire  the  connection 
very  soon  cesses  t«  be  sccumte. 

For  convenience  in  reading,  the  table  is  dirided  by  a  black 
line  across  the  page,  at  the  end  of  every  ten  lines  of  figures ; 
and  the  whole  logarithm  is  written  in  each  of  the  eolumns,  in 
t^  first  line  of  figures  after  this  line  ^division ;  but  in  the  other 
lines,  if  two  or  three  figures  at  the  beginning  are  the  same  in 
all  the  other  nine  lines,  they  are  left  out,  it  being  nnderstood 
^ut  those  which  answer  to  the  blank  in  the  first  line,  are  to 
fill  it  in  the  others.  The  use  of  the  black  lines  is  to  giude 
one's  eye  more  easily  along  in  seeking  the  logarithm  of  lour 
figures ;  and  the  U^cs  are  merely  contrivances  of  the  printer 
to  save  a  few  types.  If  these  directions  are  attended  to,  any 
me  may  find  the  common  logarithm  of  numbers  from  the  tables, 
without  tlie  slightest  difficulty;  and  as  fi>r  the  indices,  they  are 
•ktermined  by  the  number  of  int^r  places,  or  of  Os  at  the 
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b^uming  <^  a  number  wholly  decimal,  without  any  Teference- 
whateTer  to  what  the  figures  are,  or  what  the  decimal  part  of 
the  logarithm,  m  found  in  the  tablca,  is  to  be.  The  fiiUowini; 
mnnben,  which  are  expreaaed  by  the  same  figuTea,  but  of 
which,  in  conaequenceof  the  shifting  of  the  decimal  point,  ev^y 
one  is  but  a  tenth  [f&rt  of  the  one  above  it,  will  illnatrate 
this: 


36S000- 

36600- 

96M- 

305- 

36-0 

3-6C 


This  requires  no  eiqtlanation ;  for  by  merely  inspecting  the 
column  of  numbeis,  and  that  of  indices,  and  comparii^;  them 
with  each  other,  every  thing  about  the  index  of  the  logarithm 
of  any  number  may  be  readily  understood,  and  we  have  only 
to  bear  in  mind  that  —  is  the  sign  of  division  as  applied  to  the 
numbers.  In  taking  the  logarithms  of  numbers  from  the 
tables,  there  is  considerable  advant^  in  the  very  simple  ope- 
rations of  reading  them  in  twos.  Thus,  if  the  logarithm  is 
■954291,  it  is  much  more  easily  remembered,  if  read  "  ninety-* 
live,  forty-two,  ninety-one,"  than  if  we  were  to  try  to  name 
all  the  figures  wngly,  or  the  entire  number  as  a  whole. 

The  converae  of  this  operation — that  is,  finding  the  natural 
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number  onawering  to  any  fiv^i  logaritbin — ia  just  the  opposite 
of  finding  tlie  logsrithm.  DiBregsrding  the  index,  we  seek  th« 
tables  lor  the  logarithm ;  and,  if  we  find  it  exactly,  the  number 
anaweiing  to  it  ia  the  number,  and  the  placing  of  the  decimal 
point  in  it,  or  adding  Os  to  the  right  of  it  to  make  up  the 
requisite    number  of  integer  places  ia    determined   by  the 

If  the  logarithm  is  not  found  exactly  in  the  tables,  we  can, 
by  rovetsii^  the  correction,  get  a  figure  or  two  more  to  place 
to  the  right  of  thoae  which  anawer  to  the  logarithm.  For  thii 
purpose,  we  take  the  logarithm  in  the  tables  which  is  next  leas 
than  the  given  one,  and  get  the  difference  between  it  and 
the  given  one  for  a  dividend.  Then,  we  place  two  Os  on 
the  right  of  this  dividend,  and  divide  the  whole  by  the  dif- 
ference of  the  logarithms,  as  marked  in  the  right-hand  column.. 
It  must  be  remembered,  however,  that  tlie  quotient  of  this 
division  must  make  ttea  figures,  and  if  there  is  only  one,  an  0 
must  be  placed  before  it  in  the  nnmber.  The  division  might 
be  continued  to  an  interminable  number  of  figures ;  but  the 
laI)onr  would  be  useless,  for  none  of  theiu  would  i>e  accurate 
except  the  first  and  second,  and  even  the  second  would  not  be 
altogether  correct  in  eveiy  case. 


T^e  logarithm  of  any  nnmber,  in  a  system  having  any 
modulus,  may,  if  b  is  the  modulus,  and  a  the  number,  be 
simply  indicated  algebraically  by  the  expression 

in  which  '  denotes  the  logarithm,  but  does  not  express  it  in 
terms  of  the  known  numbers  u  and  b.  In  order  so  to  express 
it,  it  must  be  formed  into  a  serieSf  which  will  be  interminable 
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in  all  eaaca  except  tbow  in  which  n  is  a  wliole  number ;  and 
this  KriM  is  the  gmetal  formula,  by  substituttng  nomberB  for 
*lw  Uttera  in  which,  and  pcrfbrming-  the  c^rationa  pointed  out 
bjr  tlie  rigna,  the  It^arithm  of  any  number  may  be  foond ;  bnt, 
aa  we  dread;  meutioDed,  the  investigation  of  this  is  not  parely 
etementaTy,  and  we  are  not  yet  prepared  for  entering  upon  it. 

When  a  logarithm  is  expressed  by  a  letter,  a  number,  or 
any  other  angle  expreaeion,  simple  or  compound,  it  is  pointed 
out  to  be  a  logaritbin,  by  Log.  or  simply  L.  before  it ;  and 
when  it  enten  into  a  ftwnmla,  or  combination  of  quantities,  we 
miut  attend  to  its  nature,  in  order  to  know  how  it  is  to  be 
afiected  by  the  signs.  Now  a  logarithm  is  not  only  not  of  the 
same  kind,  but  has  actually  no  property  in  ctHnmon  with  any 
qnantity  the  value  of  which  is  iramediately  expressible  by  a 
cmnmon  number ;  and  therefore  a  logarithm  and  a  quantity  can 
neither  have  a  sum  nor  a  diflerence ;  so  that  the  sign  +  or  — 
between  a  logarithm  and  a  quantity  would  have  no  meaning, 
or  Tathei  it  would  have  a  double  meaning ;  for  it  would  imply 
adffition  or  sabtiaction  as  regwded  the  quantity,  and  multipli- 
cation or  division  as  regarded  the  ioganthm ;  and  aa  no  single 
operatitm  can  be  both  addition  and  multiplication,  or  subtrac- 
tion and  division,  that  which  was  indicated  by  such  a  sign 
would  be  impracticable  in  any  other  way  than  by  finding  the 
number  answeiing  to  the  logarithm,  and  dealing  with  it  as  a 
number — that  is,  adding  it  if  the  sign  wet«  +,  and  subtracting 
it  if  the  sign  were  — . 

A  sign  of  mnltiplication  between  a  logarithm  and  a  quantity, 
means  that  the  logarithm  is  to  be  lused  to  the  power  expressed 
by  the  quantity.  But  a  sign  of  multiplication  between  two 
logarithms  has  not  any  real  meaning ;  becsnse  there  cannot  be 
a  product  without  a  multiplicand  ;  and  the  two  logarithms  are 
not  only  not  multiplicands,  but  neither  of  them  is  even  a  mnl- 
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tiplief,  expreBdng  the  number  of  times  that  a  eertain  number 
must  be  multiplied  by  itself,  in  order  tliat  the  last  product 
may  be  equal  to  another  given  number. 

The  ago  of  division  between  a  dumber  and  a  quantity  points 
out  that  root  of  the  logarithm,  or  tiie  number  for  which  it 
stands,  which  the  quantity  cxpreaaes ;  but  if  we  were  to  consider 
the  quantity  as  a  dividend,  the  l<^arithm  could  not  be  a  divisor ; 
because  a  divisor  must  always  be  equal  to  some  part  of 
the  dividend,  and  a  logarithm  is  not  equal  to  any  part  of  a 
number. 

But  a  sign  of  division  between  two  logarithms  has  meaning, 
and  implies  that  the  logarithm  which  precedes  it  must  be 
divided  by  the  logarithm  which  comes  after  it ;  and,  as  is  the 
case  in  every  division  of  a  quantity  by  another  quuitity  of  the 
same  kind,  the  quotient  is  a  numbeJ.  Literally,  it  is  the  num- 
ber of  times  which  the  one  logaritlim  is  contained  in,  or  can  be 
arithmetically  subtracted  from,  the  other.  It  is  also,  however, 
the  converse  of  finding  the  power  of  a  logarithm,  because  the 
power  is  found  by  multiplying  the  logarithm  by  the  exponent ; 
and  as  this  power  is  the  product  of  a  logarithm  and  a  numl>ei', 
either  the  one  or  the  other  of  these  may  be  found  by  dividing  it 
by  the  remaining  one.  If  we  divide  it  by  the  number,  we  get 
the  logarithm  of  the  root ;  and  if  we  divide  it  by  the  other  factor, 
which  is  the  logarithm  of  the  iwit,  we  of  course  get  the  expo- 
nent of  the  power  as  a  common  number.  Hence  wo  obt^n  a 
means  of  applying  logarithniB  to  another  problem,  which  could 
not  be  solved  by  the  arithmetic  of  mer  e  numbers  : — 

Given  two  numbers  to  find  what  power  either  of  them  is  of 
the  other  one  : — 

The  solution  here  evidently  is  :  Divide  the  logarithm  of  the 
number  which  is  considered  as  a  power,  by  the  logarithm  of 
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tlut  which  is  considered  u  a  root,  and  the  quotient  is  thff 
exponent  in  a  common  number. 

If  the  qaeetion  were,  what  power  ia  a  of  6;  then  the  expres- 
sion, calling  the  unknown  exponent  *,  would  be  b'^a^  ^ 

hog.  a 

,  or  Log.  a  -^  Log.  b.     If  the  question  were  a  namerical 
Log.  6 

one,  and  it  were  demanded  wliat  power  8  ia  of  7 ;  the  only  way 
to  perform  it  would  be  to  diride  the  logarithm  of  8  by  the  loga- 
rithm of  7.     From  the  tables  these  are, 

Log.  7  =  0-84S098 ;  and  Lt«.  8  =  0-903090. 
The  last  of  which  may  be  divided  by  the  first,  as  follows : 


0-84fi098)  0-903090  (1-044966 


Thus  wfl  find  that  8  is  a  power  of  7,  whose  exponent  is 
l-04496e,  that  ia  a  very  little  greater  than  the  number  1,  which 
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is  evidentiy  true ;  for  8  b  a  very  little  more  than  1  time  7, 
which  IB  the  first  power  of  7,  or  7'. 

la  the  operation  for  finding  it,  half  the  figures,  namely  those 
which  stand  under  the  Os  annexed  to  the  remainders,  might  h&ve 
been  dispensed  with ;  and  we  have  marked  them  off  by  leaving 
spaces  between  them  and  the  others.  The  reason  that  these 
figures  could  be  dispensed  with  is,  that  they  are  uncertain ; 
becanse  neitlter  the  divisor  nor  the  dividend  is  terminate,  or 
could  tormiuBto  if  we  extend  it  ever  so  far ;  and  therefiire  both 
of  them  should  have  been  continued  in  the  figures  of  the  li^^ 
rittun,  in  order  to  be  perfectly  accurate.  We  do  not,  however, 
know  those  figures  beyond  the  six  which  are  in  the  tables ;  and 
thus  all  that  we  can  obtain  is  an  approximat ion ;  and  if,  at 
every  step  of  the  division,  we  had,  instead  of  annesii^  Os  to 
the  remainder,  omitted  the  same  number  of  figures  on  the 
right  of  the  divisor,  in  snccessioD,  as  there  are  Os  used  at 
every  step,  and  only  taken  in  with  the  product  the  number 
that  had  to  be  carried,  our  operation  would  have  coosisted  only 
of  the  figures  to  the  left  of  the  blank  space,  and,  excepting  per- 
haps a  ungle  1  in  the  last  figure,  our  quotient  would  have  been 
the  same.  Tlus,  by  the  way,  is  a  very  convenient  mode  of 
abridging  the  division  of  decimal  numbers  in  all  cases  where  Os 
have  to  be  added  to  the  sncce^ivc  remaindeis ;  but  it  is  so 
simple  tbat  it  requires  no  further  explanation. 

This  number  1*044956,  which  we  have  obtained,  is  not  quite 
true  in  the  last  figure,  and  probably  not  in  the  last  except  one ; 
but  we  can  depend  upon  it  to  four  decimal  places,  which  gives  us 
our  exponent  to  the  nearest  ten  thousandth  part  of  exponent  1 ; 
and  simple  as  the  operation  appears,  were  it  not  for  the  help 
of  the  logarithms,  we  should  have  had  very  serious  labour  ia 
finding  it  out.    This  will  readily  appear  when  we  consider  that 
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we  c(UU)(it  multiply  any  number  a  fraction  of  a  time,  in  any 
other  way  than  by  raisii^  it  to  the  power  of  the  numerator, 
and  extracting  the  root  of  the  denominator,  and  as  this  expo- 
nent, ekpreased  fractionally  to  the  fourth  figrnre  of  the  decimal, 
is  48i  J3 ;  ^*  should  have  had  to  work  by  powere  and  roota 
baring  these  high  exponents,  and  our  lines  of  figures  would 
liave  been  several  feet  or  yards  in  length. 

And  even  tliis  would  not  have  been  the  tedious  part  of  the 
-  matter ;  for  these  very  high  exponents  are  not  data  ^ven.  ns, 
they  are  the  results  which  we  are  to  find,  and  we  must  find 
them  both  at  the  same  time ;  so  that  the  finding  of  them  may 
be  said  to  be  whoUy  beyond  the  power  of  common  arithmetic, 
whereas,  by  the  help  of  logaritlims,  the  operation  is  reduced  to 
the  performing  of  one  umple  division. 

Tlie  number  which  we  have  thus  obtiuned,  b  not  a  common 
number,  but  an  exponent ;  and  therefore  we  could  not  use  it 
arithmetically,  unless  we  were  to  find  the  natural  number  which 
answers  to  it.  We  could,  however,  use  it  as  a  logarithm,  only 
it  does  not  belong  to  our  common  tables,  as  it  is  the  logarithm 
of  8  taken  in  terms  of  the  number  7  as  the  root  of  a  system,  the 
same  as  10  is  the  root  of  our  eonunon.  i^stem. 

We  beUeve  there  is  only  one  other  little  matter  necessary  to 
be  mentioned  in  logarithmic  notation,  and  it  b  a  mere  matter  of 
form.  Negative  indices  are  sometimes  expressed  by  writing  — 
over  the  figures  instead  of  before  them.  Thus  3"  instead  of — 3", 
They  are  also  sometimes  expressed  by  means  of  their  comple-- 
mentstolO.  Thus  —  3' is  expressed  by  7' .  No  advantage  ia, 
however,  gained  by  this  means ;  for,  in  adding,  we  must  subtract 
as  many  lOa  from  the  sum  as  there  are  complements ;  and  in 
subtracting  we  must  add  as  many  times. 
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For  die  reasons  already  explained,  no  addition  or  subtraction 
of  numbers  can  be  expressed  by  logarithms ;  and  the  sum  or 
difference  of  a  number  and  a  logarithm  does  not  express  any 
thing  which  has  a  meaning  or  could  exist.  In  stating  this,  we 
ore  to  understand  that  the  vord  number  is  used  as  a.  short 
expression  for  all  common  numbers,  and  for  all  quantities 
that  are  capable  of  being,  in  whole  or  in  part,  expressed  by 
common  numbers,  without  in  any  way  altering  their  nature. 

MumpScation  is  performed  by  adding  the  logarithm  ot  tlii. 
&cl«r3;  and  Ditnnon  by  subtracting  the  logarithm  of  the 
divisor  from  that  of  the  dividend.  If  a  number  of  succeesire 
multiplications  and  divisions,  without  any  intervening  addi- 
tions or  subtractions,  have  to  be  performed,  all  the  logarithms 
of  the  factors  may  be  collected  into  one  sum,  and  the  logarithms 
of  all  the  divisors  into  another;  and  when  the  last  of  these  is 
subtracted  from  the  first,  the  remainder  is  the  logarithm  of  the 
ultimate  quotient,  or  of  the  value  of  the  expression  in  a  single 
num1>er. 

In  performing  the  subtractions,  it  must  not  be  lost  sght  of 
that  they  are  really  diviuons ;  and  that  though  the  l(^a- 
rithm  which  we  have  to  subtract  be  really  greater,  both  in  the 
index  and  in  the  decimal  part,  than  the  logarithm  from  which 
we  have  to  subtract  it,  there  will  still  be  a  real  and  positive 
lemmndei ;  whereas  if,  in  common  arithmetical  subtraction,  we 
try  to  take  a  greats  number  from  a  less,  we  should  find  our- 
selves minus  the  difierence ;  that  is  to  say,  the  numerical  dif- 
ference would  be  wholly  affected  by  the  sign  — ,  and  really  he 
a  quantity  less  than  nothing.  But  in  division  we  never  can 
have  a  negative  quotient,  if  the  divisor  and  dividend  have  the 
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same  Bign;  and  as  the  dedmal  poK  of  every  logarithm  is  + 
or  poutire,  there  is  always  something  poutive  to  divide,  as  well 
aa  aomethmg  poeitive  to  divide  it  by,  whatsoever  may  be  the 
■igns  of  the  indices  in  the  case  of  logarithms. 

Involution  is  performed  l<%arithmically,  by  multiplying  the 
logarithm  of  the  root  by  the  exponent  of  the  power;  and  the 
itMunJ  number  answering  to  the  prodnct  is  the  power  required, 
M  a  natural  number :  and  Evolwtum  is  performed  by  dividing 
the  Ic^iarithm  of  the  power  by  the  e^wnent  of  the  root ;  and 
the  natural  number  answering  to  the  qnotient  is  the  root 
itself. 

In  multiplying  a  logarithm  with  a  negative  index,  the  pro- 
duct which  arises  from  multiplying  the  left-hand  figare  of  the 
decimal  part,  if  it  contains  any  thing  which  has  to  be  carried 
to  the  product  of  the  nc^tLve  index,  must,  though  po^tive 
itself,  send  the  quantity  carried  to  the  index  as  negative.  This 
may  at  first  sight  seem  a  little  singular ;  but  it  is  nevertheless 
strictly  true.  The  index  afiects  the  whole  ralue  of  the  num- 
ber for  which  the  logarithm  stands,  in  as  far  as  it  determines 
its  place  in  the  scale  of  numbers;  and  thus,  though  it  makes 
no  alteration  in  the  figures  of  which  the  It^arithm  is  composed, 
it  affects  the  whole  value  of  diat  logarithm ;  for  if  it  did  not, 
the  logarithm  would  not  be  a  faithfnl  representative  of  the 
number.  Tlterefore,  when  the  decimal  or  positive  port  of  the 
logarithm,  having  a  negative  index,  is  so  multiplied  as  that 
there  is  something  to  eany  from  the  left-hand  figare  to  the 
index,  the  number  which  is  thus  carried  becomes  of  itself  an 
index  by  the  transfer,  and  acquires  the  negative  sign  bypassing 
the  decimal  point,  just  as  a  number  which  is  passed  the  deci- 
mal point  into  the  decimals  requires  —  before  its  exponent. 

On  the  other  hand,  in  dividing  logaritluns  with  nc^tive 
indices,  the  quotient,  if  it  amonnt  to  I  or  more,  must  have  the 
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(dgn  — ;  but  whaterer  remainder  may  be  over  on  diriding  the 
n^ative  index,  will  go  over  to  the  fint  figure  of  the  decimab 
as  a  positive  quantity,  every  1  in  it  counting  as  10,  aa  in  every 
other  case  in  division. 

Suolt  are  tlie  leading  principles  in  the  arithmetic  of  exponents, 
and  the  nature  and  use  of  common  logarithms  ;  and  as  there  is 
no  contriTance  in  the  whole  compass  of  the  mathematical 
sciences  so  well  calculated  for  abridging  labour,  or  enabling  ui 
to  perform  operations  which  we  conld  not  perfbnn  by  common 
arithmetic,  this  is  a  portion  of  the  subject  which  ought  to  be 
fiiUy  understood  by  every  one  ,who  wishes  to  be  even  a  tolerable 
accoantaot ;  while  those  who  aim  at  any  of  the  practical  con- 
nexions between  arithmetic  and  geometry,  will  find  most  un- 
toward woit  of  it  if  they  do  not  leam  the  ready  use  of  this 
powerful  instrument.  It  is  tmo  that  ttie  tables  are  easily 
understood,  and  that  the  operations  are  very  simple ;  and  that 
these  may  be  committed  to  memory,  and  put  in  practice  without 
any  understanding,  jnst  as  a  parrot  learns  to  repeat  a  sentenoe, 
or  whistle  a  tune ;  but  those  who  are  thus  unfortunate,  never 
know  when  they  are  right ;  and  therefore  when  the  slightest 
trifle  arises  which  is  not  found  in  the  formula,  they  are  com- 
pletely at  a  loss,  and  sure  to  be  wrong. 


SECTION  XV. 

■NTBBSECnONS   OF   LINES    XHB    CIHOLES. 

The  circle  is  the  foundation  of  all  onr  purely  geometrical 
notions  of  the  equality  of  lines  and  an^es ;  and  these  are  the 
elements  of  which  aU  our  other  and  more  complex  notions  of 
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l^metrical  equality  are  fonned ;  therefbro,  after  we  have  one* 
hilj  nndentood  the  oature  of  lines  and  angleg,  and  the  general 
doctrine  of  relatione,  of  which  an  ontline  haa  been  attempted 
in  the  former  sections  of  this  volume,  our  next  object  should 
be  to  make  ourselves  well  acquwnted  with  the  uses  of  the 
circle,  in  enabling  us  to  compare  the  lengths  of  lines,  and  the 
magnitudes  of  angles.  This  we  shall  attempt  in  the  present 
section. 

It  will  be  borne  in  mind  that  all  radii  of  the  same  cirde,  or 
of  equal  circles,  are  necessarily  equal  j  which  follows  from  the 
way  in  which  a  cirde  is  described,  and  is  our  printary  notion  of 
it,  or  that  apon  which  the  definition  is  fonnded.  This,  thete- 
fbie,  is  a  rimpte  cause  of  the  equality  of  lines,  whit^  does  not 
need  or  admit  of  any  proof. 

It  will  also  be  home  in  mind,  that  the  circnmference  of  a 
circle  is  the  measure  of  all  the  angular  space  round  a  point ; 
that  is,  it  is  equal  to  four  ri^t  angles ;  and  that  any  portion  of 
the  circumference  of  any  circle,  and  the  some  portion  of  ibur 
right  angles,  axe  naturaUy  and  reciprocally  the  measures  of 
each  other ;  consequently  the  larger  the  portion  of  the  circum- 
ference, the  larger  is  the  angle ;  and  conversely,  the  smaller 
the  portion  of  the  circle,  the  smaller  is  the  angle.  It  must 
be  underst^Kid,  however,  that  it  is  not  the  absolute  length  of 
the  arc  in  any  known  measure,  but  Its  length  as  compared  with 
that  of  the  whole  circumference  of  which  it  is  a  pait,  which 
determines  the  value  of  the  angle. 

When  it  is  not  otherwise  mentioned,  the  centre  of  the  circle 
is  the  point  to  which  the  angle  is  referred,  because  it  is  the 
only  point  within  the  circle  which  stands  in  the  same  relation 
to  every  point  of  the  circumference.  In  the  langn^e  of 
geometry,  the  arc  is  said  to  natend  the  angle,  that  is,  to 
"  hold  under  it ;"  so  as  to  tie  it  to  one  definite  value;  and 
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the  Bsgle  is  said  to  ttand  vpon  the  arc.    Thus  if  a  b  d  g  is  an; 
circle  whatsoever, 


of  which  c  is  the  centre ;  and  the  portions  of  the  circnmference 
from  A  to  B,  and  from  b  to  c,  any  two  arcs.  Draw  the  radii 
A  c,  B  e,  and  d  c,  from  the  extremiUea  of  the  arcs,  to  c  the 
centre,  and  the  angle  a  c  b,  and  arc  a  b  are  reciprocally  ^e 
the  measures  of  each  other,  and  ao  are  the  angle  b  c  d  and  the 
arc  B  D.  Also  the  angle  a  c  n,  which  is  the  sum  of  the  two 
aisles  A  c  B  and  bod,  and  the  arc  a  d,  which  is  the  sum  of  the 
two  arcs  A  B  and  b  n,  are  reciprocally  the  measures  of  each 
other.  If  the  arc  a  b  is  greater  than  the  arc  b  d,  the  angle  a  c  b 
is  greater  than  the  angle  b  c  d  ;  if  equal,  equal ;  and  if  less,  leas. 
Further,  if  the  one  arc  is  any  multiple  or  part  of  the  other  arc, 
t^e  angle  standing  on  or  subtended  by  the  first  arc,  ia  the  same 
multiple  or  part  of  the  angle  standing  on  or  subtended  by  the 
second  arc.  Arcs,  and  the  angles  which  stand  on  them,  are 
therefore  proportional  quantities. 
But  if  we,  as  in  the  following  figure, 
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dmw  the  atraight  lines  a  b  and  b  d,  joining  the  extremities  of 
the  two  aiea  a  b  and  b  d,  and  &I30  the  line  a  s  joining  the 
extremitieB  of  the  arc  a  d,  which  is  the  sum  of  the  other  two, 
these  lines  anbtend  their  respective  angles  at  0,  or  tie  them 
down  to  the  same  definite  values  as  they  are  tied  to  by 
the  ores. 

These  lines  are  called  the  chord*  of  the  arcs,  and  they  sub- 
tend both  the  arcs  and  the  aisles ;  so  that  by  means  of  tiiem  we 
are  enabled  U)  get  angles  expressed,  01  compared  with  each 
other,  in  terms  of  straight  lines ;  and  this  is  one  important  st«p 
towards  bringing  geometry  within  the  reach  of  common  arith- 

From  a  mere  inspection  of  this  figure,  it  will  be  seen,  that 
each  of  the  chords,  a  b,  n  d,  a  s,  is  the  chord  of  two  arcs,  the 
one  less  than  a  semicircle  and  the  other  greater ;  so  that,  in 
these  cases,  and  in  ereiy  possible  case,  the  two  together  are 
equal  to,  or  make  up  a  complete  circumference.  Every  chord, 
too,  subtends  two  angles,  or  fixes  the  posltionsof  two  radii  of  the 
circle,  which  divide  the  angular  space  round  a  point  into  two  parts, 
which  parts,  token  together,  make  exactly  four  right  angles. 

If  the  chord  is  a  diameter,  or  passes  through  the  centre,  each 
arc  is  a  semicircle,  and  there  is  no  angle  at  the  centre,  as  happens 
in  the  case  of  the  diameter  x  gm  the  above  figure.  In  every 
other  case,  there  is  a  salient  angle  which  is  less  than  two  right 
angles,  and  a  re-entering  angle,  which  is  just  as  much  greater. 
The  greater  the  chord  the  greater  the  salient  angle,  and  also  the 
arc  which  snbtends  that  angle ;  but  no  arc  subtending  a  salient 
angle  can  be  so  great  as  a  semidrcle ;  and  therefore  the  chord 
subtending  no  salient  angle  can  be  so  great  as  the  diameter. 

But  though  it  is  thus  evident  from  the  simplest  property  of 
the  circle,  that  the  chord  of  an  arc  increases  as  the  arc  increases, 
yet  this  holds  only  till  the  greatest  possible  chord,  the  diameter, 
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is  arrived  at ;  for,  bey ood  tbia,  the  arc  is  greater  than  a  semi- 
circle, the  ftDgle  is  a  re-entering  angle,  and  the  chord  becomea 
that  of  a  salient  angle  directed  the  other  way,  and  subtended  by 
an  arc  as  much  less  than  a  semicircle^  as  the  arc  subtending  the 
re-entering  angle  is  greater. 

Whatever  the  diameter  of  the  circle  is,  therefore,  the  value 
of  the  chord  begins  at  0,  increases  to  a  maximum  at  the  semi- 
circle, where  it  is  equal  to  the  diameter;  and  diminislws  from 
that  maximum  till  it  is  again  0.  Hene«  the  rate  of  its  inci<ease 
must  diminish  from  0  to  the  maximum,  and  the  mte  of  lie 
diminution  must  increase  from  the  maximum  to  0, — the  one 
being  merely  the  reverse  of  the  other. 

In  consequence  of  this,  the  chords  of  area  cannot  have  the 
same  ratios  to  each  other  in  the  measure  of  lines,  that  the  arcs 
themselves  have  in  degrees  of  the  circumference.  We  do  not 
in  the  meantime,  however,  require  to  investigate  the  law  of  their 
variation ;  for  it  is  evident,  that,  up  to  a  semicircle,  the  greater 
arc  has  the  greater  chord ;  and  as  every  salient  angle  is  lees 
than  the  measure  of  a  semicircle,  or  180°,  we  have  this  general 
conclusion :  The  greater  salient  ai^le  is  subtended  by  the 
greater  line,  and  conversely.  But  in  a  triangle  every  angle  is 
subtended  by  the  opposite  side.  Therefore,  in  every  triangle, 
the  greater  angle  is  opposite  the  greater  side,  and  conversely. 
We  shall  presently  see  that  this  is  a  very  important  principle. 

1.  The  shortest  distance  between  a  point  and  a  straight  line, 
is  the  perpendicular  drawn  from  that  point  to  the  lino. 

Let  A  be  any  point,  and  b  o  any  straight  line ;  the  shortest 
distance  from  a  to  b  o  is  the  perpendicular  a  d,  which  makes 
the  angles  a  d  b  and  a  d  c  equal,  and  each  a  right  angle.  If 
not,  take  any  point  e,  in  b  o,  upon  either  side  of  d  ;  join  a  b, 
and  let  a  e,  if  possible,  be  less  than  a  d. 
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A  D  B  is  a  triaD^e,  of  which  the  three  aoglea  tt^ther  ^  two 
right  angles ;  and  the  angle  at  d  is  a  right  angle,  and  equal  to 
both  the  angles  at  a  and  e.  Consequently,  the  angle  d  is 
greater  than  the  angle  e,  and  the  side  a  e  opposite  the  greater 
ai^le,  is  greater  than  the  side  a  d,  opposite  the  less.  But  b  is 
any  point,  and  wherever  it  were  taken,  in  b  d  or  n  c,  a  d  would 
still  be  less  than  a  b.  Wherefore,  the  perpendicular  is  the 
shortest  distance. 

2.  If  two  angles  of  a  triangle  are  equal,  the  sides  o[^nte 
those  aagles  are  equal ;  and  conversely,  if  two  sides  are  equal, 
the  angl^  opposite  them  are  equal.  This  follows,  from  the 
greater  side  and  greater  angle  being  oppotnte;  for  though  the  equal 
sides,  as  tines,  hare  not  the  some  ratio  as  the  opposite  angles  in 
circular  measure,  yet  equal  ratios  are  of  course  equaL  Hence 
also,  if  the  three  sides  of  a  triangle  aie  equal,  the  three  angles 
must  also  be  equal,  and  conversely, 

3.  If  a  straight  line  touches  a  circle,  but  does  not  cut  it,  that 
is,  does  not  pass  within  the  circumference,  then  the  radius,  or 
line  drawn  through  the  centre  of  the  circle  to  the  point  of  con- 
tact, is  perpendicular,  or  at  right  angles,  to  the  touching  line,  or 
tar^ent,  as  it  is  usually  called.  For,  the  point  of  contact  is  in 
the  circumference,  and  every  other  point  in  the  touching  line  is 
without  the  circumference,  and  therefore  more  distant  from  the 
centre  than  the  point  of  contact.  But  the  perpendicular  is 
the  shortest  distance ;  and  therefore  the  line  drawn  through 
the  centre  to  the  point  of  contact,  is  the  perpendicular  to  the 
tangent,  or  touching  line,  at  that  point. 
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4.  If  two  circles  touch  each  other  externally,  the  line  joining 
their  centres  paasea  through  the  point  of  contact ;  the  portions 
of  it  between  their  centres,  is  equal  to  the  sum  of  their  I'sdii ; 
and  a  line  crossing  thb  at  right  angles  in  the  point  of  contact, 
touches  both  circles,  hut  cuts  neither. 

If  the  circles  a  b  d,  of  which  c  is  the  centre,  and  n  b  p,  of 
which  a  is  the  centre,  touch  each  other  externally  in  the  point 
D,  the  line  o  e,  passulg  through  o  and  a,  the  centres,  passes 
through  the  point  of  contact ;  o  s  is  the  sum  of  the  radii  of  the 
circles ;  and  h  i,  crossing  o  o  in  the  point  d,  touches  both 
circles,  but  cuts  neither. 


<;  D  and  a  d  are  the  shortest  distances  from  c  and  o  to  d  ;  c  a 
ia  the  sum  of  c  d  and  a  d  ;  and  every  other  point  in  h  i  is  fiirther 
from  both  c  and  o  than  the  point  n  is, 

6.  Upon  the  very  same  principle  it  follows,  that  if  one  circle 
touch  another  internally,  the  stra^ht  line  at  r^ht  angles  to  the' 
tangent,  at  the  point  of  contact,  passes  through  the  centres  of 
them  both. 

6.  Also,  if  the  distance  of  the  centres  is  greater  than  the  sum 
of  both  radii,  the  circles  will  not  touch  each  other;  and  if  the 
distance  of  the  centres  is  less  than  the  sum  of  the  radii,  they 
must  cut  each  other. 

In  this  case,  as  the  line  joining  the  centres,  if  continued  iav 
enough  hoth  ways,  divides  both  circles  exactly  in  the  middle, 
or  into  two  semicirdcs,  which  are  every  way  equal  and  equally 
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related  to  each  other,  thot^h  they  are  Bymmetrical  magnitudea, 
or  the  <me  tomed  the  one  way  and  the  other  the  oppoat«  way, 
it  follows,  that  whatever  can  be  said  of  the  wgment  or  arc  of 
each,  between  the  line  joining  the  centres  and  the  point  of  sec- 
tion, can  be  said  of  the  corresponding  or  symmetrical  segment 
on  the  other  circle.  A  diagram  will  illustrate  this  more  clearly 
than  words. 

Let  A  B  be  a  line  passing  through  o  and  a,  the  centres  of  any 
two  circles,  whose  distance  from  each  other  is  less  than  the 
sum  of  the  radii  of  the  circles. 


Then  the  circles  must  cut  each  other  in  some  two  points,  d  on 
the  one  side  of  the  line,  and  g  an  the  other,  and  all  the  seg~ 
ment  or  arc  of  each  circle  which  lies  between  these  points  of 
section,  must  be  within  the  circumference  of  the  other  circle. 
But  the  parts  of  each  of  the  two  circles  which  are  above  the 
line  A  B,  are  equal  to,  and  symmetrieal  with,  those  which  are 
below  the  same ;  therefore  the  point  of  section  at  d  stands  in 
exactly  the  same  relation  to  the  centres  o  and  a  and  the  line 
which  passes  through  them,  as  the  point  of  section  e  does. 
Through  the  points  d  and  e,  draw  the  cross  line  h  t,  and  h  i 
must  cut  A  B  at  right  aisles  in  the  point  f  ;  for  whatever  can 
be  affirmed  of  the  angle  a  f  a  on  the  one  aide  of  a  b,  can  be 
affirmed  of  the  angle  a  f  i  on  the  other  side ;  and  in  like  man- 
net,  whatever  can  be  affirmed  of  the  angle  b  f  b,  can  be  equally 
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affirmed  of  the  angle  a  f  h.  Wherefote  h  i  is  at  t%ht  angles 
to  A  B ;  and  the  part  d  b,  between  the  intersection  of  the  circleei 
on  the  side  toward  h,  is  equal  to  the  equally  and  symmetrically 
intercepted  part  f  e,  on  the  nnder  circle  of  a  b. 

From  tliis  we  can  immediately  obtain  the  meana  of  perform- 
ing two  practical  operations  or  problems :  first,  to  divide  a  given 
stnught  line  into  two  eqnal  parts,  hy  another  line  crossing  It  at 
right  angles ;  and  secondly,  to  construct  a  triangle  with  three 
given  straight  lines, — but  any  two  of  these  must  be  together 
longer  than  the  third  one. 

To  divide  a  given  straight  line  into  two  eqoal  parts,  or  as  it  is 
usually  termed,  to  "  bisect "  a  straight  lino.  Let  a  b,  in  the 
following  diagram,  be  the  line  which  it  ia  proposed  to  divide 
info  two  equal  parts. 

Upon  the  extremity  a  as  a  centre,  and  with  any  radius 
greater  than  half  of  a  b,  describe  an  arc  of  a  circle  on  each  side 
the  line ;  and  upon  the  point  b,  and  with  the  same  radius,  de- 
scribe arcs  of  an  equal  circle,  cutting  the  former  in  the  points  c 
and  D ;  draw  a  line  through  c  (uid  n,  cutting  a  b  in  the  point 
E ;  then  a  b  is  bisected,  or  divided  into  equal  parts  in  e,  and 
o  D  is  at  right  angles  to  a  b. 

In  performing  this  problem,  it  is  not  necessary  to  draw  the 
whole  of  the  two  equal  circles,  but  merely  a  part  of  each,  so 
that  the  one  may  cut,  or  cross  the  other  in  the  two  points  c  and 
D,  on  the  opposite  sides  of  the  line,  as  the  places  of  these  two 
points  are  all  that  is  required,  in  Order  that  c  d  may  be  drawn 
in  the  p<»i(ion  required.  Nor  have  we  thought  it  necessary  to 
prove  the  equality  of  a  b  as  it  stands  singly  and  as  divided,  by 
showing  that  they  are  both  radii  of  the  same  circle.  There  are 
few  practical  cases  in  which  this  can  he  done ;  and  therefora 
the  equal  measure  of  the  two  is  the  most  useful  standard  of 
equality.    The  length  of  a  b,  where  it  appears  as  a  fdngle  linei 
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•ther  means  that  will  take  and  preserve  it  exactly ;  and  the  ex- 
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treme  points  of  this  being  marked  at  a  and  b  in  the  second 
figure,  the  line  joining  them  ia  of  the  same  length  as  the  original 
A  B.  So  also,  in  describing-  the  arcs  of  equal  circles  fix>m  a  and 
B  as  centres,  the  compasses,  with  the  distance  between  their 
p(»nts  unaltered,  are  oanied  &om  the  one  to  the  other,  which 
a  all  the  equality  c^  radii  which  we  can  obtain  in  practice,  and, 
consequently,  any  theoretical  nicety  beyond  this  is  mere 
pretenuou. 

The  bisection  of  a  b  by  d  n  in  the  point  e,  and  also  the  fact 
of  the  one  line  being  at  right  ai^Iea  to  the  other,  follow  neces- 
sarily from  what  was  said  in  article  6.  Tt  was  there  shown, 
that  when  two  circles  cut  each  other,  the  line  joining  the  points 
of  section  must  be  at  right  angles  to  the  line  passing  through,  or 
joining  the  centres  of  the  two  circles ;  and  because  the  radii  of 
the  two  circles  are  equal  in  the  present  case,  it  follows,  tliat  the 
point  of  intersection  of  the  lines,  e,  has  the  same  relation  to 
each  of  the  two  centres,  a  and  b  ;  and  aa  the  only  relation  that 
it  has,  or  can  have,  to  those  centres,  is  its  distance  from  them 
(for  a  point  in  a  str^ht  line  can  have  no  other  relation  to 
another  point  in  the  same,  than  the  distance  they  are  from  each 
other,)  its  distance  from  each  must  be  the  same,  that  is,  the 
line  A  b  is  bisected  on  the  point  e. 

The  second  problem  resulting  from  this  is,  the  construction 
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of  a  triangle,  the  sides  of  which  sliall  be  respectiTely  equal  to 
three  g^ven  straight  lines ;  but  any  two  of  these  lines  must  be 
together  greater  than  the  third,  otherwise  there  can  be  do 
triangle.  The  principle  in  this  is  not  very  different  from  that 
in  the  former ;  but  the  practical  application  of  the  principle  is 
distent.  One  of  the  given  lines,  no  matter  which,  mnst  be 
made  the  distance  of  the  centres  of  two  dicles,  whose  radii  are 
the  other  two  lines.  These  centres  will  be  the  points  of  two 
onglesofthe  triangle,  and  the  point  of  the  third  angle  will  be  the 
intersection  of  the  circles.  But  as  there  are  always  two  points  of 
iatersection,wIien  two  complete  circles  cut  each  other,  two  equal 
and  symmetrical  triangles,  that  is,  triangles  Inmed  oppoute  ways, 
may,  in  every  case,  be  constructed  of  the  same  three  straight 
lines.    We  shall  take  an  example,  as  in  the  following  figure. 


Let  1,^,  3,  be  three  straight  lines,  it  is  required  to  construct  a 
triangle  whose  aides  shall  be  respectively  equal  to  1,  2,  and  3. 

Make  a  b  equal  to  any  of  the  given  lines,  for  instance,  to  3. 
Then,  about  a  as  a  centre,  and  with  a  radius  equal  to  anotlier 
of  the  given  lines,  1  for  instance,  describe  a  circle,  b  c  d  ;  and 
about  B  aa  a  centre,  with  a  radius  equal  to  the  remaining  line 
2,  describe  a  circle  c  f  s ;  and,  because  the  lineJ  1  and  2  are, 
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by  hypothesis  (or  that  which  was  omumed)  together  greater 
than  3,  they  most  cut  each  other  in  some  two  points  c  and  d, 
one  on  the  one  side  of  a  b,  and  the  o^er  on  the  oppomte  side. 
Join  A  c,  B  c,  and  a  d,  b  n ;  and  a  b  c,  a  b  d,  arc  two  equal 
and  symmetrical  triangles,  each  having  its  three  ridea  respec- 
tively equal  to  the  given  lines  1,  2  and  3, — namely  a  c  in  the 
one,  or  A  D  in  the  other,  equal  to  1  ;  b  o  in  the  otte,  or  b  d  in 
the  other,  equal  to  2 ;  and  a  b,  which  is  common  to  both 
triangles,  equal  to  3. 

Both  triangles  would  have  been  the  same  in  aze  and  shape, 
althongh  either  <^  the  other  two  given  lines  had  been  taken  as 
tbe  (me,  the  extremities  of  which  were  to  be  the  centres  from 
which  circles  were  t«  be  described,  with  the  remuning  lines  as 
radii;  but  the  side  on  which  the  two  triai^les  applied  to  each 
other  would  have  been  different,  and  ao  would  have  been  the 
positions  of  the  other  parts. 

This  feet  of  the  symmetrical  triangles  being  constructed  by 
the  same  operation,  is  a  veiy  important  one ;  for  it  enables  us 
to  assume  that  symmetrical  surfaces,  or  those  that  have  all  their 
sides  and  angles  equal,  hut  placed  in  a  contraty  order,  are  equal ; 
and  this  once  admitted,  saves  much  of  that  indirect  demmt- 
stration,  which,  thoi^h  perhaps  strictly  geometrical,  is  &r  more 
tedious,  not  mote  satisfactory  to  the  mind,  and  certainly  far 
less  use^. 

This  seems  to  be  one  reason  why  geometry  is  so  completely  a 
sealed  hook  to  the  greater  part  of  mankind,  not  only  to  tbi  igno- 
rant and  the  unthinking,  to  whom,  of  course,  all  the  sciences  and 
all  subjects  of  t«Bsoning  are  sealed  books,  but  to  the  great  majo- 
rity of  those  who  are  educated,  and  who,  in  the  years  of  their  pu- 
pilage, have  conned  over  the  Elements  of  Geometry,  among  other 
subjects,  which  were  worked  at  only  to  he  forgotten,  or  rather, 
which  could  Sat  be  forgotten— -never  having  been  nndcratood. 
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The  particnlar  way  in  which  anything  stands,  lies,  or  is 
situated,  doea  not  affect  the  raJue  of  that  thing.  A  man  k  in 
no  ■way  a  diSerent  being  when  he  stands  with  his  &ce  to  the 
north,  than  when  he  atands  with  it  to  the  south ;  a  Bovereign 
is  the  very  same  coin,  whether  it  is  in  the  right  hand  pocket  or 
the  left ;  and  when  it  is  put  down  upon  a  counter  in  payment, 
the  shopkeeper  makes  no  dispute  about  the  side  that  happens 
to  be  uppermost,  ao  that  the  ioin  is  of  sterling  metal  and  the 
pioper  weight,  which  are  the  true  elements  of  its  value.  In 
common  life,  we  do  not  make  poaition  an  element  of  value,  ex- 
cept of  that  particular  value  which  arises  from  the  fiict  of  the 
thii^  valued  bong  in  a  particular  situation ;  and  this  has  nothing 
to  do  with  the  abstract  or  intrinsic  value  of  the  thing.  A 
sovereign  in  the  pocket  b  a  very  different  thing  to  a  hungry 
man  in  a  city,  where  there  is  food  ready  dressed  within  a  few 
yards  of  him,  with  a  vender  seeking  customers,  to  what  it  is 
on  a  barren  hill  twenty  miles  from  any  human  habitation,  or 
on  a  barren  retain  the  middle  of  a  wide  ocean;  but  in  all  these 
utuations  the  intrinsic  value  of  the  sovereign  is  exactly  the 
same,  and  the  difference  of  its  value  to  the  man  depends  upon 
circumstances  wholly  external  and  independent  of  the  value  of 
the  com  itself. 

It  is  the  abstract  values  of  things — their  values  in  themselves 
'  and  without  any  regard  to  external  circnmstances— which  are 
the  subjects  of  all  the  mathematical  sciences ;  and  as  geometry 
is  the  branch  which  applies  to  magnitude,  magnitude  iu  the 
abstract,  and  without  any  regard  to  circumstances  exfenial  of 
the  magnitude  under  consideration  in  the  particular  case,  is  the 
proper  subject  of  geometry. 

In  theabove  figure,  the  triangle  ad  nisas  equal  in  the  whole, 
and  in  rU  its  parts,  to  the  triangle  a  c  b,  as  if  they  were  both 
turned  the  same  way.    The  udes  a  d  and  a  c  are  radii  of  the 
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tame  onsle,  and  so  are  b  d  and  b  c  ;  while  a  b,  being  the  same 
identical  line  in  both  triai^les,  cannot  admit  of  dispute.  But, 
if  in  the  aame  triangle,  equal  sides  have  equal  angles  opposite 
to  them,  the  same  must  hold  in  the  case  of  triangles  which  are 
evety  way  equal.  In  the  case  under  conuderation,  the  two 
angles  at  a  must  be  equal  to  each  other,  and  so  must  the  two 
angles  at  a,  and  the  angle  at  o  in  the  one  triangle  mnst  be 
equal  to  the  angle  at  d  in  the  other ;  for  the  equal  ones  are  not 
only  opposite  to,  but  contained  by,  equal  ^des  in  the  two 
triangles. 

It  is  true  that  the  equaUty  of  these  two  triangles,  a  c  b  and 
A  D  n,  are  equal  by  construction  and  not  by  measurement ;  but- 
still  the  equality  is  not  on  that  account  the  less  true,  or  the  less 
evident.  -  If  we  suppose  the  line  a  b  to  be  continued,  as  it  is  in 
the  dotted  line  to  b  in  the  one  circle,  and  to  f  in  the  other, 
then  both  circles  are  equally  though  symmetrically  divided  by 
this  line,  as  it  passes  through  both  their  centres ;  and  therefore- 
whatever  is  true  of  them  on  their  intersection  on  the  one. 
side  of  this  line,  must  be  equally  true  of  them  on  the  other. 
side,  the  difference  beit^  merely  in  position  and  not  in  form  or 

We  have  treated  this  principle  of  what  may  be  called  "  sym- 
metrical equality,"  at  some  length  ;  because,  though  like  the 
principle  of  motion,  it  is  not  formally  admitted  into  the  elements^  ' 
of  geometry,  yet,  like  that  principle,  it  must  be  afterwards 
assumed.  Thus  the  equality  of  the  two  parts  into  which  ». 
circle  is  divided  by  a  diameter  or  line  passing  throi^h  the 
cenbe,  is  neither  taken  as  a  definition,  nor  demonstrated  as  a 
theorem,  it  is  barely  assumed.  The  two  semi-circles  are  sym- 
metrical ;  and  thus  the  modes  of  proof  generally  admitted  in 
tlie  elements,  do  not  apply  to  them.  But  surely  it  is  better  at- 
once   to  explain  the  general  principle,  than  tacitly  to  assume 
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the  particular  case.  If  is  not  in  geometry  only  that  this  unwise 
mode  of  dealing  nith  a  subject  is  a  atumbling-block  in  the  nay 
'both  of  knowing  and  of  doing.  We  shall  now  shew  how  this 
principle  may  be  applied  in  one  or  two  cases. 
■  7-  To  divide  an  angle  into  two  equal  parte,  or,  as  it  is  usually 
expressed,  "  to  bisect  a  given  rectilineal  angle." 
'  On  the  angular  point  a  as  a  centre,  and  with  any  radius  not 
longer  than  the  lines  which  conttun  the  angle,  describe  an  arc 
cutting  those  lines  in  the  points  b  and  o.  Then  from  b  and  c, 
8B  centres,  and  with  any  radius,  only  it  must,  be  the  same  in 
both,  describe  two  arcs  to  the  other  hand  from  the  angular 
point,  crossing  each  other  in  the  point  d.  Draw  a  line  through 
■>  and  the  angular  point,  and  this  line  a  d  bisects  the  angle. 


Draw  B  D  and  c  i>.  Then  a  b  d  and  xod  are  symmetrical 
triangles,  having  ab^a<!,bd  =  ct>,  and  a  d  common  to 
both.  Therefore  they  are  every  way  equal,  namely,  the  two 
angles  at  a  are  equal,  or  a  d  bisects  the  given  angle  at  a  ;  also 
the  angle  at  b  =  the  angle  at  c ;  and  the  two  angles  at  d  are 
equal  to  each  other ;  for  all  the  angles  of  which  equality  is 
alleged  are  opposite  to  equal  sides  of  the  equal  synroetrlcHl 
triai^les. 

'  8.  If  we  examine  the  last  part  of  this  figure  a  little  moi-c 
closely,  we  shall  find  that  it  has  further  information  to  give  us. 
Draw  B  D,  and  it  is  the  chord  of  the  arc  which  cuts  the  sides  of 
the  angle  in  the  points  b  and  c.  ad  bisects  the  arc,  because 
it  bisects  the  angle  which  that  arc  subtends  at  the  centre  a  ; 
and  if  it  bisects  the  arc,  it  must  bisect  the  cbi>rd  of  that  arc. 
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Hence  ■  ■  is  equal  to  e  c ;  and  the  angle  a  e  b  U  equal  to  tbc 
angle  a  e  c ;  for  they  are  opposite  equal  aides  in  the  eqnal  and 
■yininetrical  triangles,  a  E  b  and  a  e  c  are  on  opposite  sides  of 
A  E.  But  they  are  the  angles  made  on  one  side  of  a  line  by 
another  croarang  it,  and  therefore  they  arc  together  equal  to 
two  right  angles ;  and  they  are  equal  to  each  other ;  therefore 
ettch  of  them  is  a  right  angle.  Conseqnraitly  a  d  bisects  the 
line  ■  c  at  ri^t  angles  in  the  point  b. 

But  A  n  is  a  line  pasnng  through  a,  the  centre  of  the  drgle 
of  which  the  arc  a  d  is  part ;  b  c  is  a  line  meeting  the  are  in 
the  two  points  b  and  c ;  therefore, 

9.  If  a  line  passing  through  the  centre  of  a  circle  iHsects 
another  line  which  does  not  pass  through  the  centre,  hut  meets 
the  circumference  hoth  ways,  it  cuts  it  at  right  angles ;  and  if 
it  cuts  it  at  right  angles,  it  bisects  it.  Congequently,  if  one 
line  bisects  another  at  right  angles  in  a  circle,  the  line  which 
bisects  the  other  passes  throngh  the  centre  of  the  circle,  or 
would  pas  through  it  if  continued  &r  enough. 

Also,  if  two  lines  bisect  other  lines  at  right  aisles  in  a  circle, 
both  the  lines  which  bisect  the  others  must  pass  through 
the  centre  of  the  circle,  that  is,  the  centre  must  be  in  the 
point  where  they  cross  each  other,  for  that  is  the  only  point 
common  to  both  lines. 

This  prindple  enables  us  to  perform  two  problems : 

First.  To  find  the  centre  of  a  circle.  Draw  any  two  chords 
and  bisect  them  at  right  angles  by  two  lines,  and  the  intersec- 
tion of  these  lines  is  the  centre  of  the  circle.  These  two  chords 
may  have  one  extremity  at  each  and  the  same  point, — hence, 
we  hare  this  truth : 

If  three  points  are  given,  the  circle  passing  through  those 
points  is  also  given ;  and  the  construction  of  this  oirole  &om  the 
data  is  our  other  problem. 
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Secondly.  To  describe  B  cliele  through  three  given  points  ; 
or,  which  ia  evidently  the  same,  to  describe  a  circle  which  shall 
touch  all  the  three  angles  of  a  given  triangle.  Bisect  two  iides 
of  the  triangle  at  right  angles,  and  the  intersection  of  the  bisect- 
ing lines  is  the  centre  of  the  circle.  We  shall  illustrate  this  by 
a  diagram,  aa  it  is  often  usefiil  in  practice. 

A  B  c  is  any  triangle,  it  is  required  to  describe  a  drde  which 
shall  touch  all  its  angles. 


Bisect  A  B  and  b  c,  by  describing  arcs  on  the  angles  as 
centres,  with  radii  lai^r  than  half  the  side,  and  the  same  for 
both  ends  of  each ;  draw  the  bisecting  lines  through  both  cross- 
ings  of  the  arcs  on  each,  and  produce  them  till  they  cross 
each  other  in  n  ;  and  d  is  the  centre  of  the  circle.  The  radius 
is  the  distance  of  n  &om  any  of  the  angles. 

There  is  something  to  be  learned  from  this  figure,  and  so  we 
shall  repeal  it,  leaving  ont  the  arcs  and  lines  which  were 
necesgai7  for  finding  the  centre  d,  drawing  lines  from  that 
centre  to  the  angles,  and  strengthening  the  sides  of  the  triangle. 

An  angle  is  s^d  to  be  at  the  circnmference  of  a  circle  when 
its  vertex  or  point  is  in  that  circumference.  Thus,  the  angles 
±,  B,  and  o  of  the  triangle  in  the  following  figure  aie  aU  at  th« 
circnmfcience. 

D,g.li«ibfG00«lc 


All  aa^e  at  the  ciicumference  is  said  to  stand  upon  the  »k 
whidi  is  intercepted  between  the  oppodte  ends  of  the  lines  that 
form  the  angle,  and  to  be  contained  in  the  remaindM'  of  the 


tireumference.  Thus  the  angle  a  stands  on  the  area  (extending; ' 
Avm  B  to  c),  the  angle  b  stands  on  the  arc  b  (extending  ftom 
G  to  a),  and  the  ai^le  c  stands  on  the  arc  c  (extending  from 
A  ton). 

Also,  the  ai^le  a  is  cont^ed  in  the  sum  of  the  two  arcs  b 
and  c ;  the  angle  n  in  the  sum  of  the  two  arcs  a  and  e ;  and  the 
angle  c  is  contained  in  the  sum  of  the  two  arcs  a  and  ( ;  th»e- 

The  three  angles  a  b  and  c,  taken  altogether,  stand  on  the 
whole  circumference  of  the  circle.  But  a  b  and  c  are  the  three 
angles  of  a  triai^le,  and  as  such  they  are  equal  to  two  rij^t 
angles.     Wherefore, 

The  sum  of  all  the  angles  at  the  circumference  of  a  circle, 
which  stand  on  the  whole  of  that  circumference,  is  equal  to  two 
right  angles. 

But  all  the  angles  at  the  centre  of  a  circle  standing  on  the 
whole  circle,  are  together  equal  to  four  right  angles,  for  they 
ai«  all  the  angles  round  a  point.     Therefore, 

All  the  angles  at  the  centre  standing  on  the  whole  circnm- 
ference,  are  together  double  all  the  angles  at  the  drcumference 
standing  on  the  same. 
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But  the  angles  at  the  centre  are  in  proportion  to  the  area  on 
which  they  Etand,  fbr  the  arcs  are  their  measures,  and  measure* 
are  the  foundations  of  all  proportion.    Therefore,  ag^, 

Any  angle  at  the  centre  is  douhle  the  angle  at  the  circum- 
fbrence,  which  stands  on  the  same  arc 

Refer  again  to  the  diagr»n.  The  lines  a  i>,  b  n,  and  c  n,  arc 
drawn  from  the  angles  a  b  and  o,  to  d  the  centre  of  the  circle  ; 
and  the;  stand  on  the  some  arcs  as  the  angles  of  the  triaogle. 
ABC  and  ADC  hoth  stand  on  the  arc  b;  acb  and  a  d  b  on  the 
arc  c ;  and  b  a  c  and  b  d  c  on  the  arc  a.  Therefore  a  d  c  is 
donhle  ABc;ADBis  double  a  c  b  ;  and  b  d  o  is  double  b  a  c 

The  fact  of  the  angle  at  the  centre  being  douhle  the  angle  at 
the  circumference,  might  have  been  arrived  at  by  applying  the 
principle  of  symmetrical  triangles  to  a  particular  case ;  but  the 
general  invest^tion  is  much  more  satisfactory. 
.  10.  It  will  be  seen  that  the  magnitude  of .  the  angle  at  the 
circomfeience  increases  with  the  arc  or  segment  upon  which  it 
stands,  and  not  with  that  in  which  it  b  contained.  It  is  always 
half  the  angle  at  the  centre ;  and  as  the  angje  at  the  centre  is 
in  proportion  to  the  are  on  which  it  stands,  the  angle  at  the 
circumference,  which  is  the  half  of  it,  must  always  he  in  pro- 
portion to  half  that  are. 

.  The  angle  in  a  segment  is,  therefore,  always  inversely  as  the 
segntcnt  which  contains  it,  and  directly  as  the  segment  upon 
which  it  stands.  The  words  "  segment"  and  "  are"  being 
synonymous  in  this  use  of  them. 

These  two  segments,  namely,  the  one  that  cont^ns  the 
angle,  and  the  one  upon  which  the  an^e  stands,  and  which 
determines  the  magnitude  of  the  angle,  always  between  them 
make  up  the  whole  circumference.  But  the  angles  standii^ 
on  the  whole  circumference,  and  havii^  their  vertices  at  tho 
pircmnferencc,  are  always  equal  to  two  right  angles.     There- 
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£»«,  S  the  caremBferonce  of  a  circle  is  divided  into  any  two 
ngments,  the  angles  in  those  scgmeDt*  are  always  together 
eqnal  to  two  right  angles,  aa  they  ue  the  supplements  of  each 

Tboa,  if  any  circle,  abcd,  is  divided  into  two  s^jments  by 


any  chord,  aa  for  instance  the  chord  a  c,  the  angles  a  8  o  in  tha 
tote  segment,  and  a  n  c  in  the  other,  are  always  equal  to  two 
rig^t  anglcfl  in  which  way  soever  the  chord  may  divide  the 
the  circle.  Also,  if  another  cIio*d  is  drawn,  joining  the  vertices 
ofthe  angles,  as  the  dotted  line  n  b,  the  angles  d  a  b,  sob,  are 
together  eqnal  to  two  right  angles.  Hence,  we  have  this 
general  cooclusion : 

If  a  fonr-sidcd  figure  can  be  inscribed  in  a  circle,  that  is,  if  a 
ciide  can  be  drawn  so  as  to  tonch  all  its  angles,  the  opposite 
ai^ks  of  that  fignre  aie  together  equal  to  two  right  angles. 

But  this  is  not  a  property  of  all  fonr-sided  ^ures,  for  there  is 
a  condition  in  it,  and  we  must  have  the  means  of  knowing 
whether  any  given  figure  haa  or  has  not  this  condition ;  and 
this  takes  the  form  of  the  following  problem : 

To  determine  whether  a  given  fimr-sided  figure  can  or  cannot 
be  inscribed  in  a  circle.  As  all  the  four  sides  are  hew  jJaced 
in  a  circle,  the  line  which  bisects  each  of  them  at  right  angles 
most  pass  through  the  centre,  and  nnle»  these  lines  aU  meet  in 
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one  point,  the  figure  cannot  be  inscribed  in  a  circle.    We  si 
take  a  figure  ftt  random: 


The  first  of  these  is  the  flgnre  made  at  random ;  the  second  is 
the  trial,  by  bisecting  the  sides  at  right  angles,  as  formerly 
explained ;  and  as  there  are  four  crossings  as  marked  by  the 
dots,  the  figure  cannot  be  exactly  inscribed  in  a  circle ;  but  it 
can  be  so  very  nearly,  as  the  dots  are  close  together ;  and  a  circle 
drawn  from  the  fifth  dot  in  the  centre  touches  the  angles  b  and 
c,  but  it  is  a  little  within  at  a,  and  a  little  without  at  d. 

Another  truth  which  follows  from  the  same  principles  is  the 
following : 

All  angles  in  the  same  segment  of  a  circle  an  equal  to  each 
other,  in  what  places  soever  their  vertices  may  be  dtnated,  and 
whether  the  segment  be  part  of  a  latger  circle  or  a  smaller. 

Thus  if  A  B  D  and  abd  he  equal  segments,  that  is,  each 
containing  the  same  part  of  a  circumference,  but  the  one  part 
of  a  larger  circle  than  the  other ;  then  the  angles  which  have 
their  vertices  at  1,  2  and  3  in  the  first,  and  at  4  and  5  in  the 
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second,  and  also  all  possible  angles  that  could  be  nude  in  either 
M^iment  or  in  any  other  equal  segment  whatever,  are  exactly 
ihe  same  portions  of  a  circumference.     For, 

Find  c  and  e,  the  centres  of  the  segments,  and  draw  the  dotted 
lines  A  0,  c  D  in  the  one,  and  a  c,c  d  in  the  other;  and  as  ilie  seg- 
ments are  the  same  parts  of  the  circumference,  the  angles  a  c  n, 
and  aed  are  equal,  aaA  so  are  the  re-entering  angles  on  the 
opposite  aides  of  the  dotted  lines,  which  are  their  supplements 
to  four  right  angles.  But  these  supplements  are  double  of  any 
of  the  angles  in  the  segmental,  for  they  are  the  angles  at  the 
centres  answering  to  the  a)i»  on  which  the  supplements  stand. 
Therefore,  all  the  angles  are  halves  of  equal  quantities ;  c<»se- 
quently  the  angles  themselves  are  all  equal. 
'  Any  angle  in  a  semicircle  ia  a  right  angle,  because  it  is  equal 
to  the  angle  in  the  oppoMte  semi-cirele,  and  the  angles  in  the 
two  s^roents  which  make  up  an  entire  circumference  are 
always  together  equal  to  two  right  angles. 

For  the  same  reason,  an  angle  in  a  segment  less  than  a  semi- 
circle is  always  greater  than  a  right  angle ;  and  an  angle  in  a 
segment  greater  than  a  semicircle  is  always  less  than  a  right 
^angle.  The  difference  of  the  angle  from  a  right  angle  is  always 
half  the  difference  of  the  arc  from  a  semicircle ;  but  it  is  less  in 
the  case  of  greater,  and  greater  in  the  case  of  less. 

11.  We    are   now  prepared  to    solve   the  following  pro- 

Upoa  a  given  straight  line,  to  describe  a  segment  of  a  circle, 
which  shall  contain  an  angle  equal  to  a  given  angle. 

This  problem  is  often  of  much  service,  to  those  who  are  handy 
with  a  pair  of  compasses,  in  the  construction  of  plans ;  but 
before  we  proceed  to  it,  we  must  premise  another : 

To  make,  at  a  point  in  a  given  line,  an  angle  eqaal  to  a  given 
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This  ia  nearly  self-evident :  let  a  be  the  angle,  md  b  the 
point  in  the  line.  On  a  describe  an  arc  o  d,  and  with  the  same 
radius  describe  an  arc  from  n  as  a  centre  and  on  the  aide  of  the 
line,  and  toward  that  hand  .where  the  opening  of  the  ai^le  ie  to 
be.  Then  with  a  radius  equal  to  the  chord  of  c  d,  and  from 
the  point  where  the  second  arc  meets  the  line,  describe  another, 
arc  cutting  that  one ;  draw  a  line  through  the  point  b  and  the 
intersection  of  the  arcs,  and  the  angle  is  made. 


'<  -A- 


Draw  the  chords  c  n  and  e  p,  and  they  are  equal,  being 
chords  of  equal  arcs ;  and  the  other  mdes  of  the  triangles  are  all 
made  equal.  Therefore,  the  angle  at  b  is  equal  to  the  angle 
at  A. 

Let  us  now  return  to  our  mam  problem  :  given  any  line 


it  is  required  to  construct  upon  it  a  segment  of  a  circle  that 
shall  contun  an  angle  equal  to  a  sixth  part  of  a  circumference, 
or  60°.  This  is  the  angle  of  an  equilateral  triangle,  for  it  is  the 
third  part  of  two  right  angles.  The  segment  which  we  want 
must  be  greater  than  a  semicircle,  because  the  angle  in  it  is  less 
than  a  right  angle.  The  g^ven  line  a  b  is  the  chord  of  the  arc 
on  which  the  segment  has  to  stand;  and  therefore  it  must 
subtend  at  the  centre  ISffi,  which  is  double  the  angle  in  the 
B^inent. 

The  problem  is  thus  reduced  to  this :  To  apply  to  the  given 
line  A  B  a  triangle  which  shall  have  its  other  two  sides  equal 
to  each  other,  and  the  angle  between  them  equal  to  120',  or 
one  tliird  of  a  circnmference ;  and  the  point  of  this  angle  will 
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bo  the  MDtre  of  the  drcte.    The  Begment  required  wQl  thus  be 
two-thirds  of  a  oircoinference. 

We  have  not  yet  mentioned  the  method  of  constructing  a 
triangle  ftom  any  data  except  the  three  aides :  but  the  present 
b  a  umple  one,  and  we  have  data  enough.  The  lengths  of  the 
equal  sides  we  cannot  know ;  but  we  know  the  sum  of  the 
angles  opposite  them ;  for  it  is  1S0° — I2(f,  that  is  60° ;  and  the^ 
are  equal,  so  that  each  of  them  is  30°,  or  half  the  angle  of  an 
equilateral  triangle. 


Draw  any  line  a  b,  and  from  the  ends  as  centres  with  a 
radina  —ah,  describe  arcs,  crosmng  in  e;  join  c  to  a  and  to  A, 
and  the  triangle  is  equilateral  hy  construction.  On  b  and  c, 
with  the  same  radius,  describe  arcs  crossing  in  d,  and  dab 
is  half  the  angle  of  an  equilateral  triangle.  Apply  this 
angle  at  each  extremity  of  a  b,  and  produce  the  line  till  they 
meet  in  c,  and  c  is  the  centre  of  the  s^ment.  On  c,  with  c  a 
or  c  n  for  radius,  describe  the  segment  a  n  b,  and  the  angle 
formed  by  the  lines  d  a  and  d  b,  or  any  other  fomied  by  lines 
from  A  and  b  meeting  at  any  point  in  the  segment,  is  an  angle 
of  60'. 

12.  If  a  straight  line  touch  a  circle,  and  if  from  the  point  of 
contact  another  straight  line  is  drawn  cutting  the  circle,  the 
angles  which  this  makes  with  the  touching  line  or  tangent,  are 
equal  to  those  iu  the  alternate  segments,  that  is,  the  segments 
on  the  oppomte  sides  of  the  line  which  cuts. 
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Let  D  E  touch  the  circle  a  b  c,  and  let  c  a,  dravm  from  thft 
point  of  contact,  cnt  the  drde  in  the  polot  c ;  then  the  angle 


A  c  E  DA  the  right  of  A  D  in  equal  to  the  angle  a  f  c  on  the  left 
hand  segment ;  and  the  angle  a  c  d  on  the  left  of  the  line  is 
equal  to  the  angle  a  b  o  in  the  right-hand  segment. 

This  still  depends  on  the  same  principle.  The  angles  on  the 
opposite  side  of  the  line  which  cuts,  are  the  supplements  of  each 
other  to  two  right  angles ;  and  the  angles  in  tlie  opposite  seg- 
ments ore  the  sapplemettts  of  each  other  also ;  only  the  angles  in 
the  segments  are  inversely  as  the  segments,  while  the  segments 
themselves  are  directly  as  the  angles  made  by  the  cutting 
line  and  the  tangent. 

If  the  line  which  cuts  passes  through  the  centre,  it  must 
make  right  angles  with  the  tangent,  and  divide  the  circle  into 
two  semicircles,  the  angles  in  which  will  also  be  both  right 
angles.  The  angles  of  the  lines  and  the  angles  in  the  segment 
are  thus  both  equal  in  the  same  position  of  the  line  which  cuts, 
namely,  when  it  is  perpendicular.  But  when  the  line  slopes, 
the  angle  and  the  segment  from  which  it  slopes  both  increase, 
and  the  angle  in  the  segment  diminishes  at  the  same  rate ;  and 
just  as  much  as  the  angle  and  the  segment  increase  on  tlie  side 
from  which  the  line  slopes,  they  diminish  on  that  toward  which 
it  slopes,  and  as  the  segment  diminishes  the  angle  i 
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at  ex«tly  the  same  rate.  Tterefore,  in  every  positjon  of  the 
cutting  line,  the  angle  made  with  the  tangent  is  equal  to  that 
in  the  alternate  segment. 

13.  At  the  extremity  of  a  given  line,  to  draw  another  line 
which  shall  be  perpendicular  to  the  given  one.  This  may  be 
doae  upon  the  principle  that  the  angle  in  a  semicircle  is  a  right 
angle. 

Let  A  B  be  the  line,  and  the  perpendicular  to  be  drawn 
upwards  from  the  extremity  b.  Take  any  point  c,  near  but  not 
at  (he  end  of  the  line,  and  at  some  distance  from  it  on  the  same 
ride  to  which  the  perpeudicular  is  to  be  drawn.  From  c  as  a 
centre,  and  with  a  radius  extending  to  b,  hut  not  heyond  it, 
describe  an  are,  cutting  the  line  in  n,  and  touching  the  extre- 
mity B,  and  continue  this  ai«  till  it  is  more  than  a  semicircle. 
Then  from  n,  through  c,  draw  a  line  cuttmg  the  arc  m  e  ;  and 
a  line  from  b  pasdag  through  e  is  perpendicular  to  the  line  a  b. 
For,  since  n  b  paasea  through  the  centre  c,  the  arc  d  b  b  is  a 
semicircle ;  and  consequently  the  angle  n  b  e  is  a  right  angle. 


A  perpendicular  to  a  line  at  any  other  point  of  its  length 
could  evidently  be  drawn  in  the  same  manner,  the  point  being 
made  to  answer  to  b  in  the  above  figure.  When,  however,  the 
point  is  not  near  the  end  of  the  line,  the  usual  way  is  to  lake 
equal  distances  on  each  side  of  the  point,  and  proceed  as  for- 
merly directed  for  bisecting  a  line  at  right  angles ;  so  that  we 
need  not  introduce  a  figure. 
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The  first  {rf  these  operatioiw  does  not  admit  of  beiiig:  put 
in  the  inverse  method ;  for,  from  a  point  without  a  line  to  let 
fall  a  perpendicular  on  the  extremity  of  the  line,  is  not  a  prob- 
lem, if  the  portion  of  the  line  is  fixed  and  determinate.  There 
is  only  one  Bitnation  of  the  point  in  the  direction  parallel  to  the 
line  that  will  answer  in  this  case ;  and,  so  if  the  operation  is 
possible,  the  solution  is  involved  in  tbe  data,  and  there  remwns 
nothing  to  do  but  to  draw  the  line  through  the  two  given  points, 
which  determine  its  direction. 

li^  however,  the  position  of  the  line  to  which  the  other  is 
to  be  perpendicular  is  not  fised,  a  problem  does  arise,  and  one 
which  very  often  occors  in  practice.  The  case  moat  imme- 
diately connected  with  the  general  subject  of  this  section  19, 

14.  From  a  given  point  without  a  circle,  to  draw  a  line  which 
shall  touch  the  circle,  but  not  cut  it ; — in  other  words,  to  draw 
a  tangent  to  a  circle  from  a  point  without  the  figure. 

This  is  an  application  to  the  circle  of  a  more  general  problem, 
namely,  fi\)m  one  given  point  to  draw  a  line  which  shall  paas 
within  a  certain  given  perpendicular  distance  of  another  given 
point ; — as,  for  instance,  to  lay  down  a  straight  line  of  road 
from  one  house  that  shall  pass  by  another  house  at  the  dis- 
tance of  exactly  four  hundred  yards.  As  the  perpendicular 
is  the  shortest  distance  Iwtween  a  point  and  a  line,  the  per- 
pendicular from  the  house  upon  the  line  of  road  is  the  line 
which  is  to  be  four  hundred  yards  long  ;  hut  there  is  only 
one  point  in  this  line  given,  namely,  the  house,  whose  dis- 
tance from  the  road  the  line  is  to  represent.  In  the  line  of 
the  road,  also,  there  is  only  one  point  given,  namely,  the  po- 
rtion of  the  house  at  which  the  line  of  road  commences. 
Two  points  are  necessary  for  detenniniiig  the  direction  of  a 
line  i  and  therefore  the  positions  of  both  of  these  are  indu- 
teiminate ;  and  all  that  the  data  inform  us  of  respecting 
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them  is,  that  each  must  pass  through  a  given  pomt,  and 
that  the  tvro  mnat  meet  each  other  at  right  angles. 

But  die  length  of  one  of  the  linee  is  given,  and  one  end  of  it 
is  fixed  at  the  honse ;  tiiei«fore,  if  ne  imagine  a  drde  to  be 
drairn  round  the  house  at  the  distance  of  four  hundred  yards  ; 
and  because  the  diameter,  or,  which  is  the  same  in  direction, 
the  radius,  is  at  right  angles  to  the  tangent ;  the  road  must 
be  laid  down  so  as  to  touch  this  wrele,  hut  not  cut  it.  This  is, 
therefore,  nothing  hat  a  particular  case  of  the  general  problem 
of  drawing  a  tangent  to  a  circle. 

Even  this  cannot  be  done  directly ;  but  we  can  draw  a  tan- 
gent/hwi  a  circle,  that  is,  &om  any  point  in  the  circumference  ; 
and  when  tliis  is  once  done,  we  can  accomplish  the  other. 

In  the  first  ofthe  three  figures  following,  c  is  any  circle,  and  a 
any  point  from  which  s  line  is  to  be  drawn  to  touch  the  circle. 


Repeat  the  circle  as  in  the  second  figure.  Join  a  o,  cutting  the 
drde  in  b;  take  Ba=BAj  &om  a  and  a  as  centres,  describe 
arcs  cutting  each  otlier  in  b ;  join  a  b ;  and  b  6  is  perpendicular 
to  the  radius  at  b,  therefore  it  is  a  tangent  to  the  circle  at  that 

Again :  repeat  the  circle  as  in  the  third  figure,  and  draw  tiie 
tangent  at  b  as  before.  Then,  from  c  as  a  centre,  and  at  the 
distance  c  a,  describe  the  arc  a  n,  and  continue  it  till  it  cut 
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the  tai^ent  drawn  from  b  in  the  point  d.  Join  c  d,  catting  the 
drcninference  in  the  point  B ;  draw  a  b  ;  and  a  e  ia  the  tangent 
reqnired, — that  is,  it  is  drawn  &om  the  point  a,  and  touches  the 
ebcle  in  e,  bnt  does  not  cut  it. 

The  triangles  c  b  d  and  c  b  a  are  equal  in  every  respect, 
though  they  fixe  symmetrical,  and  the  one  in  great  part  over- 
lays and  conceals  the  other ;  and  as  c  n  and  c  a  are  equal, 
being  radii  of  the  same  circle,  and  the  angle  at  b  opposite  the 
one  of  them  19  a  right  angle,  the  angle  at  e  opposite  the  other 
must  be  a  right  angle  also.  Therefore  a  e  touches  the  circle 
at  right  angles  to  the  radius,  and  thus  it  is  the  tai^ent  which 
was  required.  There  are  other  methods  of  performing  this 
problem ;  but  they  require  the  application  of  principles  which 
we  have  not  yet  investigated, 

IS.  The  problem  of  constructing  upon  a  given  line  a  seg- 
ment which  shall  contain  a  given  angle,  and  the  converse, 
the  cutting  off  of  a  segment  &om  a  given  circle  which  shall 
contain  a  g^ven  angle,  are  both  readily  performed  by  means  of 
the  agreement  of  the  angles  made  by  the  chord  with  the  tan- 
gent, and  those  in  the  alternate  segments  into  which  the  chord 
divides  the  drdo,  as  mentioned  in  article  12  of  this  section. 

In  the  case  of  constructing  the  segment  which  shall  cont^ 
the  angle,  wo  have  only  to  draw  an  indefinite  line  as  a  tai^nt ; 
tA-inake  at  any  point  in  it  an  angle  equal  to  that  which  the 
segment  is  to  contain ;  and  to  produce  the  line  forming  that 
angle  to  esaetly  the  length  of  the  given  chord.  This  being 
done,  we  have  next  to  draw  a  perpendicular  from  the  point 
where  the  chord  meets  the  tangent,  and  the  centre  must  be  io 
this  line.  Lastly,  vre  have  to  bisect  the  chord  at  right  angles, 
and  produce  it  till  it  meets  the  perpendicular  to  the  tangent, 
and  the  point  in  i^ch  they  meet  will  be  the  centre,  from 
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which  the  segment  msy  be  described  o 
the  chord. 


the  alternate  aide  of 


Upon  c  D,  to  construct  a  segment  that  ataU  conttun  an  angle 
equal  to  that  of  a. 

Draw  8  B  as  the  tangent,  and  at  the  point  d  in  it  moke  the 
angle  b  s  c  equal  the  angle  at  a,  and  i>  c  equal  the  given  chord 
i:  D.  From d  draw  n  f perpendicular  U>bk;  bisect c  d at  right 
angles,  and  produce  the  bisectuig  line  till  it  meets  d  p  in  u,  and  o 
is  the  centre.  From  o  with  radius  o  d,  describe  o  a  c ;  and 
and  D  A  c  ia  the  segment  required ;  for  it  b  the  alternate  seg- 
ment to  the  angle  b  d  c,  which  is  equal  to  the  given  angle,  and 
it  is  constructed  ou  d  c,  which  is  equal  to  the  given  line  c  o. 

The  points  which  we  have  mentioned  in  this  section  com- 
prise almost  all  the  elementary  principles  of  the  simple  inter- 
section of  lines  and  circles,  which  are  absolutely  necessary. 
There  are,  however,  a  few  m«re  that  are  very  nearly  self- 
evident  in  their  nature, which  it  may  be  proper  to  bear  in  mind. 

1,  All  circles  which  have  the  same  radius,  or  equal  radii, 
are  equal  in  diameter,  in  circumierence,  in  area  or  surfece,  and 
in  every  respect ;  and  if  two  circles  can  be  shown  to  be  equal 
to  each  other  in  any  one  of  these  respects,  it  may  be  inferred, 
without  any  farther  proof,  that  they  are  equal  in  each  and  in 
all  of  the  others. 
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2.  In  equal  circles,  cvrrespoiiduig  parts  are  also  equal  to 
each  other,  whether  they  be  ■parts  of  the  area,  the  circnm- 
ference,  the  diameter,  or  of  any  two  lines  placed  similarly  in 
the  circles.  We  must  bear  in  mind,  that  any  portion  cut  off 
from  a  circle  by  a  atraJght  lino  or  chord  which  meets  the  cir- 
cumference both  ways,  is  a  segment  of  the  circle ;  and  that 
any  part  cut  oflf  by  two  radii  which  meet  at  the  centre  of  the 
circle,  is  a  Bector,  which  means  "cut  into,"  in  like  maimer  as 
segment  means  "  cut  off."  Tbia  being  borne  in  mind,  it  will 
follow,  from  what  haa  been  stated  above,  that 

3.  In  equal  circles,  equal  stra^ht  linea  cut  off  equal  seg- 
ments, both  in  respect  to  the  true  segments  which  contain 
the  centres,  and  of  those  which  do  not ;  and  that  whether  the 
equal  segments  be  cut  from  corresponding  porta  of  the  drclea 

'  4.  In  equal  circles,  equal  sections  are  formed  by  radii  making 
eqn^  ajigles  at  the  centres,  or,  which  is  the  same  thing,  stand 
upon  equal  arcs  of  the  circumference ;  for,  as  the  angle  and  the 
arc  ai«  mutually  and  reciprocally  the  measures  of  each  other,  it 
follows,  by  necessary  consequence,  that  whatever  is  in  the  pro* 
portion  of  the  arc,  and  regulated  by  it,  must  also  be  propor- 
tional to,  and  regulated  by,  the  other.     Hence, 

5.  If  two  lines  cross  or  intersect  each  other  in  the  centre  of 
a  circle,  and  are  both  produced  till  they  meet  the  circumference 
b»th  ways,  the  vertically  oppowte  aections  which  they  form 
must  be  equal  in  every  respect.  They  are  equal  in  their  angles, 
because  the  vertically  opposite  angles  which  are  formed  by 
two  linea  which  cross  each  other  are  always  equal ;  they  are 
equal  in  the  arcs  of  the  circle,  because  the  angles  which  are  the 
measures  of  those  arcs  are  equal ;  and  they  are  equal  in  their 
straight  sides,  because  those  sides  are  all  radii  of  the  same  circle, 
and  tiierefore  equal  by  the  fundamental  property  of  that  figure. 
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The  ar^umeat  for  «qaality.  In  bH  these  cases,  is  the  "  suffi- 
cient  reaaaa"  namely,  that  there  is  Bufficient  reaaon  for  a3»ert- 
ing  the  equality  of  the  quantities  in  each  case  in  which  they 
are  said  to  he  eqnal,  and  no  reason  whatever  of  denying,  or 
even  for  doubting,  their  equality.  In  eveiy  part  of  each  of 
these  fire  cases  which  hare  been  enumerated,  the  atgmnent 
founded  on  the  sufficient  reason  is  oomptete.  We  are  in 
poasesHion  of  all  the  ciicnnistances  which  determine  the  value 
of  each  of  the  quantities ;  and  those  circumstances  are  exactly 
the  same,  in  number,  in  order,  and  in  extent,  in  every  two 
quantitiea  which  ate  alleged  to  he  equal.  Now,  this  ia  per- 
haps not  quite  so  simple  a  proof  of  equality  as  that  which 
we  obt^n  when  we  apply  one  magmtude  to  another,  and  find 
them  to  coincide  exactly.  It  is,  however,  a  fet  mote  general, 
ffiid  therefore  a  far  mote  useful  ground  of  equality  than  the 
other ;  for  though  the  notiMi  of  equaUty  which  we  obttun  by 
supra-position,  or  the  placing  of  one  magnitude  upon  another, 
and  seeing  the  perfect  coincidence  of  all  their  boundaries, 
answers  very  well  in  the  mere  elements  of  geometry,  yet  it  does 
not  cany  us  very  far  even  there ;  and  we  are  quite  unable  to 
apfdy  it  to  almost  any  one  prac^cal  case.  Thus  its  apparent 
simplicity  is  of  that  simple  kind  of  which  litUe  or  nothii^  can 
be  made. 

It  does  not  apply  to  any  description  of  magnitudes,  except 
straight  lines,  angles,  and  surfaces ;  neither  does  it  apply  to  equal 
surfoces,  bounded  by  equal  lines,  and  having  equal  aisles;  un- 
less these  are  turned  the  same  way.  Besides,  the  idea  of  motion 
is  always  involved  in  this  proof  of  equality ;  fbr  there  b  no 
other  way  in  which  we  can  imagine  one  line,  one  angle,  or  one 
surface  to  be  applied  to  another,  but  by  lifting  the  one  of  them, 
and  actually  making  the  application  in  a  mechanical  manner, 
very  much  in  the  same  way  as  the  length  of  a  board,  or  any 
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other  substance,  is  ascert^netl,  by  applying  to  It  a  foot  rule,  or 
luiy  other  instrument  for  the  measuring  of  length. 

Even  in  geometry,  it  is  only  a  veiy  little  way  that  this  doc- 
trine of  equality  will  carry  nsj  for  when  we  eome  to  the 
equality  of  liuea,  at  the  extremities  of  which  there  are 
unequal  angles,  we  cmmot  suppose  the  one  figure  to  be  placed 
on  the  other  so  as  that  we  can  derive,  ^m  the  placing  of  it, 
any  useful  conclusion  whatever.  This  holds  in  the  case  of 
triaogles,  which  are  the  moat  ample  and  the  most  determinate 
of  ail  str^ht-Uned  fignres.  It  is  trae,  that  if  the  three  sides 
of  one  triangle  are  equal  to  the  three  sides  of  another,  the  two 
triangles  must  always  be  equal  to  each  other  in  every  respect ; 
except  that  of  lying  in  different  directions,  which  haa  nothing 
to  do  with  the  question  of  magnitude,  or  with  that  of  shape. 
But  the  converse  of  tliis  does  not  hold ;  for  though  triai^Ies 
wliich  liave  the  sides  different  from  eaeh  other,  are  necessarily 
dltferent  in  sliape,  and  in  their  angles,  and  thus  cannot  be 
applied  to  each  other  by  supra-position ;  yet  stUI  they  may  be 
exactly  equal  in  area,  or  in  the  surface  which  they  cont^ 
within  their  bounding  sides.  This  is  of  itself  sufficient  to  show 
us  that  the  principle  of  coinciding,  or  occupying  the  same  space, 
in  the  ordinary  mgnification  of  the  words,  cannot  be  made  the 
general  grennd  of  equality,  even  in  sur&ces ;  but  that  it  is 
strictly  confined  to  Etrsigbt  lines,  rectilineal  aisles,  or  like 
partsof  the  same  circle,  or  of  eqnal  circles. 

Nor  is  it  difBcult  to  see  why  this  must  be  the  case  ;  because 
our  notion  of  a  surface,  considered  as  a  magnitude,  b  a  com- 
pound one,  involving  the  idea  of  two  factors  as  elements,  and 
the  multiplication  of  those  factors,  in  order  to  obtain  a  product, 
which  product  is  the  proper  expression  for  the  value  or  mag- 
nitade  of  the  snr&ce.    Now  we  liave  seen  already  that  the 
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same  prodact  may  be  obtained  from  an  endlen  nnniber  of 
factorH,  provided  that  the  one  is  increased,  and  the  other  di- 
minished, in  due  proportion.  Thus,  if  anj  sniface  or  area 
whatever  is  expressed  by  the  product  of  two  definite  fiictore,  a 
and  b,  that  is,  by  a  6 ;  and  if  we  state  the  proportion ; 

then,  to  ereiy  poarible  valne  of  m,  however  great  or  how- 
ever smaU,  then  will  be  a  corresponding  value  of  n,  which 
will  make  the  product  m  n = the  prodact  a  b ;  and  if  we  have 
the  value  of  m  given,  the  corresponding  value  of  n  can  always 
he  f jund  by  a  simple  tqtplication  of  the  rule  of  three;  for  in  all 


If  Bupra-position  as  a  test  of  equality  will  not  apply  to  surfaces, 
of  which  our  notion  as  definite  magnitudes  is  always  the  resolt  of 
a  single  mnltiplication  only,  much  less  wiU  it  apply  to  solids,  of 
which  our  notion  is  that  of  the  product  of  tvro  multiplications 
of  three  factors,  standing  to  each  other  in  the  relations  of  length, 
breadth,  and  thickness. 

In  the  case  of  ratios  it  is  stiU  less  applicable ;  because  the 
ratios  are  not  in  themselves  quantities  at  all  r  they  are  merely 
the  results  of  the  comparison  of  quantities,  and  therefore  they 
dn  not  occupy  space  in  any  sense  of  the  word.  Geometry 
would,  however,  be  very  imperfect  and  very  useless,  if  it  did 
not  embrace  the  doctrine  of  ratios ;  and  it  really  does  appear 
that  the  tying  down  of  the  primary  notion  of  equality  in  the 
stndent  to  this  very  limited  &ct  of  coincidence,  is  the  chief 
reason  why  so  much  difliculty  is  always  felt  with  the  fifth  book 
of  Euclid's  Elements,  though  that  book  is  in  reality  the  simplest 
of  the  whole. 

When  we  come  to  the  general  eiq)ression  of  quantities  alge- 
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braically,  which  JB  by  for  the  most  valuable  portion  of  the  xna- 
thematical  acieuceg ;  or  to  the  orithmeUcal  expreaaion  of  them, 
'  which  is  the  only  means  whereby  the  principles  can  be  reduced 
to  practice;  the  notion  of  occupying  the  same  space  can  have  no 
applicatioa  or  meaning  whatever ;  because  neither  the  algebm- 
cel  expreeaioDs,  nor  the  figures  of  arithmetic,  have  the  shghtest 
reference  to  the  occupation  of  any  space,  large  oi  am^  ;  and 
therefore  we  have  to  judge  of  their  equality  or  inequality 
upon  very  different  piinciples.  The  one  guiding  principle  in 
these  is,  that  eqnal  data  equally  dealt  with  invariably  lead 
to  the  same  results ;  and  this  ground  of  equality  Is  perfectly 
satisfactory,  and  possesses  the  advantage  of  being  applicable  to 
all  cases,  whether  they  be  of  a  mathematical  nature  or  not. 
Thus,  it  brings  geometry,  as  well  as  eveiy  other  branch  of 
mathematics,  to  the  very  same  standard  upon  which  we  found 
our  judgments  in  all  the  conduct  of  life  ;  and  consequently,  in~ 
stead  of  making  geometry  stand  apicrt,  as  if  it  were  unconnected 
with  onr  ordinary  modes  of  thinking  and  acting,  it  brings  it 
home  to  the  mind  as  part  of  that  general  edacation  which  we 
derive  from  observation  and  experience,  without  in  the  least 
aCFecting  that  rigid  accuracy  which  ia  the  valuable  part  of  ma- 
thematical stady.  It  is  imposnble  i«  extend  this  primary  geo- 
metrical test  of  equality  beyond  the  subjects  of  lines  and  angles, 
or  to  bring  it  in  any  way  to  bear  upon  our  common  modes  of 
judgment ;  and  surely,  therefore,  the  wise  plan  is,  to  endeavour 
to  bring  these  modes  of  judgment  to  bear  upon  geometry  as 
well  as  other  mattois,  in  order  that  our  modes  of  thinking  may 
be  the  same  upon  every  subject.  By  this  means  we  are  left 
perfectly  untrammelled,  to  direct  our  attention  to  the  peculiari- 
ties of  the  stibject  itself;  and  if  there  were  nothing  more  than 
this  to  be  gained,  it  would  be  well  worthy  of  all  the  labour  that 
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We  have  alluded  to  this  subject  more  than  once  In  the  pre- 
vioua  port  of  this  volume ;  but  as  we  are  now  to  proceed  more 
directly  to  subjects  which  are  geometrical,  we  have  felt  it  neces- 
Bsty  to  dwell  upon  it  at  some  length,  in  order  that  the  reader 
tnaj^  have  it  fie^  in  his  memory,  and  thns  be  prepared  for 
ar^ling  himself  of  any  and  eveiy  advantage  which  it  may  afford. 
We  purposely  treated  of  the  doctrines  of  ratios,  and  of  powers, 
and  roots,  at  least  in  their  most  elementary  forms,  at  an  earlier 
stage  than  is  usually  done  in  books  of  geometry.  We  did  so,  in 
order  that  we  might  carry  our  doctrine  of  proportion  ^ong  with 
us  as  an  element ;  and  we  feel  convinced,  that  any  one  who 
chooses  to  look  into  the  fifth  book  of  Euclid's  Elements,  where 
he  will  find  that,  with  die  exception  of  one  of  the  axioms,  and 
a  single  proposition,  which  is  very  neariy  self-evident,  the  four 
preceding  ^moka  of  the  elements  are  not  even  once  allnded  to  in 
dte  fifth  one,  which,  in  fact,  stands  alone,  and  has  really  nothing 
to  do  with  the  properties  of  figures ;  as  the  ideas  in  the  axiom, 
and  the  proportion  to  which  allusion  is  made,  are  both  strictly 
arithmetical  in  the  particular  case,  and  algebraical  as  taken 
generally. 

Having  given  these  explanations — which,  however,  'are  in- 
tended more  for  the  guidance  of  the  reader,  than  as  an  apolc^y 
fur  departing  from  the  established  order  of  anccession  in  the 
elements  of  geometry— we  shall  proceed  to  another  section. 
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D  RELATIONS  OF  PLANE  FIOURBg,  THEII 
HE     ANBLEB  KADB   BY    THOSE   LINES,    I 


In  Older  that  we  may  proceed  with  the  i«quiidte  ease  and 
expedition,  in  dealing  with  the  subjects  enumerated  in  the  title 
of  this  section,  it  nill  be  necessaiy  that  we  cany  along  with  ns 
some  preliminary  notions,  m  addition  to  what  have  been  treated 
of  in  the  fonner  sectionB.  This  10  the  more  neceasaiy,  on 
account  of  the  general  view  which  we  wish  to  take  of  the  doc- 
trine of  equality,  which  doctrine  also  involTes  in  it  the  opposite 
doctrine  of  inequality,  in  as  much  as  where  the  one  ends,  the 
othet  begins  aa  a  matter  of  course. 

With  regard  to  strwght  lines,  to  cireles,  and  to  angles  as 
determined  by  circular  measures,  we  believe  that  we  can  hardly 
make  the  matter  plainer  than  we  have  already  attempted  to  do ; 
or  indeed  than  it  must  appear  to  every  one  who  understands  the 
definition  of  a  line,  a  circle,  or  an  angle,  when  either  of  them  is 
presented  singly  to  the  mind. 

When,  however,  we  come  to  compare  iignres,  or  the  sides  or 
angles  of  figures,  the  qnantities  which  we  have  to  compare  are 
results,  and  not  ample  data  given  singly ;  and  consequently,  in 
them  the  comparison  of  the  resulte  may  involve,  and  very  often 
does  involve,  the  comparison  of  the  means  hy  which  these 
reenlts  ace  arrived  at.  Indeed,  it  is  this  c<nupound  view  of 
the  matter  in  those  cases,  which  gives  them  the  greater  part 
1^  their  value;  and  therefore,  if  we  do  not  familiarize  our- 
selves with  the  result,  so  as  to  be  able  to  analyze  all  the 
steps,  and  compare  them,  each  with  each,  in  the  two  parts 
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of  OUT  geoeial  comparigon,  we  never  can  be  certain  or  satis- 
fied that  we  are  right;  and  thus,  while  we  have  the  sem- 
blance of  mathematical  demonstration,  we  hare  nothing  in 
reality  but  simple  belief.  This  is  another  formidable  obsta- 
cle in  the  way  of  tlie  student  of  elementaiy  mathematics  ; 
and  it  ia  one,  the  removal  of  which  ia  of  far  more  importance 
than  any  api)arent  pragrcEs  in  detached  theorems  and  problems, 
which  conld  possibly  be  made  by  one  before  whom  this  ob- 
stacle were  always  presenting  itself. 


The  same  data  wtiich  are  sufBcient  for  enabling  us  to  con- 
struct any  figure,  are  also  snf&cient  for  establishing  the  perfect 
equality  in  every  respect  of  two  figures  of  the  Bame  species ;  tliat 
is  to  say,  if  the  data  are  all  exactly  the  same  in  the  case  of  the 
one  figure  as  in  that  of  the  other. 

This  is  a  simple  and  general  principle,  not  afiected  by  any 
contingency ;  and,  therefore,  like  all  such  principles,  the  con- 
vene of  it  is  true ;  that  is  to  say,  the  same  data  which  suffice 
for  establishing  the  perfect  equality  in  every  respeist  of  two 
fignii^  '^^  quite  sufficient  for  enabling  us  to  construct  those 

The  truth  of  this  masim,  viewed  both  directly  and  con- 
versely, ia  BO  clear  and  umple,  that  it  cannot  be  made  more  so 
by  any  attempted  demonstration ;  and  yet  it  ia  one  which,  though 
seldom  stated  and  generally  overlooked,  is  very  usefiil  iii  short- 
ening and  simplifying  many  reasonings  in  mathematical  science. 
When  we  consider  it,  we  can  readily  see  that  it  ia  of  verv 
general  application,  not  to  mathematical  subjects  only,  but  to 
all  subjects  in  which  any  thing  haa  to  he  done.  If  for  instancy 
one  states  a  proposition  in  writing,  makes  a  drawing,  or  per- 
forms any  other  operation,  in  which  a  i«siilt  is  arrived  at  by  tbs 
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use  of  meui8 ;  then  this  result  is  nothing  more  than  a  copy  of 

the  mental  perception  which  was  previously  had  of  the  use  of 
the  meaiiB,  and  the  resnit  that,  as  a  matter  of  certainty,  followed 
the  use  of  them ;  and  if  tliis  is  done  with  sufficient  knowledge 
and  judgment,  the  person  doing  it  can  repeat  it  again  and  again 
with  a  feelii^  of  perfect  cerlunty  that  the  result  must  be 
perfectly  equal  in  all  cases. 

Though  this  maxim  is  perfectly  general,  yet  we  muet  under- 
stand it  within  the  proper  limits  before  we  can  depend  upon  it 
for  that  absolute  certwnty  which  belongs  to  the  mathematical 
sdences,  and  to  them  only;  though  the  nearer  that  we  can 
approximate  this  certainty  in  other  matters  which  are  of  a  mixed 
nature,  the  better.  This,  by  the  way,  is  the  grand  practical 
use  of  mathematics,  and  of  incalculably  more  value  to  manitind 
than  all  the  technical  applications,  which,  are  absolutely  neces- 
sary upon  comparatively  few  occasions  in  the  common  business 
of  life. 

Let  us  apply  this  general  masim  to  the  simplest  of  all  cases, 
namely,  the  ascertaining  of  what  data  are  necessary  for  con- 
structing, and  for  ascertaining  the  perfect  equality,  in  every 
respect,  of 


1.  If  the  three  sides  are  given,  we  liave  already  shown  how 
tlio  triangle  may  be  constructed,  with  the  limitation  of  this 
single  condition— that  any  two  of  the  thUB  sides  must  be  greater 
than  the  third  one.  We  have  to  place  one  of  the  sides  on  a 
straight  line,  and  on  the  extremities  of  this  side,  as  centres, 
describe  circles,  having  the  radii  eijual  to  the  other  two  sides 
one  at  the  one  extremity  and  the  other  at  the  other ;  and  if  the 
tntersection  of  those  circles  is  joined  by  two  lines  drawn  to  the 
extremities  which  were  made  tiie  centres  of  the  circles,  a  trian- 
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gle  is  cowtnicted,  the  three  sides  of  vhich  are  equal  to  the 
aides  which  were  given. 

It  ia  of  no  consequence  in  what  otder  tlie  three  given  udes 
are  taken,  because  the  trion^e  mut  have  exactly  the  same  size 
and  shi^te,  in  all  casee  of  the  aame  threemdee;  but  it  may  have 
several  portions,  which  do  not,  however,  in  the  least  aSect  its 
form  or  its  value. 

If  the  same  ude  ia  placed  on  the  line,  in  order  that  ita  extre- 
mities may  be  the  centres  of  the  circles,  there  are  fonr  positions 
of  the  triangle  in  the  case  of  its  being  MofeiM,'  that  is,  of  having 
all  its  sides  nneqaal.  That  is  to  say,  the  triangle  may  be  con- 
Btmctod  npon  either  side  of  the  line,  and  the  longer  or  the 
shorter  of  the  two  remaining  tddes  may  be  placed  at  one 
extremity,  that  is,  made  the  radios  of  the  circle  there.  Thus  the 
tiiangle  may  be  turned  side  for  side,  and  also  end  for  end,  in 
both  cases,  which  gives  finir  podtiona  ;  but  as  the  sides  are  all 
the  same  in  each  case,  and  HDbt«nd  area  of  eqnal  circles,  it 
follows  that  the  aisles  oppo^te  the  equal  sides  are  equal  in 
each  of  the  four  portions. 

But  any  of  the  three  Bides  may  be  placed  on  the  line,  in 
order  to  give  the  centres  of  the  drcles  whose  radii  are  made 
respectively  equal  to  the  other  two  ndes;  and  this  again  gives 
three  vMJeties  of  position  in  each  of  the  former  four,  or  twelve 
in  all,  thoogh  there  is  nothing  in  either  which  can  produce  the 
slightest  diiference  in  the  size  and  shape  of  the  whole  triangle, 
or  of  any  of  the  six  |frts — the  three  sides  and  three  angles  of 
which  it  is  made  up. 

In  all  these  twelve  portions  of  the  triangle,  we  have  assumed 
that  the  poation  of  the  original  line  to  which  the  side  first  used 
is  applied  to  rem^n  the  aame ;  but  this  line  may  have  any 
direction  whatever,  without  in  the  least  affecting  the  value  of 
the  triangle,  or  of  any  part  of  it ;  and,  therefore,  the  same 


by  Google 


?    A    TRIANOLB,  Uff 

triangle  may  have  an  indefinite  number  of  portions.  This, 
without  any  reference  to  the  fact  that  podtion  is  not  a  datum 
in  the  conatmction  of  the  triangle,  would  suffice  to  show  that 
position  has  nothing  whatever  to  do  with  form  or  the  value ; 
but  that  the  triangle,  of  whidi  the  three  mdes  are  known,  must 
be  the  same,  in  what  part  of  the  world  soever  it  is  con- 
structed, and  whether  it  is  ever  constmcted  or  not,  provided 
that  the  lengths  of  the  sides  are  expressed  in  the  same  measure 
and  properly  understood.  Thus,  if  the  three  aides  of  a  triangle 
are  respectively,  6  inches,  4  inches,  and  3  inches,  which  have 
the  condition  necessary  for  forming  a  triangle— as  any  two  of 
them  are  together  greater  than  the  third,  then  this  triangle  has 
a  definite  shape  and  size  from  which  it  cannot  deviate ;  and 
any  one  who  remembers  the  nambers,  and  b  possessed  of  a 
rule  or  scale  divided  into  inches,  aud  a  pair  of  compasses  for 
describing  ciides,  can  construct  this  triangle  whenever  be 
il^easea ;  and  if  he  should  desciibe  one  in  lK>ndon,  and  another  at 
any  distant  place— say  Calcutta  in  the  Bast  Indies — he  would 
have  no  more  doubt  of  the  ec[uality  of  those  triangles  in  evety 
respect,  than  if  they  were  cut  out  in  two  pieces  of  flat  paper, 
so  that  the  one  could  be  applied  to  the  other,  and  be  seen  to 
coincide  with  it,  or  fill  the  same  spaee  in  the  whole  and  in 
every  part. 

These  numbers,  5,  4,  and  3,  expresung  the  three  mdes  of  a 
triangle  in  the  same  measure,  are  worthy  of  being  remembered ; 
for,  as  we  shall  see  afterwards,  the  ai^le  oppoate  to  the  side  6 
must  be  a  right  angle ;  and  therefore  we  can  always  get  a  right 
angle  by  constructing  a  triangle  whose  sides  are  6,  4,  and  3; 
and  as  they  are  the  simplest  lengths  of  sides  which  have  this 
property,  they  are  worth  bearing  in  mind. 

2.  If  two  ffldes,  and  the  angle  included  between  them,  are 
given,  there  are  sufficient  data  for  constmcting  the  triangle ; 
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and  if  two  triangles  have  two  aideA  and  the  iocluded  angle  of 
the  one  equal  to  two  sides  and  the  included  angle  of  the  other 
— it  being  understood  that  it  is  not  the  sum  of  tlie  aides  which  is 
equal,  but  that  each  of  the  two  ndea  of  the  one  triangle,  taken 
singly,  is  equal  to  one  mde  of  the  oUier — then  the  triangles  are 
every  way  equal. 

ThiB  does  not  require  a  formal  demonstration,  or  the  appli- 
cation of  the  one  triangle  to  the  other,  any  more  than  the  former 
case ;  for,  if  the  lei^he  of  the  sides  and  the  measure  of  the 
angle  between  them  are  known,  the  triangle  can  be  constracted 
at  any  time  or  in  any  place ;  and  if  two  triangles,  with  equal 
including  sides,  and  an  equal  included  angle,  are  constructed — 
or  even  imagined  to  be  constructed — how  tax  soever  tiiey  may 
be  asunder,  we  can  no  more  doubt  their  equality  than  we  can 
doubt  that  an  inch  ia  an  inch,  or  any  angle  itself  and  not 
another. 

The  given  »des  determine  their  own  lengths,  and  the  give4^ 
angle  determines  their  position  with  regard  to  each  oUier.  By 
this  means  the  position  of  those  extremities  of  them  which  are 
most  distant  irom  the  angle  are  also  determined,  and  these 
determine  the  length  of  the  third  aide  which  joins  them.  They 
do  this  not  only  in  respect  of  the  length  of  this  third  ude,  but 
in  respect  of  its  position  with  regard  to  each  of  the  two  given 
ones,  at  the  points  where  it  meets  them ;  and  this,  of  course, 
detennincs  the  remainii^  angles  of  the  triangles ;  and  if  there 
are  two  auch  triangles,  it  necessarily  follows  that  the  third 
udea  of  both  are  equal,  and  also  that  the  angles  opposite  the 
equal  sides  are  equal, 

3.  If  one  side  and  two  angles  of  a  triangle  are  ^ven,  there 
are  data  sufficient  for  constructing  the  triangle ;  and  if  two  tri- 
angles have  a  side  and  two  angles  of  the  one  equal  to  a  aide  and 
two  angles  of  the  other,  they  are  equal  in  every  reapect. 
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.  If  two  angles  are  given,  then  the  third  is  also  given,  or,  which 
is  the  same  thing,  there  are  data  sufiictent  for  finding  it ;  foi 
the  three  angles  are  eqnal  to  two  light  angles,  or  the  angular 
Space  on  one  side  of  a  straight  line  at  a  point  is  the  Munei 
Therefore,  to  find  the  third  ai^le,  we  have  only  to  draw  a 
str^ght  line,  and  take  any  point  of  it ;  then,  at  this  point  we 
make  an  angle  equal  to  one  of  the  ^ven  angles ;  and  afterwards 
apply  to  this  angle,  at  the  same  point,  another  angle  equal  to 
the  second  given  angle ;  and  the  angular  space  between  this  last 
angle  and  the  opposite  end  of  the  straight  line,  which  is  the 
Bapplement  of  the  sum  of  the  two  given  angles,  must  be  the 
third  angle  of  the  triangle.  When  this  is  done,  the  given  dde 
and  the  three  angles  are  quite  sufBcient  for  enabling  us  to  con- 
struct the  triangle,  whether  the  two  ^ven  angles  are  the  ones 
adjacent  to  the  given  side — that  is,  the  one  at  the  one  extremity 
of  it,  and  the  other  at  the  other — or  whether  one  of  the  given 
angles  ia  opposite  to  the  given  side. 

In  ordei;  to  construct  the  triangle,  it  must  be  stated  in  what 
order  the  given  angles  are  to  be  arranged  with  regard  to  the 
given  side.  If  they  are  both  adjacent  to  it,  the  form  and  mag- 
nitude of  the  triangle  are  determined,  but  not  the  position, 
because  that  would  be  reversed,  if  the  given  angles  were  unequal 
and  made  to  change  places.  Also,  if  only  one  of  the  given 
angles  is  to  be  adjacent  to  the  given  side,  we  must  know  to 
which  extremity  of  it  that  angle  is  to  be  adjacent,  ofhemise  we 
may  reverse  the  position  of  the  triangle.  In  every  case,  how- 
Ter,  the  magnitude  of  the  triangle  is  determinate ;  and  in  com- 
paring two  triangles,  which  have  the  three  angles  and  a  side  in 
the  one  eqnal,  each  to  each,  to  the  three  angles  and  a  idde  of  the 
other,  the  sides  opposite  eqnal  angles,  and  also  the  angles  oppo- 
site equal  sides,  are  equal  to  each  other,  and  consequently  the 
triangles  are  equal  in  every  respect 
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We  shall  illustrate  this  by  a  diagram,  as  it  is  a  little,  though, 
only  a  veiy  little,  more  complicated  than  the  precedinf;  onesi 
The  only  limitatioii  required  in  this  problem  ia,  that  the  two 
given  angles  shall  be  together  leas  than  two  right  angles ;  for,  if 
tiiey  ate  not,  then  they  cannot  be  two  angles  of  a  triangle,  as 
aU  the  three  ore  just  equal  to  two  r^ht  angles. 

This  being  understood,  let  the  line  a  n  be  the  given  dde  ; 
and  the  angles  at  a  and  b,  the  given  angles ;  it  is  required  to 
constract  the  triangle. 


First,  let  the  two  given  angles  be  adjacent  to  the  given  ade, 
A  at  the  extiemity  a,  and  b  at  the  extremity  b  ;  and  in  this  case 
it  is  not  necessary  to  find  the  third  angle,  as  it  will  be  deter- 
mined by  the  construction. 

Make  a  b  equal  the  given  side ;  with  any  radius  describe  arcs 
on  A  and  b,  the  given  angles ;  and  with  the  same  radius 
describe  arcs  on  the  points  a  and  b  of  the  repeated  line ;  cut  off 
portions  uf  these  arcs,  equal  respectively  to  the  arcs  intercepted 
by  the  given  angles  a  and  b  ;  and  through  a  and  b,  the  eictre^ 
ntities  of  a  b,  and  the  p<nnts  of  section,  draw  lines  till  they  meet 
in  c ;  and  o  is  the  third  angle,  a  c  and  b  o  the  remuning  sides, 
and  the  triangle  is  constmcted. 


The  Bibles  at  a  and  n  in  this  triangle  are  equal  to  the  given 
Bn^es  at  a  and  b,  for  by  construction  they  stand  upon  equal 
arcs  of  equal  circles.    Also,  the  lines  a  o  and  b  o  must  mde^ 

DigiiiKibfGoogle 


A   TRIANQLB.  4I9 

because  the  intejior  ai^lea  which  they  make  with  a  b,  towaid 
the  aide  o,  are  together  less  than  two  right  angles.  They  mnet 
meet  in  some  one  point  c,  because  two  straight  lines  can  meet 
ia  one  point  only;  and  oa  their  podtions  are  both  determined 
by  the  given  anglea  at  a  and  B,and  the  point  u  must  be  in  them 
both,  they  determine  the  place  of  the  point  c,  and  that  point 
detennines  the  length  both  of  a  c  md  bo;  conseg^nently  the 
whole  triangle  is  determined. 

Secondly,  Let  one  of  the  given  angles — as,  for  instance,  the 
angle  c — be  opposite  the  given  side  a  b,  and  the  other  adjacent 
to  it,  OS  the  angle  A,  at  the  extremity  a  of  the  given  side;  a  n  is 
the  given  ude,  and  a  and  c  the  given  angles. 


The  first  thing  to  be  done  here,  is  to  find  the  remainmg  angle 
at  B 1  and  after  it  is  fbjand,  the  triangle  is  constructed  esactly 
as  in  the  former  case.    To  find  the  ai^Ie  b, 


draw  any  line  s  b,  and  in  it  take  any  point  p,  but  not  at  either 
extremity.  With  any  radius,  describe  arcs  a  or  c  on  the. 
given  angles  a  and  c ;  and  with  the  same  radius  describe  a  semi- 
circle on  the  line  oE&om  p  as  a  centre.  Make  the  arc  a  of  the 
semicircle  equal  to  the  arc  of  the  given  angle  a,  and  the  arc  c  of 
the  same  semicircle  equal  to  that  of  the  given  angle  c.  Draw 
linee  from  f  to  mark  the  terminations  of  those  arcs ;  and  the 
lemaiuing  arc  b  represents  the  angle  b  of  the  triangle ;  for  it  is 
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the  rapplemoit  of  the  giren  aisles  A  and  o  to  two  right  angles. 
A|^ly  the  arc  A  (» the  same  ntdins  to  the  extremity  a  of  the 
giTen  side,  anddie  arc  B  to  the  extremity  B  of  the  same ;  throngh 
X  and  B,  and  the  extremities  of  the  lespectivQ  ams,  draV  lines ; 
and  thoM  lines  will  meet  in  o,  and  finm  the  triangle  required. 


XK 


As  the  only  difference  between  this  case  and  the  former  is  the 
finding  of  the  ai^le  b  previons  to  the  construction  of  the  tri- 
angle, it  tequires  no  fiirther  explanation. 

4.  If  two  sides  and  an  angle  oppodte  one  of  them  are  given, 
the  triangle  may,  in  some  cases,  be  constmcted  with  the  same 
certainty  as  by  means  of  Ihe  data  in  any  of  the  three  preceding 
articles ;  but  there  are  other  cases  in  which  the  triangle  ob- 
tdued  from  these  data  is  ambignou^^  or  admits  of  two  different 
forms  and  magnitudes ;  and  there  are  also  cases  in  which  the 
cotiiStruction  is  impossible,  so  that  there  can  be  no  triangle. 
The  same  ambiguity  and  the  same  imposmbility  will,  of  course, 
occur  when  we  attempt  to  prove  the  equality  of  two  triangles 
from  two  ades,  and  an  angle  opposite  one  of  them ;  and  there- 
fore this  mode  of  proof  can  be  applied  only  in  cert^  cases ; 
and  it  is  ueceaaaiy  to  know  what  those  cases  ate ;  for  in  them 
the  proof  is  as  clear  and  as  complete  as  it  is  by  any  other 
data.  We  shall  beat  explain  this  by  taking  data,  and  construct- 
i:^  the  figures  as  we  proceed. 
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Let  A  and  o  be  &e  two  given'  laiM,  aod  a  the  given  angle'. 
And  fint,  let  the  angle  a  be  adjacent  to  the  leaa  aide  a,  and 
eonBeqaendf  oppodte  to  the  greater  ride  o ;  and  this  is  the 
determinate  case  in  whidi  the  triangle  i:an  always  be  constract- 
•d,  and  has  only  (Hie  form  and  magnitude. 

Draw  any  line  a  n,  and  produce  it  to  snch  a  lei^:th  aa  may 
"be  judged  convenient. 


Then,  at  the  point  a  in  the  line  a  d,  draw  a  o,  makii^  with  a  d 
an  angle  equal  to  the  given  angle  at  a  ;  and  make  a  c  equal  in 
length  to  the  given  ude  a.  From  c  aa  a  centre,  and  with  a 
radius  c  b  equal  to  the  given  side  o,  describe  an  arc  cutting  a  d 
inthe  point  b;  join  ob,  and  a  b  c  is  the  triangle. 

This  may  require  some  further  explanation.  The  arc  de- 
scribed with  the  greater  of  the  given  ddea  o  as  a  isdins,  must 
cut  the  line  a  n  if  produced  fer  enou^ ;  hut  it  can  do  bo  only  in 
one  point  between  a  and  n ;  so  that  the  point  b  cannot  have 
two  edtuatitms,  and  conaequ^itly  the  ude  a  b,  or  the  triangle 
A  B  c,  cannot  have  two  values. 

To  prove  this :  fix>m  0  draw  the  dotted  line  0  E  perpendicular 
oiatright  anglesto  AB.  on  is  less  thanes;  because  the  angle 
0  ■  B  opposite  c  B  is  a  tight  angle ;  and  consequently  the  an^e 
o  B  B  must  be  lea  than  a  rij^t  si^le,  and  the  less  Ende  is  eppo- 
dte  the  less  angle ;  consequently  o  b  is  less  than  o  b;  and  the 
point  a  must  fell  within  the  circle  of  which  c  is  the  centre,  and 
OBtiieiadius.    But  the  point  e  is  inthe  line  Ai>,and  therefore 
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the  cirde  most  cnt  or  cnMB  that  line,  before  it  can  be  on  the 
opposite  dde  of  b  from  c. 

Agun;  tlie  point  a  mnstMl  within  the  urde,  becAuse  a  ois 
by  hypothecs,  that  ia  as  the  data  were  taken,  less  than  c  b 
the  radios.  Therefore  the  tnrcle  cannot  cut  a  d  a  second  time 
between  a  and  n. 

The  same  fignte  will  show  na  the  state  of  the  data  which 
leads  to  the  impossible  case.  If  the  given  side  c  had  been 
the  less  of  the  two,  and  less  tlian  the  perpendicnlar  o  e  let  &11 
from  c  upon  a  d,  a  circle  with  this  radins  could  not  have  cnt 
the  line  ad;  and  consequently  there  conld  have  been  no  point 
B,  and  no  triangle. 

Secondly,  Let  ns  examine  the  case  in  which  the  given  angle 
b  adjacent  to  the  greater  of  the  given  eddes,  and  opposite  to 
the  legs.  This  is  the  amUgnons  case  in  oil  states  in  which 
the  oppodte  side  is  less  than  the  adjacent  one,  but  not  less 
than  the  perpendicular ,'  for  when  it  ia  less  than  that,  it  be- 
comes the  impossiible  case. 


r  ^ 


Let  A  and  c  be  the  two  g^ven  udes,  and  a  the  aagle  ad- 
jacent to  the  dde  a,  but  let  a  be  greater  than  c. 
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Draw  A  i>  aa  before,  make  the  angle  at  a  equal  to  thef^ven 
angle,  and  a,  q  equal  to  4  the  greater  of  the  giyea  sides ; 
and  q  is  one  point  of  the  triangle.  From  c  let  fall  the  dot-, 
ted  perpendicular  c  e  ;  and  if  c,  the  leas  of  the  given  sides,  i^ 
leas  than  c  e,  then  can  be  no  triasgle.  Let  it  be  gTeBter  than, 
o  E,  but  less  than  0  a  ;  then,  from  0  a3  a  centre,  with  a  radius 
equal  t«  c,  desenbe  an  arc ;  and  this  aic  must  cut  a  d,  and 
will  cut  it  in  two  points,  b  and  a,  on  opposite  sides  of  th^ 
point  E,  and  equally  disfaat  from  it.  So  that  the  triangle  k 
either  a  b  c,  of  which  the  side  situated  on  a  n  is  the  smaller 
portion  a  B ;  or  it  is  a  b'  c,  of  which  the  side  situated  in  the 
line  A  D  i9  the  greater  portion,  a  b',  made  up  of  the  three  parts, 
A  B,  B  B,  and  R  B  ;  and  the  difference  of  those  two  triangles  is 
jthe  triangle  0  b  b',  of  which  the  sides  g  b  and  c  q'  ai^  equal  to 
each  other,  being  ladii  of  the  same  drclo. 

It  is  also  evident  that  the  arc  described  on  c  as  a  centre  must 
cut  the  line  a  d  between  a  and  g  ;  fbc  if  on  arc  is  drawn  about 
c,  with  the  radius  c  a,  the  point  b  must  be  within  the  circle  of 
whidi  that  arc  is  a  part;,  because  0  b  is  less  than  c  a  the  radius. 
.  These  four  articles  embrace  all  the  data,  t\imisbed  simply 
hj  the  parts  of  a  triangle,  and  without  reference  to  any  other 
ligure,  which  apply  generally  to  the  construction  of  aU 
triangles,  whatever  may  be  their  form;  and  by  frhich  the 
perfect  equality  of  any  two  triangles  which  possess  them  may 
be  established.  We  have  seen  that  all  of  them  require  some 
conditions  or  limitations,  which  are  necessary  befoi«  there  can 
be  a  triangle :  namely,  that  no  one  side  shall  be  greater  than 
the  other  tvro,  and  no  two  angles  equal  to  or  greater  than  two 
right  angles.  We  have  &rther  seen,  that  in  the  last  of  the 
four,  it  ia  required  that  the  given  ai^Ie  shall  be  opposite  to  the 
greater  of  the  two  given  sides ;  otherwise  the  triangle  is  either 
ambiguous,  having  two  forms  and  falues,  or  the  data  are  in- 
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correct,  and  it  is  impossible.  There  ia,  indeed,  one  siugle  case 
of  the  leas  side  opposite  the  given  angle  in  whkh  the  triai^le 
b  poesiMe  and  not  ambiguous ;  and  that  is,  when  the  Ait  oppo- 
site the  given  angle  is  exactly  equal  to  the  peipendieulai  c  b, 
and  the  an  tonchea  the  line  a  d,  hot  does  not  cut  it.  In  tUs 
Mse,  the  an^le  of^iodte  the  greater  given  aide  is  a  right  angle  ; 
and  therefore  the  three  (uigles  of  the  triangle  are  virtnally,  if 
not  expresslj,  given ;  and  therefore  this  b  a  peculiar  case,  and 
properly  belongs  tA  that  class  of  data  in  which  the  three  angles 
are  given. 

There  are  some  particular  triangles,  however,  which,  &om 
thdr  simplicity  or  regularity,  can  be  constructed  with  fewer  iJat^ 
and  it  may  not  be  amiss  to  mention  at  least  one  or  two  of  tliNn. 
The  first  and  amplest  b  an  equilaterd  triangle,  the  only 
datum  necessary  for  the  construction  of  which  b  the  length  of 
one  of  the  sides.  For,  if  one  dde  Is  given,  all  the  sides  are 
given ;  and  all  the  angles  are  also  given,  for  they  are  neceeaarily 
eqoal  to  each  other,  in  consequence  of  the  equality  of  tlte 
sides;  and  each  of  them  is  the  thitd  part  of  two  right  angles,  or 
the  dxth  part  of  four.  There  are  some  not  unimportant  coq- 
clusions  to  be  drawn  from  this,  to  wbjch  we  shall  very  briefly 
advert,  atler  oonstiuctjng  the  triangle, 

Let  A  B  be  any  straight  line,  it  b  required  to  construct  an 
equilateral  triangle,  having  each  of  its  sides  equal  to  a  b. 


Take  another  line  equal  to  a  b,  and  from  a  and  b  as  centres, 
with  a  radius  equal  to  a  b,  describe  area  cuttmg  each  other  in. 
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the  point  c;  and  join  A  o  andBc;and  j  Boia  tbe  equilateral 
triangle  inquired. 

If  each  of  the  three  angular  pointa  is  made  the  centre,  and  an 
arc  described  upon  each  aa  a  centre,  meeting  the  other  two, 
each  of  those  arcs  is  the  measure  of  the  third  part  of  two 
right  angles ;  that  is,  of  60"  of  an  equal  orcle,  of  which  the 
side  of  the  triangle  is  the  radius ;  hut  as  Tiewed  &om  each 
ai^le,  the  eide  opposite  that  ai^la  is  also  the  chord  of  60", 
Therefore,  the  chord  of  60"  is  equal  to  the  radius  of  a  circle; 
and  if  the  radius  of  a  drcle  is  applied  six  times  to  the  drcum- 
forence,  it  will  suhtend  the  whole  circumference  in  ^  equal 
parts  of60**  degrees  each;  and  if  we  join  the  adjacent  points  of 
diviaon  all  round,  we  shall  have  inscribed  a  regular  hexagon, 
or  figure  of  six  equal  ddes,  within  the  drde. 

The  circumference  of  a  circle  can  always  be  divided  into  two 
equal  parts  by  drawing  a  diameter  till  it  meets  that  circum- 
ference both  ways;  and  the  radius,  applied  as  above  stated, 
divides  the  circurafetence  into  six  equal  parts.  Thus  we  have 
an  ea^  means  of  dividing  a  circle  into  anjr  number  of  parts, 
which  number  is  either  a  multiple  of  ax  by  two,  or  a  quotient 
Ariung  from  the  division  of  six  by  two.  These  matters  are  so 
simple,  however,  that  any  one  may  readOy  understand  how 
they  are  to  be  done,  without  further  explanaticm  than  has  been 
BOW  given. 

This  property  of  the  chord  of  60°  being  equal  to  the  radius, 
ftfibrds  us  a  very  convenient  method  of  erecting  a  perpendicular 
at  any  jwint  of  a  g^ven  line,  whether  that  point  is  or  is  not  the 
extremity  of  the  line.  Thus,  let  a  b  be  any  line,  and  let  it  be 
required  to  erect  at  the  extremity  a  of  the  line,  another  line 
perpendicular  to  a  b. 
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On  A  as  a  centre,  with  any  radiue  not  greater  than  a  b — but 
the  greater  that  it  is  the  operation  will  be  the  more  accurate, — 
describe  an  arc,  equal  to  at  least  a  third  of  a  circumference, 
from  A  8  toward  that  aide  where  the  perpendicular  is  required. 
Apply  this  radius  on  the  arc  &om  the  line  a  b  t«  the  point  1, 
and  agaia  from  the  point  1  to  the  point  2.  Then  from  1  and  2 
as  centres,  and  still  with  the  same  radius  describe  ana  cnttii^ 
each  other  in  the  point  c ;  join  a  c,  and  a  e  is  perpendicular 
to  A  B  at  the  point  a.  For  the  arc  from  the  line  a  n  to  1  is 
60°,  and  so  is  the  arc  from  1  to  2.  But  the  line  c  b  bisects 
the  arc  1,  2 ;  and  therefore  the  portion  of  the  are  intercepted 
between  a  b  and  a  o  is  60"  and  the  half  of  60",  or  90°, 
which  is  the  measure  of  a  right  angle  ;  therefore  b  a  e  is  a 
right  angle,  and  a  c  is  perpendicnlai  to  a  b.  Tliisisone  of  the 
most  convenient  methods  of  obtmning  a  right  angle  in  practice. 
In  the  case  of  an  isosceles  triangle,  pr  triangle  having  two 
equal  sides,  the  only  data  required  for  the  construction  or  for 
establishing  the  eqnality  of  two  trianglee,  in  the  case  of  the  data 
being  the  same,  are  the  unequal  side  and  one  of  the  equal  ones  ; 
for  if  one  of  the  equal  sides  is  given,  the  otlier  is  given ;  and 
tlins  the  problem  resolves  itself  into  the  cQnstmcting  of  a  triaa- 
^  of  wliich  the  three  sides  are  given,  and  thus  we  have  only  to 
apply  the  equal  rade  as  a  radius  at  each  end  of  the  unequal  one, 
and  describe  arcs  intersecting  each  other,  in  that  direction  in 
which  we  wish  the  triangle  to  be  situated;  and  when  both 
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estretnities  are  joined  to  the  imtersection  of  the  arcs,  the  triangle 
is  constnicted.  The  only  condition  or  lumtatioa  required  in 
this  case,  is  that  the  eqnsl  dde  shall  be  greater  than  half  the 
unequal  one ;  becaiue  if  it  were  not,  the  arcs  would  not  igter- 
sect  each  other. 

The  next  con»detationwith  regard  to  triangles,  b  the  equa- 
lity of  their  surfaces  when  the  aides  and  angles  are  different ;  but 
before  we  proceed  to  ttris,  it  will  be  desirable  to  consider  some 
of  the  more  elementary  propertiea  of 

PABALLELOaBAKB,   BECTANQLBS,    AND   SQUARES, 

and  the  relations  which  they  have  to  triangles, 

A  pARALi.Bi.oeiuNisafoui-4dded%ure,of  which  the  oppo- 
site udea  are  parallel ;  and  a  line  joining  the  opposite  angles 
either  way,  is  called  the  diameter  of  the  parallelogram.  This 
^ore  is  usually  named  by  repeating  four  letters  placed  at  the 
angles,  cmd  taken  in  i^ulai  order  round  it ;  or  more  briefly  by 
two  letters  situated  at  oppoatean^es.  In  a  paraUelogram,  every 
aide  is  adjacent  to  two  other  aides,  and  opposite  to  the  remaining 
one,  ibai  is,  the  one  to  which  it  ia  parallel ;  and  every  angle  is 
adjacent  to  two  angle^y  and  opposite  to  the  remuning  one ;  also, 
there  are  two  mdes  oppodle  to  every  angle.  Therefore,  thou^. 
the  aides  of  a  parallelogram  are  given,  ^e  figure  is  not  given — 
tliat  is,  there  ia  not  data  enough  for  the  oonstmetioq  of  it," 
unless  at  least  one  of  the  angles,  or  one  of  the  diameters,  ia 
given.  It  will,  there&re,  be  necessary  to  attend  to  some  of  the 
propeiities  of  the  figure,  before  we  proceed  to  the  comparison  of 
one  paraUelogram  with  another,  or  of  parallelograms  with  tri> 
angles. 

1.  The  opposit«  sides  and  angles  of  any  parallel<^ram  are 
equal  to  each  other,  and  the  diameter  joining  the  opposite  angles. 
either  way  divides  it  into  two  equal  parts. 
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Let  A  B  0  D  be  any  paraUelogrsm ;  the  udes  a  b  aod  d  o  are 
equal  to  each  other,  and  eo  an  the  ^ea  a  d  and  b  o.    Also, 


die  opposite  angles  at  a  and  c,  and  those  at  b  and  d,  are  equal 
to  each  other.  And  if  a  diameter  ia  drawn  from  a  to  o,  or  from 
B  to  D,  that  diameter  will  divide  the  Hurface  of  the  parallelogram 
into  two  equal  parta ;  namely,  into  two  triangles,  baying  all 
their  ndea  and  angles  equal,  only  placed  in  lererBed  poaitione 
i^n  the  diameter. 

Beoanse  d  c  and  a  b  are  parallel,  the  angles  at  n  and  s  are 
together  equal  to  two  ii{^t  angles,  and  because  a  d  and  b  c  are 
parallel,  the  angles  at  a  and  b  are  also  ti^;ether  equal  Ht  two 
rigbt  aisles.  Leave  out  the  ai^le  a,  which  ia  common  to  those 
equals,  and  the  remwnlng  angle  n  is  equal  to  the  lemouiing 
qngle  B.  But,  because  of  the  parallelB,  the  angles  b  end  c  are 
tc^ether  equal  to  two  right  angles,  or  to  the  two  angles  at  d- 
and  A.  From  these  equals,  take  away  i>  and  b  which  m^  also 
aqnal,  and  the  remaiuders,  which  are  a  and  c,  must  be  equal. 

Bnt  a^^:  the  alternate  angles  n  o  a  And  o  a  t  on  the  paral- 
lels d  o,  a  b,  are  equal,  an2  so  are  the  altdmate  K^es  d  a  o, 
A.C  B,  on  the  parallels  d  a,  a  B.  Thefefoie,  the  two  triAiglee 
A  B  o  and  0  A  b,  hare  the  nde  a  a  common,  and  all  their  angles 
equal ;  thev^re,  the  aides  opposite  the  equal  angles  are  equal, 
that  IB,  A  Bin  tile  one.is  equal  to  o  ninOie  otlier,  and'  bo  in 
the  one  equal  to  n  a  in  the  other.  Consequently  these  teian~ 
g{ea  are  equal  to  each  other  in  eveiy  respect;  and  as  the  two 
together  make  up  the  whole  parallelogiam,  each  one  sin^y 
moat  be  equal  to  the.  half,  of  it.    Therefore,  the  opposite  ^dei 
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and  angles  ate  equal,  and  the  diameter  bisects  the  paiaUelo- 
gram. 

The  converse  of  this,  tissA  stra^ht  lines  which  join  the  extre- 
mities of  equal  and  parallel  straight  lines  towards  the  same 
parts,  ore  themselves  eqnal  and  parallel,  follows,  as  a  matter  of 
course,  from  this  equality  of  the  opposite  sides  of  a  patallelo- 
gram. 

2.  If  a  parallelogram  has  one  right  angle,  all  its  angles  are 
right  angles. 

This  follows  inunedlately  from  what  was  shown  in  article  1 . 
The  opposite  angles  are  equal,  so  that  if  one  is  a  right  angle  the 
one  oppodte  to  it  must  also  be  a  r^ht  angle ;  bat  the  four  angles 
are  alti^ther  equal  to  four  right  aisles,  and  these  two  oppodte 
ones  are  equal  to  two,  so  that  there  remdn  other  two  right 
angles  for  the  remaining  two  opposite  angles  of  the  figure ;  but 
they,  too,  must  be  equal  to  each  other,  or  each  of  them  must  be 
a  right  angle.  Consequently,  if  one  angle  of  a  paiullelogram  is 
a  right  angle,  each  of  the  four  must  be  a  right  angle. 

3.  A  par^elogram,  which  has  its  angles  right  angles,  is  called 
a  rectaiyular  parallelogram,  or  simply  a  kectanqle  ;  and  a 
figure  of  this  kind  is  said  to  be  contained  by  the  two  sides 
which  are  about  or  include  any  of  its  angles.  This  last  expres- 
sion has  reference  to  the  area  or  surface  of  the  rectmigle ;  and 
the  one  of  the  containing  sides  is  called  the  base,  and  the  other 
the  altitude  or  height,  and  the  one  may  always  be  considered  as 
representing  length,  and  the  other  as  representing  breadth. 
Thus,  when  we  speak  of  the  rectangle  a  b  c  d  as  a  surfece,  we 
call  it  the  rectangle  a  b,  b  c,  which  means  that  the  expression  for 
the  surface  is  the  product  of  a  b  multiplied  by  b  c,  that  is,  a  b 
X  B  c,  both  being  nnderstood  to  express  the  same  kind  of  mea- 
sure as  lines,  and  the  surface  as  many  squares  of  the  lineal 

;,  as  the  product  of  the  nmnbers.    This  is  the  original 
1  between  Geometry  and  Arithmetic ;  and  the  priuci. 
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pies  of  it  baVe  been  explained  in  a  former  part  of  thia  volume, 
00  that  we  need  not  dwell  upon  it  at  present,  nor  adduce  any 
example  in  jlloirtration,  farther  than  the  following  simple  figure : 


A  B  c  n  is  any  rectangle  whatever,  of  which  n  c  is  the  length 
or  base,  and  a  b  the  breadth  or  altitude.  The  value,  that  is, 
the  area  of  the  rectangle,  must  rem^  the  same,  while  the 
lei^h  and  breadth  remain  the  same,  or,  which  ia  the  same 
thing,  equal ;  for  the  area  is  the  product  of  those  dimendons  or 
factors,  unafiecfed  by  any  thing  except  their  individual  lengths 
and  the  fact  of  their  standing  to  each  other  in  the  relation  of 
length  and  of  breadth ;  and  while  they  remun  equal  and  pre- 
serve this  relation,  there  is  no  circumstance  which  can  in  any 
way  alter  the  area  or  value.  Thus,  for  instance,  if  a  n  is  pro- 
duced towards  E,  still  parallel  to  n  c,  but  to  any  distance  what- 
ever, and  c  e  joined  as  by  the  dotted  line,  and  b  f  drawn 
through  a  parallel  to  c  e,  then  the  oblique  parallelogram  f  b  c  b 
must  also  have  the  same  area  or  surface  as  the  rectangle  a  b  c  c 
Also,  if  A  B  is  produced  indefinitely,  and  two  paralleb  drawn 
from  D  and  o,  in  any  direction,  but  both  in  the  same,  till  they 
meet  a  b  produced  in  the  points  h  and  e,  the  paraUelogrom 
»  D  o  a  thus  formed  must  be  equal  in  surface  to  the  rect- 
angle A  B  0  n,  in  what  place  or  in  what  poaition  soever  it  hap- 
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'pens  to  be  aituated ;  for  we  Lave  already  shown  that  place  and 
position,  are  not  elemente  which  can  affect  the  value  of  any^ 
magnitude  or  quautity. 

Tliis,  which  is  a  very  useM  property,  ia  usually  cit«d  in  the 
words,  "  FaraUelograma  upon  the  same  or  equal  bases,  and  be- 
tween the  same  parallels,  are  equal  to  each  other."  But  there 
iH  some  objection  to  the  words  "between  the  same  paiaUels," 
inasmuch  as,  to  a  beginner,  they  tie  down  the  equal  parallelo- 
grams to  one  locality ;  and,  therefore,  the  words  "  equal  bases 
and  altitudes,"  or  "  equal  lengths  and  breadths,"  are  prefbrable, 
inasmuch  as  they  are  not  lied  down  to  any  particular  locality^ 
but  can  be  understood  and  applied  whether  the  paraUelograms 
are  between  the  aame  parallels  or  not. 

From  mere  inspection  of  the  equal  paraUelograms  in  the  above 
figure,  it  will  be  seen  that  while  the  area  or  sur&ce  remuns  of 
the  same  value,  the  lengths  of  the  sides  may  undergo  changes. 
Thus,  for  instance,  in  the  oblique  parallelogram  s  c  e  f,  the 
parallel  sides  which  are  dotted,  namely  b  f  and  o  e,  are  each 
greater  than  b  a  or  c  n ;  for  they  are  opposite  right  angles  at  a 
and  D,  while  b  a  and  c  n  are  oppodte  angles  at  f  and  e  in  the 
same  triangles,  each  of  which  is  less  than  a  right  angle.  But 
A  a  might  have  been  produced  any  length  to  a,  so  that  the  con- 
tinuation is  still  paraUel  to  c  n.  c  a  might  be  joined  and  d  h 
drawn  from  n  parallel  to  o  a,  and  meeting  a  o  in  h  ;  aai  the 
parallelogram  a  c  d  h  must  still  be  equal  in  area  to  the  right 
angle  A  B  c  D ;  for  the  two  dimensions,  of  which  its  area  or  sur- 
face ia  the  product,  remain  unchanged,  both  in  their  lengths  and 
in  their  relation  of  base  and  altitude,  or  length  and  breadth ; 
whOe  the  sides  which  bound  the  oblique  parallelogram,  and 
make  angles  less  than  right  angles  with  the  parallels,  are  always 
the  greater  the  less  the  angles  that  they  malce.  Hence  we  have 
this  general  conclusion,  that  if  in  any  figure  whatever  we  can 
set  two  dimensions  which  stand  to  each  other  in  the  relation  of 
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length  and  breadth,  and  conectly  repieseilt  the  length  and 
breadth  of  that  figure  as  a  rectangle,  then  the  product  of  those 
two  diuensiona  will  always  be  a  correct  expression  for  the  area 
or  snrfnce  of  the  figure,  whatever  may  be  the  shape  of  that 
figare,  provided  only  that  it  is  bounded  by  straight  lines. 

It  foUowg  from  this,  that  any  straight  lined  figure  whatever 
may  be  reduced  t«  a  reotang^  of  exactly  the  same  v^ne,  and 
its  surface  as  a  whole  expressed  in  square  measures,  that  i^ 
measures  which  are  the  squares  of  some  known  measures  of 
lei^th.  This  is  the  principle  which  applies  to  the  measuring  of 
land,  and  of  all  other  surfaoes  whatever,  whatever  may  be  the 
form  and  dimensiona,  if  the  surface  is  a  plane,  or  regarded  as 

4.  Upon  looking  back  at  the  diagram  in  article  1,  page  428, 
it  will  be  understood  that  while  a  b  is  the  length  or  base  of  tbe 
parallelogram,  aperpendicolar  let  fall  from  D  upon  a  b,  or  from 
c  upon  A  B  produced,  must  express  the  altitude  or  breadth  of 
ihe  pai^ogism  a  b  o  n ;  and  if  we  call  this  perpendicular  p, 
then  the  area  or  surface  of  the  parallelogram  will  be  expressed 
by  the  pi'oduct  a  b  X  p- 

Now  the  triangle  a  o  b,  which  is  on  tlie  same  base  with  the 
parallelogram  and  has  the  same  altitude,  was  shown  to  bo  equal 
in  sur&ce  to  half  the  parallelogram ;  and  if  the  base  and  altitude 
had  heea  equal,  the  surfiice  would  have  been  the  same,  as  the 
mere  utuation,  by  not  affecting  either  the  value  or  the  relation 
of  either  of  the  factors,  cannot  posMbly  a£Fect  the  ralne  of  the 
product  of  those  fictors.  Hence  we  have  the  general  condu- 
Non :  if  a  triangle  and  parallelogram  have  equal  bases  and  alti- 
tudes, the  area  of  the  triangle  is  half  that  of  the  parallelogram. 

From  this  we  can  immediately  derive  a  method  of  finding  the 
areaeitherof  aparallelc^ramor  triangle,  when  the  base  andalti- 
tuda  are  known.  It  is ;  for  the  parallelogram,  multiply  the  base 
and  altitude;  and  for  thetriangle,  multiply  the  same,  and  takehalf 
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the  product— or,  as  it  is  the  same  to  divide  either  &etcr  before 
multiplying  as  t«  divide  the  product  after,  we  may  multiply  the 
base  by  half  the  altitude,  or  the  altitude  by  half  the  base,  and 
tile  product  in  either  case  will  be  the  area  of  the  triangle 

4.  But,  in  the  case  of  a  product,  we  multiply  the  product  if 
ne  multiply  either  factor,  and  divide  the  product  if  we  divide 
either  factor.  Therefore,  triangles  or  parallelograms  which 
have  equal  haaes,  are  to  eacli  other  in  the  ratio  of  their  alti- 
tudes ;  and  triangles  or  parallelograms  which  have  equal  alti- 
tudes, are  to  each  other  in  the  ratio  of  their  bases.     Therefore, 

Triangles  or  parallelt^rams  which  have  different  bases,  at« 
to  each  other  in  a  ratio  compounded  of  the  ratios  of  their  bases 
and  altitudes.  Thns,  for  instance,  if  the  base  of  the  triangle  or 
parallelogram  a  is  12,  and  its  altitude  6;  and  the  base  of  the 
triangular  pwallelogram  b  is  9,  and  its  Jtitude  4 — the  number? 
meaning  equal  measures  in  all  those  cases ;  then — 
a:b  =  12x6:9x4  =  72;  36; 
that  is,  theareaof  thctiiai^le  or  parallelogram  a  is  double  that 
of  the  triangle  or  parallel<^ram  b  ;  and  any  others  whose  dimen- 
sions are  known  and  expressed  in  the  same  measure,  can  he 
compared  in  the  same  manner;  and  those  products  which  are 
compared  are,  after  all,  nothing  more  than  the  simple  expressiong 
for  the  areas  of  the  figures  as  already  explained. 

5.  If  two  triangles  or  two  parallelograms  are  equal  in  area, 
but  have  their  bases  and  altitudes  different,  then  the  bases  and 
altitudes  are  inversely  or  reciprocally  proportioned.  Let  a  be 
the  base  and  b  the  altitude  of  the  one ;  and  c  the  base  and  d  the 
^titude  of  the  other ;  then,  if  the  areas  ai'e  equal,  that  is,  if 

ab  ^  c  d,  then 
a  :c  =  d:b. 
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for  tnnltiplpng  the  extremes  and  meona,  we  have  ab=cd,aa 
before. 

6.  A  lectsDgle  which  has  two  Eodes  dHitmning  one  of  its 
angles  equal,  has  all  its  fonr  udes  equal,  and  ia  called  a  bqcahb  ; 
and  the  expression  for  the  area  of  a  square  is  the  prodnct  of  the 
side  multiplied  by  itself;  or  if  the  side  be  called  a,  then  the 
area  of  the  square  is  expressed  by  a^. 

If  a  square  and  rectan^e  have  equal  areas,  the  side  of  the 
square  is  a  mean  proportional  between  the  base  and  altitude,  or 
which  is  the  same,  between  the  lengA  and  breadth  of  the  rect- 
angle. For  since  they  are  both  rectangles,  and  equal  in  area,  the 
sides  or  factors  whose  products  express  their  areas,  are  recipro- 
cally proportional ;  that  is,  if  b  b  the  length  and  e  the  breadth 
of  the  rectan^e,  and  a  the  side  of  the  square,  then 

and,  multiplying  the  extremes  and  means,  we  have  6  c  =  a*, 
or  the  areas  are  equal,  which  was  tiie  proposition. 

Before  proceeding  further  with  the  general  principles,  we 
shall  endeavour  to  show  how  the  last  mentioned  figures  may  be 
constructed.  To  construct  a  square  on  a  given  line.  At  one 
extremity  of  the  line  draw  a  perpendicular  toward  that  side  of 
the  line  upon  which  the  square  is  to  be  situated,  and  make  this 
perpendicular  equal  to  the  given  line.  Th«i  from  the  two 
extremities  of  those  lines  as  centres,  and  with  a  radius  equal  to 
either  of  them  (for  they  are  the  same),  describe  arcs  intersect- 
ing each  other;  the  point  of  section  of  those  arcs  will  be  the 
fourth  angle  of  the  square ;  and  if  lines  are  drawn  from  this  to 
the  second  and  third  angles,  the  square  will  be  constructed. 

To  construct  a  rectangle  under  two  (pven  straight  lines. 
Take  iu  any  straight  line  a  portion  equal  to  one  of  them,  and 
at  either  extremity  erect  a  perpendicular  eqnal  to  the  other ; 
then,  on  the  opposite  extremity  of  each  with  the  other  one  as  a 
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radius,  describe  archts  mtersectmg  each  other,  and  the  point  of 
section  vfiU  be  the  fourth  angle  of  the  rectangle,  to  which  the 
two  remaining  sides  maybe  drawn  from  the  eitremities  of  the 
others.  An  ohUque  parallelogram  may  be  drawn  exactly  in 
the  some  manner,  only  an  angle  of  it  most  be  given  as  well  as  the 
mdes ;  and  the  two  sides  miiat  be  placed  so  as  to  make  an  angle 
equal  to  this  angle,  and  then  the  renuuader  of  the  construction 
is  exactly  the  same  as  that  of  a  rectangle. 

It  need  hardly  be  mentioned,  because  it  is  apparent  witliout 
any  dtscription,  that  the  same  data  which  suffice  for  constructing 
one  square,  rectangle,  or  parallelogram,  must  suffice  also  for 
constructing  another  in  any  other  place  or  at  any  other  time  ; 
and  that,  if  the  data,  that  is  to  say,  the  one  side  in  the  case  of 
the  square,  the  two  sides  in  the  case  of  the  rectangle,  and  the 
two  sides  and  the  included  angle  in  the  case  of  the  pa^rallelo- 
gram,  are  exactly  equal  in  any  two  instances,  then  the  proof 
of  the  equality  in  every  respect  of  the  ligures  themselves,  is  as 
clearly  established  as  it  can  possibly  be,  even  though  the  one  of 
them  were  applied  to  the  other  and  observed  to  coincide  with 
it.  And  we  may  repeait,  that  this  is  the  useful  proof  in  ptac- 
tiee ;  and  t^st  the  coincidence,  how  pleasuit  soever  it  may  be 
tor  closet  mathematicians,  ia  of.  little  avail  in  real  life.  It  is 
desirable,  for  instance,  that  an  acre  of  land  should  be  the  same 
quantity  or  extent  of  sur&ce  in  Cumberland  as  in  Cornwall ; 
and  that  a  mile  of  the  road  between  London  and  Bath  should 
be  axactly  the  same  length  as  a  mile  of  that  between  Edinburgh 
and  Glasgow ;  but  it  would  puzzle  all  the  geometers  that  ever 
lived  to  bring  the  two  acres  of  land  in  the  different  counties,  or 
the  two  miles  in  length  of  the  different  roads,  to  any  comparison 
except  through  the  medium  of  some  measure,  or  other  means  of 
connexion,  which  had  nothing  to  do  with  tlie  applying  of  the 
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one  of  ttiem  to  the  other,  and  obaervii^  whether  they  couidded 
or  not. 

The  nest  st«p  of  our  progress,  in  exanuning  the  relations  of 
figures,  and  ofthe  boundaries  and  other  ports  of  figures,  is  natur 
rally  that  which  involves  some  medium  of  comparison ;  and  for 
this  purpose  we  must  liave  recourse  to  the  doctrine  of  ratios,  a$ 
expluned  in  ft  former  section ;  because  equality  of  ratios  is  very 
often  the  only  eqnality  of  which  we  can  avaU  ourselves,  in  such 
comparisons.  But  before  we  can  enter  upon  this  with  the  proper 
advantage,  it  is  necessary  that  we  should  understand  a  little 
more  about  the  relations  of  the  different  parts  of  the  same 
figure,  both  to  each  other  and  to  the  whole. 

All  the  figures  with  which  we  are  concerned  in  plane  geo^ 
metry,  may  be  reduced  to  these  four  classes: — First,  circles; 
secondly,  squares ;  thirdly,  triangles ;  and  fourthly,  rectilineal 
figures  having  more  than  three  sides,  of  which  last  squares  are 
a  particular  division ;  but  they  are  so  simple  as  compared  with 
the  others,  that  they  require  to  be  separated. 

The  general  condition  which  figures  must  have,  in  order 
tliat  we  may  apply  the  doctrine  of  ratios  to  them,  and  reason 
fi'om  the  one  to  the  other,  or  from  parts  of  one  to  other  parts  of 
the  whole  of  the  same,  is  the  property  of  their  beii^ 

emiLAB  FtouBEs. 

,  1.  Figures  ai*  said  to  be  similar,  when  they  are  exactly 
of  the  same  shape,  but  different  from  each  other  in  size. 
Equal  sized  figures  of  the  same  shape  are  of  course  similar,  » 
well  as  unequal  sized  ones ;  hut  they  arc  equal  as  well  as  simi- 
lar J  and  any  ratios  which  they,  or  corresponding  parts  of  them, 
may  have  to  each  other,  are  ratios  of  equality,  not  nMrely  in 
the  rehition  itself  upon  which  the  ratio  is  founded,  but  in  the 
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tenoB  of  tlie  ratio ;  and  ii  Ib  evident,  that  from  the  comparison 
of  two  ratios  of  this  kind,  no  naeful  conclusion  can  be  drawn^ 
Thns,  if  a  ratio  were  stated 

12:6=12;, 
Mnd  the  fourth  term  soi^ht  by  an  operatbn  in  the  common  rule 
<tt  three,  the  fourth  term  would  be  the  BBme  as  the  eecond,  or 
6  ^mn,  and  we  should  learn  nothing  by  the  operation.  This 
is  what  ia  called  an  identical  proposition ;  and  it  very  often 
happens  that  those  who  have  not  disciplined  their  minds  in  the 
practice  of  reasoning  in  a  close  and  logical  manner,  make  nae 
of  such  proportions  in  succession,  or  "  reason  in  a  circle,"  as  it 
is  called,  that  is,  go  round  like  a  mill  horse,  and  end  just  where 
they  began, — or  rather  their  saying,  for  it  is  not  argument, 
like  the  drcnmference  of  a  circle,  has  neither  beginning  nor 
end ;  is  founded  on  nothing  and  leads  to  nothing. 

Thus,  the  species  of  similarity  which  is  usefol  to  us,  is 
sunUarity  without  sameness.  And  there  are  three  conditions 
requiste,  in  order  to  establish  the  similarity  of  any  two  plane 
figures.  First,  they  must  have  the  same  number  of  sides  in 
each,  and,  by  necessary  consequence,  the  same  number  of 
angles.  Secondly,  all  the  angles  of  the  one  must  be  each  to 
Qooh  equal  to  all  the  angles  of  the  other,  when  taken  in  the 
same  order  of  succession ;  and  thirdly,  the  aides  about  the  equal 
angles,  and  which  are  situated  in  the  same  order  with  ngard  to 
Uie  angles^  must  be  proportionals.  This  third  condition  is,  in 
aome  figures,  so  closely  connected  with  the  second  one,  that  the 
one  of  them  cannot  esist  withont  the  other ;  and  therefore  it 
might,  perhaps,  be  possible  to  deduce  the  one  from  the  other,  at 
least  in  the  case  of  one  or  two  figures ;  but  stiU  it  is  mnch  bet- 
ter to  take  both  puis  into  the  definition,  as  then  it  is  rendered 
{lerfectly  general. 
'.  i.  Cireka  liave  only  one  side  each,  and  they  have  no  angles  ; 


bf  Google 


433  RBLATIDITS 

therefore  there  is  nothing  connected  with  one  drcle,  which  can 
affect  its  dmilarity  to  every  other  circle ;  and  conaeqaently  all 
circles  are  rimilai*  figures,  and  may  be  reasoned  upon  as  sach. 

A  tquare  has  fbor  odes  and  four  angles,  and  they  aie  all 
equal  to  each  other  in  eveiy  square,  so  that  one  sqoaie  cannot 
be  disaimilaT  to  another,  without  ceaang  to  be  a  square,  and  bo 
foiling  into  another  class  of  figures. 


Let  there  be  any  two  didea,  of  which  c  and  o  are  respec- 
tively the  centres,  and  a  b  and  n  e  the  diameters  ;  ^so  let 
I,  2,  S,  4,  and  5,  6,  7,  8,  be  two  squaree,  of  which  the  sides 
are  respectively  eqnal  to  the  diameters  of  the  circles ;  the  cirelea 
are  perfectly  similar,  and  so  are  the  squares;  and  the  diameters 
of  the  circles  are  respectively  equal  to  the  sides  of  the  squares. 
Therefore, 

Circle  c  :  circle  o=Bquare  1,  2,  3,  4  ;  square  S,  6, 7,  8. 
That  this  must  be  the  case,  is  perfectly  evident ;  for  whatever 
may  be  the  ratio  of  the  circle  to  the  square  in  either  case  (and 
tliat  is  not  onr  present  business),  the  two  circles  must  stand  to 
their  own  diuneters  in  the  same  ratio ;  and  therefore  they  most 
stand  to  each  other  in  some  ratio  of  those  diameters.  The 
diameters  themselves  have  no  property  but  their  lengths ;  and 
we  cannot  obtain  the  ratios  of  surfaces  without  products  of 
length  and  breadth.'    Bat  the  circles  have  exactly  the  same 
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ratios  to  the  cross  diameten  f  h  and  i  k  that  they  have  to  a  b 
and  D  E ;  because  in  the  game  circle  all  diameters  are,  by 
the  very  construction  of  the  circle,  equal  to  each  other. 
Therefore  the  circle  o  is  to  the  circle  o,  as  a  b  to  d  s,  and  also 
as  F  H  to  I  K.  But  A  B=F  a  and  d  e=i  k  ;  therefore  com- 
pouuding  the  ratios,  we  have. 

Circle  o;  circle  o=a  bxfu;  dexik. 
Bat  A  B=F  H,  andn  b=i  k; 
Therefore, 

Circle  o  l  drde  osa  b'  ;  d  b  * ;  that  is, — 

Circles  are  to  each  other  in  the  ratio  of  the  squares  of  their 
di^imeters ;  that  is  to  say,  if  the  diameter  of  one  circle  is  double 
that  of  another,  the  area  of  the  circle  will  be  four  times ;  if 
triple,  nine  times ;  and  so  on  in  the  case  of  every  other  multi- 
plier, whether  greater  or  less  than  the  number  1. 

But  the  circumferences  of  the  two  circles  have  evidently, 
in  each  circle,  the  same  relation  to  the  diameter ;  and  though 
curves,  and  not  strug^t  lines,  the  circumferences  still  are  lines, 
not  mirfiices ;  and  therefore  their  ratio  must  always  be  a  simple 
ratio;  but  each  circumference  stands  in  the  very  same  relation 
to  its  diameter  as  the  other  does.  Wherefore,  the  circum- 
ferences of  circles  have  the  same  ratio  as  their  diameten ;  and 
the  snr&ces  of  two  different  circles  are  to  each  other  in  the 
ratio  of  the  squares  of  their  circumferences,  as  well  as  of  their 
diameters. 

It  would  be  easy,  in  like  numner,  to  show  that  any  two  lines 
similarly  placed  in  two  circles,  have  the  some  ratio  as  the 
diametera  or  circumference  of  those  circles,  but  it  is  not  neces- 
sary, and  indeed  we  might  have  come  at  once  to  all  the  con- 
clusions which  have  been  stated,  from  the  simple  fact,  that  no 
element  of  diasimilaiity  can  affect  circles,  or  corresponding  por- 
tions of  circles. 
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There  is  one  practical  application  of  the  equal  ratios  of  the 
diametera  and  circninferencea  of  all  circles  which  it  is  nsefol  to 
b«ar  in  mind.  If  we  know  the  diameter,  the  circmnfei«DC«, 
and  the  cmtent  of  any  one  circle;  and  the  diameter,  the  drcum- 
ference,  and  the  content  of  another,  we  are  enabled,  ftoin  (he 
ratio,  to  find  the  other  two  particulara  for  the  other  one.  Ths 
appioxiniate  dimenaiona  and  area  of  one  circle  are  as  follows : 
Diameter  =  1 ' 

Circumference  ^  3 '  1 4 1 6, 
Area  =     -78S4; 

And  from  those  it  is  easy  to  find  the  particuhus  of  other 
circles. 

If  we  tnm  back  and  exsmine  the  squares  in  which  the  cirdea 
are  inscribed,  we  find  that  their  relation  b  a  Tory  ^mplo  one  ; 
for,  from  the  Tciy  meaning  of  square,  it  is  obrions  that  the 
areas  of  all  squares  are  to  each  other  in  the  laHos  of  the  squares 
of  their  sides.  It  ia  worth  while,  howeTer,  to  look  at  the  boun- 
daries of  the  squares,— or,  as  they  are  sometbnea  termed,  tlieir 
perimeters.  In  each  square  the  perimeter  is  fiiur  times  the 
ride ;  and  therefore  the  perimeter  has  always  the  same  ratio  to 
the  perimeter  of  another  sqoare,  as  the  aide  haa  to  the  aide. 

3.  Triangtes  form  our  next  subjects  of  comparison ;  and  the 
first  comparison  to  be  made  is  that  of  triangles  which  are  e^ui- 
angular,  or  have  all  their  aisles  respectively  equal  each  to  each  ; 
and  the  object  is  to  show  that  the  sides  about  the  equal  angles 
are  directly  proportiontd. 

For  this  purpose,  let  ji  b  c  and  d  e  p  be  two  triai^les  which 
are  equiangular,  that  is,  which  have  the  angle  a  of  the  one  equal 
to  the  angle  d  of  the  other ;  the  angle  b  of  the  one  equal  to  the 
angle  e  oftheother;and  the  angle  cofthe  one  equal  to  the  angle 
t  of  the  other ;  then  the  sides  about  the  equal  angles  are  directly 
proportional. 
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{M'hen  compariog  the  sides  and  angleB  of  triangles,  it  is  very 
coDTenient  to  mark  each  side  with  the  same  letter  as  the  angle 
to  which  It  is  opposite,  only  to  mark  it  in  a  different  character, 
italics  for  instance,  while  the  angles  are  marked  with  capitals : 
thus  a,  ft,  and  c,  are  respectively  the  udes  opposite  the  angles 
A,  B,  and  c,  in  the  one  of  the  abore  triuigtes ;  and  d,  e,  and^ 
are,  respectively,  the  sides  oppc^te  the  angles  d,  b,  and  f,4ii 
the  other.  This  Is  not  a  matter  of  neces^ty ;  bnt  it  is  one  of 
considerable  advantage.^ 

Describe,  as  already  ezpluned,  a  circle  about  each  triaoj^e,  so 
as  to  pass  through  the  three  angular  points,  and  the  angles  of 
each  triangle,  will  be  angles  at  the  circumference,  standi]^ 
upon  arcs  of  their  respective  circles ;  namely,  in  the  triangle 
ABC  the  angle  a  stands  on  the  arc  1,  the  angle  b  on  the  arc  2, 
and  the  angle  o  on  the  arc  3 ;  and  in  the  triangle  s  e  f  the  angle 
s  stands  on  the  arc  4,  the  angle  e  on  the  arc  6,  and  the  angle  f 
on  the  arc  6.  So  that  in  each  circle  the  three  angles  of  the  tri- 
mgle,  taken  altogether,  stand  on  the  whole  circnmfeience.  But 
as  the  angle  a  of  the  one  is  equal  to  n  of  the  other,  the  arc  I  of 
the  oae  most  be  equal  to  the  arc  4  in  the  other ;  and  as  the  mde 
a  of  the  one,  and  the  side  d  of  the  other,  are  the  chords  of  equal 
arcs,  they  stand  in  the  same  relation  or  ratio  to  their  respective 
circlee.  For  similar  reasona,  the  side  b  and  the  side  e  stand  in  the 
same  relation  to  their  icspeotive  circles;  and  sodo  the^eoof 
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the  one,  and  the  nde/<^the  other.  But  if  their  relationB  to  tike 
cirdee  ue  eqos],  then  the  lines  themselves  most  stand  to  each 
other  in  the  ntios  cJ  their  own  lengths ;  that  is,ato&astltoe,a 
to  e  as  d  to/,  6  to  e  as  e  to  /;  and  so  on  in  every  other  case  in 
which  the  onresponding;  sides  about  an  equal  angle  in  the  two 
triai^les,  can  be  compared  with  each  other.  Therefore,  if  tri- 
angles are  eqiuangnlsr,  the  sides  which  contain  equal  angles 
ate  directly  proportional,  the  sides  oppofflte  the  other  equal 
angles  beii^  the  corresponding  terms,  that  is,  both  the  sutece- 
dents  or  both  the  oonseqnents  of  the  ratios.  Thus,  the  udee 
about  the  equal  angles  a  and  d,  are  either 

and  as  these  ate  diieot  proportionals,  they  will  rem^n  propor- 
tionals tinder  all  the  changes  of  which  proportionab  ore 
capable. 

It  foUows  immediately  from  this,  that  if  two  sides  of  a  tri- 
angle are  intersected  by  a  line  potoUel  to  the  third  side,  the  part 
cut  off  is  similar  to  the  whole  triangle ;  and  the  segments  of  the 
two  sides,  on  both  mdes  of  the  dividing  line,  are  proportiooab^ 
and  hare  the  same  laUo  as  the  udes  whidi  are  divided. 


Let  A  B  c  be  any  triangle ;  and  let  the  line  d  e  be  drawn 
parallel  to  n  c,  meeting  the  udes  a  b  and  a  o  in  the  points  d 
and  B.  The  triangle  a  o  b  is  ^milor  to  the  whole  triangle 
ABo;ADistoAB,  and  also  i>BtoBo,asABistoAC.  For 
the  oi^te  A  is  coBunon  to  the  whole  trian^  and  the  part ;  and 
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the  angle  s,  exterior  on  the  pEtraUela,  b  equ&t  to  the  angle  a 
iaterioF  aad  opposite,  and  the  angle  e  is,  for  the  same  teaacm, 
equal  to  the  aaglt  c ;  thetefore  the  whole  trim^le  a  B  c  and  the 
part  A  D  e  are  equiangular,  and  the  aides  ahovt  the  equal  angles 
directly  proportional ;  that  is,jt  a  I  ±B^Ast  ^ic;  but  b  s 
and  c  G  are  the  difieiences  <^  those  proportioiia,  and  therefore, 
by  separation,  tUey  have  the  same  ratio,  or  D  b  :bc  =  ab  ;  »-c. 
These  also  being  directly  proportional,  admit  of  all  the  changes 
of  which  such  proportionals  are  capable. 

By  means  of  this  last  princqile  we  are  enabled  to  divide  any 
given  line  in  any  proposed  ratio ;  and  also  to  find  a  fourth  pro- 
portional to  three  given  lines,  or  perform  an  operatimt  in  the 
rule  of  three  by  means  of  lines  alone. . 

Thus  to  divide  a  given  line  in  any  ratio,  we  have  only  to 
draw  a  line  at  one  extremity  of  it,  maldng  any  angle,  and  di- 
vided into  the  two  terms  of  the  ratio ;  and  thtn,  by  joming  the 
extreroities  of  the  lines^  and  drawing  a  parallel  through  the 
point  which  separates  the  known  terms,  we  have  the  given  line 
divided  in  the  same  ratio.  This  is  not  confined  to  division  into 
two  parts ;  but  if  one  line  is  given,  which  is  divided  into  any 
number  of  ports  in  a  ratio,  and  it  isrequired  todividealineof  a 
difierenf  length  into  the  same  number  of  parts,  having  the  same 
ratios,  the  principle  will  apply;  and  in  practice  it  often  saves  a 
great  deal  of  trouble. 

In  the  finding  of  a  fourth  proportional,  we  have  nothing  more 
to  do,  than  to  draw  two  lines,  making  an  angle,  to  set  off  the 
first  and  second  terms,  one  upon  each  of  them,  and  join  by  a 
line,  then  set  off  the  third  on  the  same  line  with  the  first,  draw 
a  parallel,  and  that  parallel  would  cut  off  the  fourth  pn)por-< 
tloital  from  the  same  line  on  which  the  second  was  set  off. 
These  are  so  simple,  that  it  is  umieceBsary  to  illustrate  them  by 
any  diagrams  or  examples;    we  shall  therefore  proceed  to 
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another  problem,  in  nMch  we  require  the  aanEtance  of  amilar 
triangles.  Thia  problem  will  require  alludon  to  a  principle 
•omewbat  different. 

4.  In  a  right-ai^;led  tiiasgle,  if  a  perpendicnlor  is  drawn 
bma  the  rigjit  angle  to  the  oppoeite  dde,  the  tiiaogle  is  dirided 
into  two  trianglca,  which  are  similar  to  the  whole,  and  to  each 
other;  that  perpendicular  is  a  mean  ptoportiohal  between  the 
segments  into  which  it  divides  the  base,  — the  greater  segment 
being  on  the  same  ride  of  the  perpendicular  with  the  greater  of 
the  two  remmning  rides  of  the  triangle. 

Let  A  8  o  txt  a  ri^t-angled  triangle,  having  the  right  angle 
at  B,  and  let  a  perpendicular  n  d,  be  drawn  from  the  li^t 
angle  n  to  the  opposite  ride  a  c ;  tbe  two  triai^les  a  d  b,  and 
B  D  0,  into  which  the  triangle  a  a  c  is  divided  by  this  line,  ai« 
equiangular,  and  therefore  rimilar  ;  and  the  peipendienlar  a  » 
is  s  mean  proportional  between  the  two  s^ments  a  d  and  n  c, 
the  greater  s^ment  a  n  bring  on  the  same  ride  with,  or  adjacent 
to  the  greater  aide  a  b  of  the  original  triangle,  and  the  less  s^' 
mait  D  0,  on  the  same  side  with,  or  adjacent  to  the  less  ride 
9  c  <rf  the  original  triangle. 


Because  a  d  b  peipendienlar  to  a  c,  the  angles  b  d  a,  and 
0  n  B  at  D  are  equal  to  each  other,  and  each  of  them  a  right 
anj^.  But  the  uigle  at  b  is  a  right  angle,  and  therefore  the 
two  parts  of  it  n  B  0  and  d  b  a  are  together  eqnal  to  a  tight 
angle.  Bnt  in  the  triangle  b  n  o  the  angles  n  b  o,  b  o  n  are 
bother  equal  to  a  right  angle.  Consequently',  a  b  n  is  equal 
to  B  0  D,  and  dob  equal  to  b  a  d,  therefore  the  three  triangles 
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A  B  c,  A  D  c,  and  b  d  c,  have  the  angles  oppo^te  a  c,  a  b,  and 
B  c  all  right  angleB ;  the  angles  opposite  abuiabo,  adiQ 
A  D  B,  and  B  s  m  B  D  c,  all  equal  to  the  angle  at  a,  and  there- 
fore eqnal  to  each  other ;  consequently  the  remaming  angle  in 
alt  the  three  triangles  is  also  equal,  and  the  tritmgles  are  aniilar, 
and  the  sides  ahout  the  equal  angles  directly  proportional ;  and 
among  others  the  greater  toAe  about  the  right  angle,  is  to  the 
less  in  the  one  as  the  greater  ude  about  the  right  angle  is  to 
the  less  in  the  other.  But  a  n  is  the  greater,  and  n  b  the  less 
in  the  triangle  a  n  b  ;  and  i>  b  is  the  greater,  and  d  c  the  less 
about  the  right  angle  in  the  triai^le  at  b  d  o.    Therefore 

wherefore  d  b  the  perpendicular  is  a  mean  proportional  between 
the  two  segments  a  d  and  d  c. 

We  are  now  in  a  condition  for  obtaining  a  solution  of  the 
problem  to  which  we  alluded  :  To  find  a  mean  proportional 
between  two  gjven  sti^ght  lines.  Let  a  and  b  be  any  two 
straight  lines,  it  is  required  to  find  another  straight  line  which 
shall  be  a  mean  projwrtidnal  between  them ;  take  any  straight 
line,  and  from  it  cut  off  o  n  equal  to  the  given  line  a,  %ad  in^ 
mediately  conterminous  with  it,  or  beginning  where  it  ends; 
take  the  part  n  e  equal  to  the  given  line  b.  Bisect  the  whole 
CEinp;  ouFasa  centre,  with  radius  of.  or  f  e,  describe  a 
semicircle.  At  the  point  d  draw  a  perpendicular  to  c  e,  and 
produce  it  till  it  meet  the  circumference  of  the  semicircle  in  o  ; 
and  D  a  is  a  mean  proportional  between  c  d  and  d  b,  or  between 
.their  equals,  tlie  given  lines  a  and  b. 


B>  Google 


440  MKijf  rsoroBnoKAL. 

Jmn  c  a  and  Be;  and  beeanae  c  «  e  is  an  angle  in  a  semi- 
ciide,  tborefoK  it  is  a  rif^t  angle,  and  c  a  b  is  a  rigfat-ai^led 
triuigle,  and  a  n  the  peipcndiciilar  firam  the  rigbt  angle  npon 
the  (^Mwte  ode ;  therefitre  a  n  is  a  meoa  proportional  between 
0  D  and  DB,  the  segments  of  the  ade  opposite  the  right  angle, 
wUdi  segments  are  respecUvel^  equal  to  the  ^ren  lines  a  and 
a,  between  which  the  mean  proportional  was  teqoiied. 

The  given  lines  a  and  nmig^t  have  been  the contuning sides 
ofaiectanglejandif  it  hodbeenreqidred  tofiuda  square  eqnal 
In  ai««  to  the  rectan^,  the  proceeding  wonld  hare  been  exactly 
the  same  as  that  just  mentioned ;  namely,  if  the  two  containing 
sides  had  been  placed  contenninotidy  on  the  straight  line,  a 
semicircle  described  on  the  turn  of  tb^  lengths  as  diameter,  and 
a  perpendicular  drawn  &om  the  point  where  they  met  to  the 
circumference  of  the  semtdtcle,  tins  peipendicular  would  have 
been  the  ude  of  the  square,  equal  in  area  to  the  rectangle;  and 
the  ade  is  the  only  datum  reqointefor  constructing  the  square 
itaelf. 

There  are  some  applications  of  this  and  the  preceding  prin- 
ciples, to  fignies  containing  more  than  three  ^es,  and  not 
r^Tilar,  which  might  have  been  introduced  here ;  but  there  Is 
one  general  truth,  together  with  some  collateral  or  resulting 
ones,  with  which  it  is  desirable  to  be  acquainted,  before  we  pro- 
ceed to  these;  and  as  this  truth  is  a  very  important  one,  as  one 
of  the  main  links  by  which  geometry  and  the  arts  of  calculation 
by  quantities  generally,  or  by  numbers  pracficslly,  are  con- 
nected together,  we  shall  consider  it  a  little  in  detail.  For  this 
purpose  we  introduce  the  followi:^  diagram  7  and  as  It  is  consi- 
derably more  complicated  than  most  of  those  which  we  have 
previously  introduced,  we  have  endeavoured  to  throw  a  little 
graphic  effect  info  it,  in  order  that  the  reader  may  the  better 
understand  it;  and    we  shall  go  over  the  different  parts  of 
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point  out  the  use  to  which  it 


«7 


Upon  exftTnining  it,  the  reader  will  perceive  that  there  are 
in  it  lines  of  four  different  degrees  of  strei^;th. 

Fiist,  in  the  reader's  left-hui<l  comer,  at  the  bottom,  s  right 
angled  triangle,  a  b  o,  of  which  the  lines  are  more  boldly 
drawn  than  any  of  the  rest.  Then  the  left  hand  portion  is 
occupied  by  two  squares,  not  so  boldly  drawn  aa  the  triangle, 
but  bolder  than  the  rest  of  the  diagram.  The  undermost  of 
these  squares  is  the  latest,  and  it  will  at  once  be  perceived, 
that  it  is  the  square  npon  b  o,  the  greater  of  the  two  sides 
which  contain  the  right  angle  in  the  right-angled  triangle  a  b  c. 
Above  thiSjtliere  is  a  smaller  square,  having  n,  o,  nandi  at  the 
four  comers ;  and  though  this  square  does  not  stand  upon  a  b, 
the  less  of  the  two  sides  which  contain  the  right  angle  b  in  the 
triangle  a  b  c,  yet  the  sides  of  it  are  made  equal  to  a  b,  and 
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tliei«fbre  it  ia  the  square  of  a  b  with  the  some  tnith  as  though 
A  B  itself  had  formed  one  of  the  aides. 

Secondly,  a  larger  square,  with  one  angle  at  the  left,  one  at 
the  lop,  one  at  the  right,  and  one  at  the  bottom,  where  the 
letters  a,  h,  s,  and  c,  are  situated,  may  be  traced,  having  a  c 
for  one  of  its  sides,  and  the  remaining  sides,  a  h,  h  k,  and  k  g, 
marked  in  mucii  funfer  lines;  and  it  will  be  seen  tliat  this  is 
the  square  upon  a  o  the  side  of  the  right-angled  triangle,  which 
subtends  or  is  opposite  to  the  right  angle  at  b,  which  side  is 
called  the  hypotenuse,  because  it  "holds  under"  or  is  opposite 
to  a  right  angle ;  and  in  consequence  of  this  has  a  property 
which  no  ude  of  a  triangle,  not  having  a  right  ang^e,  can  pes- 
ubly  possess. 

Thirdly,  it  will  be  observed,  that  a  faint  line  is  drawn  from 
the  right  angle  b  through  u,  i,  and  l,  parallel  to  both  sides  of 
the  square  upon  a  c,  and  therefore  crossing  a  c,  and  meeting 
H  K  at  right  angles,  OF  courso  the  part  h  l  divides  the  square 
of  A  c  into  two  rectangles,  each  having  a  o  or  its  equal  for  one 
of  its  containing  sides,  and  one  of  the  segments  into  which  a  c  is 
divided  for  the  other. 

Fourthly,  there  will  be  observed  dotted  lines  at  the  top  from 
a  to  i,  on  the  right  from  i  tlirough  b  to  m,  and  at  the  bottom, 
from  m  to  c,  which  complete  the  whole  diagram  as  a  square. 
Also,  from  A  through  o  to  n  there  is  a  dotted  line,  equal  and 
parallel  to  b  c ;  and  from  t  to  o  there  is  a  line,  equal  and  parallel 
to  n  A,  or  to  F  n;  and  t  and  k  are  joined  by  a  ialat  line,  which 
is  a  continuance  of  d  r. 

It  wiU  be  seen  that  by  means  of  these  dotted  lines,  the  entire 
square  o  I  m  b  is  divided  into  four  equal  rectangles,  a  bc  n, 
c  A  0  B,  B I  s  ^,  and  cvKm;  and  that  these  four  rectangles  are 
each  equal  to  the  rectangle  a  b  x  b  c,  or  double  the  area  of  the 
triangle  a  b  c.    Besides  this,  there  is  the  small  square,  i  p  n  o. 
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EQ  the  centKcf  the  diagram;  audbecauseDBiaequal  tObo,D  a 
iathedifiei«iiceofABandBC,andas  lo  the  side  of  thia  small 
square  b  equal  to  d  a,  this  small  square  is  the  square  of  the 
difierence  between  a  b  and  b  o.  Bnt  as  b  D  or  a  q  is  equal  to 
B  c,  B  a  is  the  sum  of  a  b  and  b  o,  and  b  a  is  the  side  of  the 
whole  square  of  the  diagram  ;  and  the  diagram  is  the  square  of 
the  Bum  of  A  B  and  b  o.  Therefore,  &om  mere  inspection  of 
the  diagram,  we  ha<re  this  general  conclusiDn  ; 

The  square  of  the.  sum  of  two  lines,  is  equal  to  four  times  the 
rectai^le  under  those  two  liBes,  together  with  the  square  of 
their  difiereuoe. 

Upon  cardully  examining  the  figure,  it  will  be  found  that, 
nbatever  is  the  position  of  a  o,  the  four  triangles  external  of 
die  square  of  a  o,  but  contained  in  the  square  of  the  sum  of  a  b 
and  B  c,  must  be  each  equal  to  the  given  triangle,  and  therefore 
alt4^ether  four  times  that  triangle,  or  twice  the  rectangle 
A  B  X  B  c.  So  also  the  square  upon  a  g  must,  in  all  cases,  be 
equal  to  four  times  the  triangle,  together  with  the  square  of  the 
difierence  of  the  sides. 

.  If  one  were  to  imi^ine  the  square  upon  a  c  to  be  turned 
toward  the  nght,  the  angle  a  of  that  square  would  gradually 
approach  the  point  b,  and  aa  it  did  so,  a  b  would  approach  in 
length  to  B  c.  If  they  became  equal,  a  b  would  vanish,  be- 
cause the  lines  would  have  no  difference,  and  the  small  square 
I  0  n  F,  would  also  vanish,  and  the  square  upon  a  o  would 
become  equal  to  four  times  the  triangle,  or  twice  the  rectangle 
of  the  equal  sides  about  the  right  an^,  that  is,  h^  the  square 
of  their  sum. 

On  the  other  hand,  if  the  square  upon  a  c  were  supposed  to 
be  turned  round  toward  the  left,  so  that  a  b  shortened  by  the 
point  A  approachiBg  the  point  b,  then  the  small  square  lonw 
would  increase,  and  the  square  upon  a  c  would  also  increase  iii 
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reject  to  the  area  of  the  triangle;  andif  weconsideied  a  b  to  be 
Bhorteued  till  it  vanished  by  the  point  a  coinciding  with  th« 
point  B,  then  the  square  of  a  c,  the  square  t4  b  c,  and  the 
square  i  o  n  p  would  all  be  equal  and  coinddent  with  each 
other,  and  the  trian^  would,  at  the  same  time,  h«ve  vuBiElied. 

Hence,  we  can  see  the  limits  between  which  a  right-angjed 
triangle  can  exist.  The  one  limit  is  the  equality  of  the  sides 
about  the  right  ongle^  and  in  this  case  tiie  square  on  the  hypote- 
nuse is  equal  to  four  times  the  area  of  the  tiiau^e.  The  other 
limit  18  that  at  which  the  triangla  TauisheB,  by  one  aide  becom- 
hig  equal  to  the  hypotenuse,  and  there  being,  of  course,  no  third 
sde.  Between  those  limits,  there  may  be  any  degree  of  ine- 
quality between  the  sides  a  b  and  b  o,  and  whatever  their 
lengths  are,  the  square  of  the  hypotenuse  is  always  equal  to 
four  times  the  area  of  the  triangle,  together  with  the  square  vt 
the  difference  of  the  two  sides  which  contain  the  ri^t  an^. 

These,  however,  are  not  exactly  the  prinraples  which  we  are 
setjcing  to  establish ;  bbA  we  hare  meiely  mentioned  Huna  ind- 
dentally,  in  order  that  our  examination  of  the  diagram  might 
not  be  altogether  without  a  result.   The  primuple  isas  follows : 

In  any  rigbt-ongled  triangle,  the  square  of  the  hypotennse 
or  side  subtending  the  right  angle,  is  equal  to  the  sum  ot  the 
squares  on  the  sides  which  contain  the  right  angle. 

We  repeat  the  diagram,  in  order  that  the  reader  may  not 
have  to  refer  to  it  over  several  pages. 

A  B  c  is  any  triangle,  right  aogkd  at  b  ;  a  o  is  the  hypote- 
nuse or  side  opposite  the  right  angle ;  and  it  has  to  be  shown 
tliat  the  square  upon  a  c  is  equal  to  the  two  squares  upon  a  b 
and  B  0,  that  is,  that 

A  <^  =  A  b'  +  B  c«. 
Produce  a  a  in  the  direction  of  a  :  take  ■  s  =  a  o,  complete 
the  square  n  p  c  b,  and  it  ia  the  square  upon  Be.     In  »  n  c«l- 
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tinned  beyond  r>,  take  d  g  e^ual  to  a  b,  and  in  d  p  take  d  i  also 
equal  to  d  a,  and  n  o,  s  r,  are  sides  of  a  square.  For,  aa  the 
aogle  B  D  F,  being  the  angle  of  a  square,  is  a  right  angje,  the 
adjacent  angle  o  d  i  is  also  a  right  angle.  Complete  the  square 
with  a  B  and  i  h  both  equal  to  d  o,  and  a  d  i  h  is  equal  to  the 
square  u^n  a  b  ;  for  d  o  was  made  equal  to  a  b,  and  all  the 
other  aides  equal  to  d  o,  and  the  angle  on  t  is  a  right  angle. 
Thus  we  hare  obtained  the  squares  upon  a  b  and  b  c. 

Juin  A  H,  and  a  h  ia  equal  to  a  e,  and  at  right  angles  to  it. 
For,  comparing  the  two  triangles  h  o  a  and  a  b  c,  we  have, 
H  Q  =  A  B,  and  a  A  =  B  c,  and  the  contained  angle  in  each 
case  a  right  ugle ;  therefore  A  a  is  equal  to  a  c.  Bi^  the  angle 
a  A  H  is  equal  to  b  o  a,  for  they  are  opposite  equal  sides  in 
equal  triangles;  and  the  two  angles  a  a  h  and  b  a  c,  at  the 
point  A,  are  together  equal  to  one  right  angle,  for  they  are  equal 
to  the  two  smaller  angles  of  a  right-angled-triangle.  But  a  ia  a 
point  in  the  straight  line  b  o,  and  all  the  angles  at  that  point  on 
one  side  of  the  line  are  equal  to  two  right  angles.  Two  of  them, 
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namelf,  B  a  caad«  a  h,  are  together  equal  to  one  right  angle; 
and,  therefbtc,  c  a  h,  the  snpptement,  moat  be  a  rig^t  angle. 
Conieqoently,  c  a  and  a  h  are  two  udes  of  e.  square.  Complete 
this  sqnare  by  ck  uid  h  k,  each  equal  to  a  c  or  a  h  ;  and  a  h 
K  c  is  a  sqosie,  and  h  is  the  square  upon  a  o,  the  hypotenuse 
of  the  triangle. 

Onr  next  busineae  is  t«  Aow  that  this  square  is  equal  to  the 
two  former  squares,  namely,  those  upon  a  b  and  b  o.  Join  pk^ 
and  because  h  i  p  is  a  r%ht  angle,  h  k  equal  to  a  c,  n  i  equal 
to  A  B,  and  the  contained  angle  at  n  equal  to  the  contained 
angle  at  a,  p  k  is  in  Ihe  same  stra^ht  line  with  i  r,  and  the 
triangle  k  i  k  is  equal  to  the  triangle  Ana  But  h  i  e  is  ctm- 
tained  in  the  square  of  the  hypotenuse,  and  not  in  the  squares 
of  the  sides ;  and  a  b  c  its  equal  is  contained  in  the  squares  of 
the  sides,  and  not  in  the  square  of  the  hypotenuse.  Therefore, 
those  two  equal  triangles  increase  equally  the  one  square  in  the 
one  case,  and  the  two  squares  in  the  other;  and,  therefore, 
whether  they  are  supposed  to  be  taksn  away  or  supposed  to 
remain,  they  do  not  make  any  difference  between  the  compared 
quantities. 

The  triuigle  boa,  toward  the  left  hand  at  the  top,  has 
been  already  shown  to  be  eqnal  to  a  a  c,  and  it  is  wh<dly 
contained  in  the  two  squarcH  of  the  sides,  and  not  in  the  square 
of  the  hypotenuse.  But  the  triangle  k  p  c  has  k  o  equal  to  a  c, 
p  0  equal  to  0  B,  and  p  e  equal  to  a  b;  therefore  it  is  also  equal 
to  A  B  0,  and  consequently  to  h  «  a  ;  and  the  triangle  k  p  c  is 
contained  wholly  within  the  square  of  a  c,  and  its  equal  boa 
wholly  within  the  squares  of  a  Band  bo.  Therefore,  if  we  take 
away  or  leave  those  equals,  one  of  which  belongs  to  each  of  the 
quuititiea  compared,  we  shall  not  make  any  difference.  Take 
away  the  two  triangles  which  are  contained  in  the  squares  of 
A  B  and  B  c,  and  the  two  equal  triangles  wliich  are  cantoned 
in  the  square  of  a  c ;  and  by  taking  equals  no  difference  b 
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taken  away.  But  the  two  squares  in  the  one  case,  md  the  <a» 
square  in  the  other,  are  reduced  to  the  some  identical  space, 
namely,  the  irregular  space  contained  by  the  lines  h  a,  a  c, 
c  p,  p  I,  and  I  B ;  and  we  need  not  add,  that  ttus  identical  space 
must  be  equal  to  itself.  Therefore,  the  square  of  ao  is  equal  to 
the  sum  of  the  squarca  of  a  b  and  b  c.  a  b  c  is  any  right-angled 
triangle  whatever;  wherefore  the  square  of  the  hypotenuae  of 
every  right-angled  triangle  ia  equal  to  the  sum  of  the  squares  of 
tile  ddes  contuning  the  right  angle. 

Another  demonstration  of  this  truth  might  be  derived  fw)m 
the  same  figure.  For,  upon  examination,  it  will  be  perceived^ 
that  the  square  upon  the  side  oppoate  the  right  angle  is  di- 
vided  into  two  rectangles,  a  n  i.  h,  and  n  l  k  o,  by  the  line 
B  H  L  drown  from  the  right  angle  of  the  given  triangle  parallel 
to  the  ddea  of  the  said  square  on  the  side  opposite  tiiat  angle ; ' 
and  if  eftch  of  these  rectangles  is  compared  with  the  square  of 
the  fflde  adjacent  to  it,  and  about  or  containing  the  right  angle,  it 
■«t11  be  seen  that  diere  arc  in  the  diagram  two  obUque  paral- 
leLograms,  a  h  i  b  and  b  i  k  o,  one  of  which  is  upon  the  same 
base  and  between  the  same  parallels,  both  with  the  rectangular 
portion  of  the  larger  square,  and  with  the  square  of  the  adjacent 
ade.  Therefore,  the  rectangle,  and  the  sqiiare  on  the  adjacent 
tide,  are  each  equal  to  the  oblique  parallelogram,  which  is  on 
the  same  base,  and  between  the  same  parall^  with  each  of 
them,  though  it  is  between  the  same  parallels  with  them  in  its 
dlKrent  dimeuuons;  consequently,  the  two  parallelograms  into 
which  the  square  on  the  nde  opposite  to  the  right  angle,  and 
the  two  squares  upon  the  sidea  contaiuing  the  right  angle,  ar« 
equal  to  each  other  on  the  adjacent  sides,  that  is  to  say,  the 
greater  rectangle  is  equal  to  the  square  on  the  greater  side,  and 
the  less  rectangle  is  eqoal  to  the  square  on  the  leas  side.  Bat  - 
the  two  rectangles  taken  together  m^eup  the  square  upon  the 
side  opposite  tho  right  angle ;  and  therefore  their  sum  is  equal 


to  the  nun  (^  their  eqoBla,  nundy,  that  of  the  squaies  npon 
the  two  ddes  oontaiiiiiig  ibe  right  ang^  In  other  words,  the 
square  tm  the  aide  oppoate  the  right  angle,  is  eqval  to  the  sura 
of  the  squarcB  on  the  sides  coot^ning  that  angle  as  before. 

If  tlie  angles  of  a  rigfat-angted  trian^  are  exj^GMed  by  the 
letteis  A,  B,  0, — and  it  is  not  necessaiy  t«  draw  the  triangle,  aa 
we  are  qtealcii^  of  a  right-an^ed  triangle  generally,  whtunif 
any  referenoe  to  the  particular  lengths  of  its  sides,  but  merely 
of  the  relation  of  their  squares  to  each  other,  which  qiplies  to 
eveiy  poanble  right-angled  triangle, — we  may  form  a  perfect 
notion  of  the  trian^e  and  its  propertiea,  without  any  tefeiaiee 
to  a  particular  triai^le  actually  drawn,  by  merely  referring  to 
the  angke  by  the  letters  a,  b,  and  o,  b  being  the  expression  of 
the  right  angle. 

-  So,  also,  if  we  call  the  sides  by  tlie  small  letters  corresponding 
to  the  capitals  which  express  the  angles  opposite  to  them,  we 
shall  have  s,  i,  and  c,  as  a  general  expreauoa  for  the  ades  of 
any  rigtit-an^ed  triangle,  t  being  the  side  opposite  to  the  r^;bt 
at^le,  and  a  and  e  the  two  sides  about  or  contiuning  the  r^ht 
angle. 

Taken  in  terms  of  the  sides,  as  e^ressed  by  letters,  the  alge- 
braical notatbn  of  the  above  truth  is, 

in  which  expression  it  is  of  no  consequence  whether  a  or  ft  indi- 
cates the  greater  of  the  sides  about  or  cODtaimng  the  right 
an^e. 

it  will  be  easily  perceived  from  this,  that  if  any  two  of  these 
three  quantities,  that  is,  the  sides  fi,  a,  and  e  are  given,  tbe 
remaining  one  can  be  found  by  an  arithmetical  opeiatien.  If 
the  sides  about  the  right  angle  are  given,  then  the  expression 
for  the  hypotenuse  in  terms  of  the  sides,  is  ^  (a*+c*)=ft; 
and  the  expression  {or  any  side  in  the  caae  of  the  hypotennte 
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being  pven,  is  the  square  root  of  the  difiereoce  between  the 
square  of  the  hjrpotennBe  and  that  of  the  given  side.  Thtis  if  n 
"8  the  given  side,  the  expression  for  the  required  side  c  is 
V  (S»— o*)=c. 

One  of  the  casee  of  the  applicatioa  of  this  principle,  which 
occniB  most  readily  in  pmetice,  is  tliat  in  which  one  side  of  tlie 
right-angled  triangle  is  a  distance  measured  on  the  level  ground, 
and  another  the  he%ht  of  an  upright  object ;  as,  for  instanee,  a 
wall,  a  tree,  ai  a  steeple ;  and  then  the  hypotenuse,  or  lons«st 
or  slanting  side  of  thesr  an^e,  is  the  line  extending  ftom  the 
^rther  extremity  <rf  the  distance  measuied  up(m  the  ground,  to 
the  top  (f  the  upright  olgect.  For  the  sake  of  ^stinction,  the 
line  measured  on  the  groand  is  called  the  base,  and  the  height 
of  the  object  the  perpendicular,  while  the  renuuning  dde  k- 
taius  the  ncone  of  hypotenuse.  Thas,  for  instance,  if  the  vridtl^ 
of  a  street  were  80  feet,  and  the  height  of  a  house  rising  per- 
pendicularly from  it  60  feet,  and  if  it  were  required  to  find  the 
lei^^  of  a  line  which  would  extend  from  the  opposite  side  of 
Ihe  street  to  the  top  of  the  honse,  the  expiessiin)  for  the  length 
of  this  line  would  be, 

^  (80«  +  60»)=>/(S400  +  3600)=^10000=«100, 
so  that  the  line  reaching  from  the  of^ioeite  side  of  the  street  to 
the  top  of  Ihe  house  would  be  100  feet. 

6.  Prom  the  comjAete  establishment  of  the  relation  between 
products  and  rectai^les  (the  product  or  the  rectan^e  being  « 
square  in  the  case  of  two  equal  factors)  which  results  fnon  the 
principles  that  we  have  now  stated  ;  and  &om  the  constant 
rstio  of  equality  between  the  square  of  the  hypoteause  c£  a 
tight^ang^  triai^e,  and  the  sum  of  the  squares  of  the  two 
ddes  containing  the  right  angle ;  we  are  enabled  to  Bubstitnte 
eititer  quantities  geneiHlly  as  expressed  by  algebraical  notation, 
or  numhen  as  meaeores  in  particular  eases,  in  place  of  lines, 
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■o  (hat  the  products  of  those  general  qnaatities  express  reef- 
angles  generally,  the  products  of  eqoal  fiicton  espreas  sqnaret^ 
and  the  DOmerical  products  of  the  lines  expte^ed  in  Icnown 
measures,  give  ns  the  areas  of  rectangles  or  sqwirea,  in  squares 
of  the  same  measure.  It  is,  howerer,  to  be  undontood,  thgt 
tboogh,  in  the  particular  caseft,  the  prodjict,  whether  square  or 
rectangle,  is  »  numhcr,  as  well  as  the  rides,  it  is  not  a  nnmber 
of  the  sune  kind  with  them ;  for  in  all  cases  it  means  snr- 
&ces,  the  unit  mMniiig  a  square,  the  side  of  which  Is  the  unit 
in  the  line.  Thn^  for  instance,  if  a  piece  of  hoard  is  &  feet 
loag  and  3  feet  Inoad,  the  area  of  the  board,  considered  as  fi 
rectang^  ia  fi  x  3  feet,  that  b  15  feet ;  but  these  16  are  not  Of 
the  Home  kind,  either  with  the  fi  or  the  3 ;  they  are  square 
meosores  or  Bortaces,  haTing  length  and  breadth,  situated  at 
right  angles  to  each  other,  and  of  equal  measure,  whereas  the  6 
and  the  S  are  merely  lengths,  or  of  one  dimeniuon  only,  and 
egress  the  sides  of  the  squares  in  which  the  aren  is  represented. 
In  cmriderii^  this  idation  between  surfaces  and  {nraducts  of 
two  &et<ns  which  stand  to  each  other  in  the  rdation  of  length 
aod  breadth,  it  is  not  absolutely  necessary  that  tlie  two  fectois 
should  be  in  the  same  denominatioQ,  in  measure  of  length,  .pro- 
vided that  we  know  exactly  the  proportion  which  the  length  of 
one  of  them  bears  to  that  of  the  other.  Thus,  for  instance,  if 
one  dimension  is  expressed  in  yards,  and  another  in  feet,  of 
which  there  are  three  in  a  yard ;  then  the  product  will  neither 
be  square  yards  nor  square  feet,  but  every  unit  in  it  will  be  a 
rectangle,  thelengthtf  which  is  a  yard,  and  the  breadth  a  foot ; 
and  it  will  take  three  sach  rectangles  to  make  up  a  square  yard, 
or  ea<^  of  them  will  eridwtly  make  three  square  feet.  In  all 
eases  of  tbe  multiplication  of  two  fitctors  of  difierent  denomi- 
nations, the  relation  between  which  is  known,  it  is  veiy  easy 
to  reduce  or  change  the  product  to  squares  of  either  fector ;  for 
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we  have  only  to  multiply  it  by  the  nnmber  of  times  that  the 
greater  fiictor  in  contained  in  the  leaa,  in  order  to  get  squares  cd 
the  lesa  &ctoT,  or  to  divide  it  by  the  number  of  timea  that  the 
greater  contains  the  less,  in  order  to  get  squares  of  the  greater 
factor.  Thus,  for  instance,  if  one  &ctor  were  feet,  and  the 
other  inches,  we  could  reduce  the  product  to  square  inches  hy 
multiplying  it  by  12,  the  number  of  inches  in  a  foot ;  or  we 
could  reduce  it  to  square  feet  by  dividii^  by  12,  the  number  of 
inches  in  a  foot.  There  is,  of  courae,  nothing  peonliar  in  the 
mere  feet  of  the  dimensions  in  this  case  being  feet  and  inches ; 
for  if  they  were  any  other  measures  whatever,  exactly  the  same 
princqilea  would  apply,  and  we  should  have  nothing  more  to  do 
ibaa  to  multiply  by  the  number  of  the  less  which  the  greater 
contuned,  in  order  to  get  sqnares  of  the  less,  or  to  divide  by 
the  same,  in  order  to  get  squares  of  the  greater. 

As  in  the  case  of  the  product  of  two  quantities  or  numbers,  it 
is  of  no  consequence,  that  is,  produce*)  no  effect  npon  the  value, 
though  the  factors  are  made  to  change  places  by  the  muldplier 
being  ma3e  multiplicand,  and  tiie  mnltiplicand  multiplier; 
as,  for  instance,  a  and  b  being  any  quantities  whatever,  and 
consequently  the  rqiresentatives  of  all  quantities,  the  product 
a  6  is  exactly  equal  to  the  product  b  a,  and  the  one  might  in 
any  case  be  substituted  for  the  other ;  so,  when  a  rectangle  is 
e:q>ressed  by  tlie  product  of  its  length  and  breadth  as  fiictors,  it 
makes  no  alteration  in  the  value,  or  even  the  form  of  the 
rectangle,  whether  the  one  &ctor  oi  the  other  is  considered  as 
length,  provided  that  the  other  one,  which  is  understood  to 
stand  at  ri^t  angles  to  that  one  in  the  figure,  is  considered  as 

-  loeadth.  Thos,  if  the  length  and  breadth  of  any  rectangle,  are 
repieeented  by  two  lines  a  B,andBc,  which  of  course  mean  any 

.  lines  whatsoever,  because  neither  of  them  is  restricted  to  any 
h  expressed  or  exprestdble  by  a  number,  the 
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araaof  the  reetan^e  is  either  abxbc,  otboxab,  ^ufli 
products  arc  perfectly  idaitical,  aai  either  of  them  iniglit  be 
with  die  iDoet  perfect  acciuocj  suhstituted  for  Um  other;  bo 
also  if  the  base  and  petpendicutar  of  a  trian^e,  which  are  the 
length  and  breadth  of  the  rectangle,  which  is  esoMy  double 
&t  triangle,  are  repnaented  getterally  by  the  algebraical  ex- 
pretBioiu  a  and  b,  or'  geometricallf  by  two  lines  a  a  and  b  o, 

,,  .,  .  «A    ba     ABXBO    BC    XAS        „  „ 

then  the  expressions  — ,  —  , , ,  all  equally 

represent  the  area  of  the  triangle ;  and  to  apply  them  to  any 
case,  it  is  only  neceasary  to  state  the  value  of  a  and  b  in  num- 
bers, or  those  of  a  b  and  b  c  in  lines,  to  obtain  the  practical 
expreadon  which  correctly  repnaenta  the  T^ne  of  that  partum- 
ticulai  triangle  as  expressed  in  numbets,  or  by  measures,  it 
being  generally  imderBtood  that  the  measores  of  the  two  lines 
Bra  of  the  same  denomination,  so  that  the  prodact  without  any 
reducticm  nprasents  squares  of  the  lineal  measure,  which,  how- 
ever, is  not  absolutely  neoc«ary  as  afiecting  the  general  prin- 
cq>le ;  because  the  product  of  unequal  denominatiiHis  can  be 
reduced  to  squares  of  either  of  the  two,  by  multiplying  ta 
dividing  by  the  ratio  (rf  the  greater  to  the  lees,  as  was  explained 
in  the  preceding  part  <^  this  article. 

6.  By  means  of  this  perfect  correspondencB  between  rect- 
angles and  the  products  of  nomben  expressing  die  lengths  and 
breadths,  that  is,  the  crnitaining  sides  of  those  rectangles,  w« 
ara  enabled  to  compara  sur&oeB,  and  determioe  their  equality  or 
inequality  in  a  far  more  simpla  manner  than  can  be  done  by 
geometry  alone ;  and  though  this  mode  c^  comparisna  through 
the  medium  of  numbers  is  not  so  direct,  or  immediately  ^>pB- 
rent  to  the  eye  as  the  geometrical  comparison  <^  the  rectangles 
themselves,  actually  drawn  m  a  di^rvn,  and  palpable  to  the 
•ye,  yet  it  possesses  other  advantages  over  the  geometriod 
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method,  in  addition  to  the  iact  of  its  being  more  geueml,  and 
more  dmple.  It  enabteB  hb  to  the  caxty  the  geometrical  tmth 
with  equal  fbree  and  cleaniMa  into  those  Bubjecta  which  do  m^ 
admit  of  geometrical  representation.  For  instance,  it  enables 
UB  to  examine  compound  ratios,  or  those  which,  result  from  the 
multiplication  of  the  cone^nding  t«TmB  of  given  ratios ;  and 
to  do  thin,  not  only  m  the  case  of  two  ratios,  v^iich  is  as  for  as 
the  elements  of  plane  geometry  can  cany  hb,  in  u  much  as 
those  elements  involve  no  higher  power  than  a  surface,  bat 
&Tther  even  than  the  elements  of  solid  geometiy  can  cany  ns; 
fiw  these  do  not  extend  beyond  a  solid,  which  is  the  product  of 
three  factors  standing  to  each  other  in  the  relatioQ  of  length, 
/'breadth,  and  thickness.  If  we  make  nae  of  a  fourth  &ctor,  or 
a  third  multiplicBtkni,  the  result  which  we  obtuu  is  taken  out 
of  the  class  of  geometrical  quantities  alt<^ether ;  and  can  hare 
no  meaning,  unless  we  conuder  three  of  the  feetArs  as  length, 
breadth,  and  thickness,  and  the  fourth  factor  as  a  number  mul- 
tiplying the  solid  of  which  they  are  the  dimensions ;  or  two  of 
the  factors  as  Icmgtb  and  breadth,  and  the  product  of  the  other 
two  as  multiplying  the  surface  of  which  these  two  are  the 
dimensions ;  or  one  of  the  fectors  as  a  line,  and  the  product  of 
the  other  three  as  multiplying  the  length  of  that  line. 

But  when  we  are  released  from  the  restnunt  wbii^  the  geo- 
metries! consideration  impose  upon  us,  by  tying  ns  down  t« 
the  single  factor  as  a  line,  the  two  JacloTH  as  a  sorfiice,  and  the 
three  factors  as  a  solid,  we  are  enabled  to  institute  comparisoBB 
by  means  of  any  number  of  facton  or  of  multiplications  that 
we  please ;  and  the  relations  of  the  products  of  thoee  beton  are 
perfectly  understood,  and  eqnally  true,  whether  the  factors 
themselves  are  or  are  m>t  quantities  which  it  is  possible  to 
express  by  lines.  This  generalisation  of  the  property  of  a  rect- 
angle, of  being  always  ezptesnble  by  the  product  of  Om  length 
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and  breadth,  in  die  extending  of  it  to  all  qnsntities  wluitsoeTer, 
of  which  the  values  can  he  expressed  either  hy  dngle  expres- 
nons,  or  by  the  relations  of  other  e^resdons,  which  is  the 
only  means  of  accontely  expressing  in  commensurable  quan- 
tities— this  generalisatiott  is  one  of  the  most  useful  in  the  whole 
range  of  the  mathematical  Bcieuces ;  and  it  ia  the  one  wtiich 
enablee  ns  to  bring  the  force  of  geometrical  troth,  and  the 
cleameaa  of  geometrical  conviction  into  the  busineas  of  commim 
life,  and  into  every  speculation  in  knowledge,  and  every  plan 
in  any  occupation  whatsoever,  to  which  reasoning  can  be  mode 
to  i4>ply.  It  has  also  this  additional  advant^,  that  how  &r 
soever  we  may  carry  our  reasoning  by  analogy,  oor  analogies, 
in  order  to  be  sound  in  their  prt^r^as,  and  true  in  their  ulti- 
mate condoaiona,  must  be  geometrical  in  every  individual  step, 
how  much  soever  the  results  may  be  complicated,  beyond  the 
three  dimennons,  which,  as  wo  have  said,  and  as  every  one 
must  perceive,  form  the  ultimate  limit  beyond  which  no  purely 
geometrical  magnitudes,  as  a  real  and  separate  existence,  which 
can  be  set  apart  and  contemplated,  as  a  subject  of  thought,  in 
itself  and  without  necessary  aUunon  or  analogy  to  other  sub- 
jects, can  extend. 

Thus,  for  instance,  every  change  which  we  can  by  powibility 
produce  upon  any  quantity  or  existence  whatsoever,  can  always 
be  referred  to  on  increase  or  a  decrease  of  it ;  and  in  the  case 
of  known  quantitiea,  both  the  increase  and  the  decrease  may, 
in  every  case,  be  considered  as  the  rasults  of  mnltiplicationa ; 
£)r,  if  there  is  something  added,  this  addition  must  be  of  known 
value  in  terms  of  that  to  which  it  is  added,  before  we  can  express 
the  sum ;  and  therefore  the  som  will  always  be  the  original 
quantity  multiplied  by  1  -f  the  ratio  of  the  addition  to  the 
sud  original  quantity.  In  like  manner,  if  tiie  difierence  is  a 
•nbtraction,  the  remcunder  can  always  be  expressed  by  the 
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product  of  the  ordinal  quantity  mnltlplied  by  1 — the  ratio  rf 
the  subtracted  part  to  the  original  quantity. 

By  viewing  the  matter  in  this  light,  we  get  a  dear  and  dis- 
tinct notion  of  the  two  parts  of  which  every  result  muBt  be 
made  np ;  namely,  the  quantity,  and  the  operation,  or  as  we 
express  it  in  matters  of  common  bowiess,  the  materials,  and 
the  work  done.  The  last,  the  work  done,  or  tbe  operation 
performed,  whatever  it  may  be  in  the  result,  is  never  in  itself  a 
geometrical  quantity,  because  action,  of  whatever  kind  it  may 
be,  cannot  be  in  itself  a  line,  a  surface,  an  angle,  era  soLd;  and 
as,  even  in  the  most  rig^d  geometry,  it  is  impossible  to  imagine 
the  very  simplest  problem  to  be  performed,  or  the  most  obvious 
result  to  be  arrived  at,  without  the  performance  of  some  degree 
of  Bome  kind  of  action,  the  geometer  is  forced  tacitly  to  assume 
the  &ct  of  this  performance ;  and  this  assumption  of  a  necessary 
elemeid,  which  bom  its  veiy  nature  does  not  admit  of  geo- 
metrical definition.  Is  the  line  by  which  geometrical  reasoning, 
and  common  reasoning  in  the  business  of  life  are  cut  asunder, 
and  rendered  in  a  great  measure  inapplicable  and  useless  to  each 
other ;  instead  of  being,  as  they  are  in  truth,  the  two  pillars 
which  support  the  mind  in  every  judgment  which  it  can  form, 
and  the  two  hands,  as  it  were,  by  means  of  which  it  grasps,' 
conducts,  and  accomplishes  every  object  of  which  it  has  pre- 
viously taken  the  proper  view,  and  seen  that  the  accomplish- 
ment is  possible,  and  the  data  sufficient  for  arriving  at  it. 

In  cases  of  direct  multiplication  and  division,  we  are  brought 
immediately  to  the  geometrical  correspondence  of  the  two. 
factors  to  the  length  and  breadth  of  a  rectangle,  and  the  product 
as  the  area  or  surface  of  that  rectangle ;  and  as  each  multipli- 
cation, in  the  case  of  any  number  of  factors,  however  numerous 
or  however  unlike  each  other  they  may  be,  is  still  nothing  but 
the  multiplication  of  two  &ctors,  each  step  is  reduced  to  the 
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amplidtf  of  tbe  geometrical  truth.  It  ia  the  some  in  cases  of 
diridon,  how  often  Boevei  we  divide ;  for  a  diTision  hy  any 
number  or  quantity  prodncca  exactly  the  some  result  as  multi- 
f^ying  by  tke  ledprocal  of  that  quantity,  that  is,  by  1  divided 
by  the  divinor ;  or,  if  we  call  the  diviBor  a,  which  may  repi«- 
sent  cTeiy  poemble  uamber  and  every  imputable  qnantity, 
whether  espieaaible  by  nambers  or  not,  and  call  the  dividend 
which  ia  to  be  divided  by  it  b,  then  the  quotient  will  be 

—  bx-,  which  is  nothing  more  than  once  6 divided  by  a,  or 

umply  b  divided  hy  a,  that  is,  -,  the  fractional  exprea^on  for  a 

quotient  as  it  has  been  previouiily  explained. 

7.  The  genenl  relation  which  we  have  endeavoured  to  ex~ 
plain  in  the  preceding  article,  and  which  ought  to  be  duly 
studied  and  worked  oot  by  every  one  who  wishes  to  have  a 
knowledge  of  mathematica,  whether  general,  geometrical,  or 
arithntettcal,  enablea  us  to  umplify  greatly  all  our  reaaonings 
concerning  figures  which  are  rimilar  but  not  equal,  and  those 
which  are  equal  but  not  similar ;  (md  the  first  and  simplest 
amplication  ia  that  to  figures  described  on  the  whde  and  the 
several  parts  of  a  line,  or  on  a  line  equal  to  the  sum  of  two  or 
more  lines,  and  also  on  those  lines  taken  singly  or  together  in 
any  order. 

Upon  looking  bade  to  the  diagram  in  article  4,  which  enabled 
us  to  show  that  the  aqnare  upon  the  hypotenuse  of  a  right* 
angled  triangle,  is,  in  all  cases,  exactly  equal  to  the  Bum  of  the 
squares  <ai  the  two  sides  containing  the  right  angle,  it  will  be 
be  Been  that  the  square  of  the  som  of  the  udes  containing  the 
right  angle  is  equal  to  fbnr  times  the  rectangle  or  product  of 
those  sides,  together  with  the  square  of  the  difierence.  But  [the 
triangle  in  that  diagram  is  any  right.angled  triangle  whatsoever, 
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consequentlj-  the  two  sides  containing  the  right  angle  are  any 
two  lines  whatsoever,  and  may  be  represented  by  two  letters,  a 
and  6  for  the  general  expression,  or  by  nnmbers  for  any  given  par- 
ticular case.  Therefore,  we  may  state  generally,  that  the  sfinore* 
of  the  sum  of  two  quantities  Is  equal  to  fonr  times  the  product 
of  the  quantities,  together  with  tUe  square  of  their  difierence, 

Thns  if  a  is  the  greater  quantity,  b  the  less,  and  d  the  dif- 
ference, the  e^ressioa  is, 

for  as  (j  is  the  difference,  then  a:=c-)-iJ,  or  a+e^2e^d;  con- 
sequently (o4-c)  '=(2e  +  d)». 

If  we  expxoBB  the  sum  of  the  two  quantities  in  terms  of  c  and 
a,  it  is  evidently  2e+a;  for  the  sum  is  equal  to  twice  the  leas 
together  with  the  difierence.    By  squaring  this,  we  obtain, 

the  first  and  second  terms  of  which  express  four  times  the  rect- 
angle, or  pioduct  of  the  given  quantities  a  and  e ;  for 
a=e+d 
Multiply  by c 

and a  c=c*  +  e  d  ;    conseqnently,   four 

times  acis     .    .    .    .      =4c*+4  c  if,  to  which  add  d* ; 

and  the  sum  is,   .    .     ic^+4e  d-^-d^  asbefore. 

If  we  had  taken  the  expresdon  for  c,  in  terms  of  d,  by  mak- 
ing it  a — d,  then  the  sum  of  the  two  quantities  would  have 
been  ecxpreesed  by  2  a  — d;  and  the  sfiuare  of  it  by 

4:a'  —  iad+d*; 
the  first  and  second  terms  of  which  ase  of  exactly  the  same 
nine  as  those  of  the  former  expresuon,  in  which  the  whole 
v&hie  was  taken  in  terms  of  c ;  and  if  we  leave  oat  of  both  the 
common  term  d  %  the  leaving  out  of  which  cannot  produce  any 
difierence,  then  we  have. 
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Henoe,  fom  times  the  square  of  the  len  quantity,  together 
with  limr  times  the  product  between  the  less  quantity  and  the 
difference,  is  equal  to  fonr  times  the  rectangle  or  product  of  the 
quantities  ;  and  fonr  times  the  square  of  the  greater,  wanting^ 
four  times  the  rectangle  or*  product  of  the  greater  and  the 
difTerenee,  is  also  equal  to  four  tiioes  the  rectangle,  or  product 
of  the  two  quantities. 

8.  Upon  again  looking  back  at  the  same  diagram,  it  will  be 
manifest  from  mere  i]i^«clioD  that,  whatever  the  lengths  of  the 
two  aides  a  b  and  b  o  iucluding  the  right  angle  may  be,  tile 
four  angles  of  tlie  square  upon  the  hypotenuse  must  always  be 
upon  the  sides  of  the  larger  square,  which  is  constructed  upon 
the  sum  of  the  other  two  sidea  of  the  triangle,  and  must  divide 
each  of  the  sides  of  that  square  into  two  ports  exactly  equal  to 
the  udes  about  the  right  angle.  Also  it  will  be  seen  that  the 
parts  of  the  laiger  square  situated  external  of  the  square  of  the 
hypotenuse,  must  in  every  case  be  equal  to  four  times  the  area 
of  the  r^;ht-ai^led  triuigle,  or  to  twice  the  product  or  rectangle 
of  the  mdes  a  b  and  b  c,  which  contun  the  right  angle.  The 
square  of  the  hypotenuse  is  equal  to  the  same,  namely,  four 
times  the  area  of  the  triangle,  or  twice  the  product  of  a  b  and 
H  c  together  vritb  the  square  of  a  b,  the  difference  between  a  b 
and  B  c.  While  the  sum  of  the  ^des  remains  the  same,  the 
square  of  tiiat  sum  must  also  remain  the  same,  whatever  may 
be  the  difference  between  the  two  sides  themselves,  and  of 
their  squares  as  depending  upon  their  respective  lengths.  If 
the  sides  are  equal  to  each  other,  then  the  square  of  the  hypote- 
nuise  will  fall  exactly  upon  the  middle  of  each  side  of  the  larger 
square,  that  is,  its  angles  will  bisect  the  sum  of  the  sides;  and 
in  tills  state  of  things  the  square  of  the  difference  will  vanish, 
because  the  difference    itself   vanishes.      Consequently,  the 
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aquare  of  the  som  of  tbc  sides  will  be  exactly  double  the  square 
of  the  bjrpotenuse,  and  the  square  of  the  hypotenuse  exactly 
double  the  square  of  either  of  the  sides,  or  four  times  the  area 
of  the  triangle.  There  are  some  condu^ons  resulting  from 
this  which  are  worthy  of  attention. 

In  the  first  place,  we  get  a  general  expression  for  the  diame- 
ter or  di^onal  of  a  square  in  terms  of  the  aide  of  that  square. 
The  diagonal  of  a  squMe  has  the  same  relation  to  the  sur&ce  of 
the  square  as  any  diameter  of  a  parallelogram  has  to  the  sur- 
foce  of  that  parallelogram,  that  is,  it  divides  the.  surface  into 
two  equal  parts ;  bnt  it  has  another  property  which  does  not 
belong  ta  the  diameter  of  any  parallelogram  bat  a  square,  and 
therefore  It  gets  a  difl^ient  name,  namely  the  diagonal,  which 
means  that  which  divides  into  two  equal  parts  each  of  theangles 
which  it  joins.  Diameter  literally  means  "  through  the  mea- 
sure," or  dividing  the  space  or  surface  into  two  equal  parts,  while 
dii^nal  means  "  through  the  angles,"  or  dividing  them  into 
equal  portions  at  each  extremity.  It  will  be  readily  understood 
tliat,  as  the  sides  of  the  square  are  equal,  the  sum  of  their 
squares,  which  is  also  the  square  of  the  diagonal,  must  be  equal 
to  twiee  the  square  of  one  of  them.  If^  therefore,  we  call  the 
ride  of  the  square  a,  the  square  of  thediagonal  will  be  expressed 
by  2«=,  and  the  diagonal  itself  by  V  {2o=.)  Now,  2  a*  is  a 
product  of  two  factors,  the  one  of  which,  a*  is  a  complete 
square,  and  the  other,  2,  is  not.  Thus,  the  product  can  be 
resolved  into  two  factors,  only  one  of  which,  namely  the  &ctor 
2,  is  affected  by  the  radical  sign ;  that  is,  the  expression  may 
be  reduced  to 

or  in  words,  to  find  the  diagonal  of  any  square  of  which  the 
side  is  given,  multiply  the  side  by  the  square  root  of  the  num- 
ber 2 ;  and  to  find  the  side  of  any  square  oi  which  the  diagonal 


B>  Google 


466  nuABE  SOOT  of  2. 

is  given,  divide  the  diagon^  by  the  aqnue  root  of  2.  The 
aqaare  root  of  2  is  an  irrational  number,  incapable  of  being  ac- 
cureuly  expreased  by  any  fractum,  because  2  is  a  whole  num- 
ber, not  an  exact  square,  and  therefore  its  root  cannot  be  any 
fractional  number  whatever,  I^  however,  we  find,  by  the  rule 
formerly  given  for  the  extraction  of  the  square  root,  and  extend 
the  operation  to  five  places  of  decimals,  we  have  the  square  root 
of  2  = 

l-4I42  1&e., 
which  is  near  enough  for  aU  common  purposea,  either  for  find- 
ing the  diagonal  from  the  side,  or  the  side  irom  the  diagonal. 

The  very  same  principle  which  leads  us  to  this  conclusion, 
enables  us  to  compare  the  rectangles  of  the  two  8^;ments  of  a 
line  when  it  is  divided  into  two  equal  parts,  and  also  into  two 
unequal  ones ;  or,  which  is  the  same  thit^,  it  enables  us  t« 
compare  the  product  of  two  numbers  or  quantities  with  the 
square  of  half  their  sum ;  and  from  the  mere  composition  of 
the  figure  it  will  be  perceived,  that  the  square  of  the  half  sum 
eKceeds  the  rectangle  or  product  by  the  square  of  the  half  dif- 
ference ;  because  four  times  the  rectangle  or  product  of  the  two 
sides,  together  with  the  square  of  the  whole  difierence,  is  alwa^ 
equal  to  the  square  of  the  sum,  or  four  times  the  square  of  the 
half  sum.  If  we  divide  these  equals  each  by  four,  we  obtain 
quotients  having  the  some  ratios  to  eaeh  other  as  the  quantities 
divided ;  and  as  these  quantities  are  equal,  the  quotients  must 
also  be  equal ;  and  those  quotients  are  the  rectangle  or  prodact 
of  the  two  quantities,  together  with  the  square  of  half  their 
difference  in  the  one  case,  and  the  square  of  half  their  sum  iu 
the  other.  This  principle  is  very  simple ;  but  as  it  enters  into 
some  others  which  are  rather  more  complicated,  it  may  not  be 
improper  to  give  an  illustration  of  it  in  general  terms. 

For  this  purpose,  let  2  a  represent  the  length  of  any  line 
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ichateyor,  and  half  the  length  of  that  Ime  is  of  course  1  a,  or 
simply  0,  and  its  square  is  a*.  Let  this  line  be  divided  into 
two  unequal  paita,  of  which  the  diilerence  ia  2  d,  and  it  h  equally 
evident  that  the  larger  segment  will  be  expressed  hy  a+d  and 
the  less  s^;ment  hy  a — d.  Multiplying  a+dby  a — d,  we 
obtain  a' — d\  that  is,  the  square  of  the  half  sum  exceeds  the 
rectangle  or  product  of  the  two  ouequal  parts  by  the  square  of 
the  half  difference. 

9.  If,  in  a  right-angled  triangle,  one  of  the  mdes  containing 
the  right  angle  is  double  the  other,  the  hypotenuse  is  equal  to 
the  side  which  b  half  the  other  multiplied  by  the  square  root 
of  the  number  5. 

This  also  follows  ^m  the  comparison  of  the  squares  of  the 
two  ddea  with  that  of  the  hypotenuse,  and  the  perfect  equality 
idiich,  in  all  cases,  subsists  between  them.  If  the  one  side  is 
double  the  other,  its  square  is  four  times  that  of  the  other,  and 
consequently  the  sum  of  their  squares,  which  is  equal  to  the 
square  of  the  hypotenuse,  is  five  times  the  square  of  that  other, 
and  the  hypotenuse  itself  is  the  root  of  this  square.  Thus,  let 
a  be  one  of  the  sides,  e  the  other,  and  b  the  hypotenuse,  and  let 
c  =  2u;then,— 

6«  =  a=+c^;but 
0^  =  40*;  therefore, 
b^=5a' ;  and  consequently. 

Now  this  last  expression  for  6  is  resolvable  into  two  factors,  one 
of  which,  a  %  is  a  complete  square,  and  the  other  a  number  not 
a  square,  therefore  tUey  may  be  separated,  and  we  may  «-rite 

b^a  ^  G, 
the  Djeaning  of  which  in  words  is,  that  6  the  hypotenuse,  is  equal 
to  a,  the  side  which  is  half  the  other,  multiplied  by  the  square 
root  of  the  number  5.    d  is  a  whole  number,  not  a  complete 
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square,  and  therefore  its  square  root  caa  be  found  only  to  an 
approximate  value ;  and  this  value  extended  to  the  fifUi  place 
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9,  If  to  the  square  of  the  Bum  of  any  two  quantities  the 
square  of  either  quantity  is  added,  the  sum  of  these  two  sqnam 
ia  double  that  of  other  two  squares,  namely,  the  square  of  half 
the  quantity  where  square  is  nut  added,  and  the  sqmiTe  of  the 
sum  of  that  half  and  the  quanti^  which  is  added. 

Thus  if  a  and  6  are  any  two  quantities  whataoerer,  then, 
{a+fi)»=2(M+Cio+6)»); 
and  aaaorb  may  indifferently  be  the  greater  quantity,  for 
each  of  the  letters  stands  for  any  or  all  quantities  whatsoever, 
they  might  be  made  to  chai^  places  in  their  expressions  with- 
out in  the  least  afiectii^  the  truths  which  the  expressions 
involve. 

This  proposition  might  be  enunciated  in  a  different  manner 
as  follows : 

If  the  one  of  two  quantities  ia  divided  into  two  equal  parts, 
the  square  of  the  sum  of  the  quantitiea,  and  the  square  of  the 
undivided  quantity  are  together  equal  to  twice  the  square  of  the 
undivided  quantity,  and  tvrice  the  square  of  the  sum  of  the 
undivided  one  and  half  the  divided.  This  may  be  shown 
either  generally  in  respect  of  all  quantities  whatsoever,  or  par- 
ticularly in  respect  to  geometrical  quantities;  and  as  it  ia  a 
principle  of  some  importance,  we  shall  endeavour  to  show  the 
truth  of  it  in  both  ways. 

First,  generally  or  algebraically : — Let  a  and  b  be  the  two 
quantities ;  and  as  it  is  perfectly  indifferent  which  of  them  we 
connder  as  the  divided  one,  let  a  be  divided  into  two  equal  part^, 
and  let  c  represent  the  half  of  a;  that  is,  leta  equal  2  c.  Then 
the  truth  to  be  shown  is,  that 
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(3c+6)*+6«=2(c»+(6+c)'): 
and  if  we  cod  show,  hy  the  performance  of  the  requisite  tnulti- 
plicatioQS,  that  those  qnantitiea  which  have  the  sign  of  equality 
between  them  are  equal,  that  is,  reducible  to  the  same  expres- 
sions, then  the  truth  of  the  proposition  will  follow,  aa  a  matter  of 
couTse.  Now  if  we  multiply  2  o  -f  A,  by  2  e+b,  the  product  is 
tlie  square,  and  it  is, 

4e»+46c+6*, 

odd  fr *      .         .         .         .         b^ ;  and 

thesumis.  4c* +4  6c-|-  2  b*,  the  half  of  which 

is     .  .  .        2o'  +  26c+6«; 

and  if  we  can  show  that  twice  e'  together  with  twice  the 
square  of  b+e  amounts  to  the  same  expreadon,  the  truth  of 
our  proportion  will  be  established.  Now  the  square  of  b+c, 
or  transposing  the  letters,  which  does  not  alter  the  value  as  it 
is  still  the  same  sum,  e+b  is, 

cS+26c,-)-J<'; 

addc*        .         .    c«  and 

thesumis  .         .    2e^+2bc+b% 
whi(^  is  exactly  the  same  as  the  former  expression ;  and  there- 
fore, the  square  of  the  sum,  together  with  that  of  one  of  the 
quantities,  is  double  the  square  of  the  other  quantity — and  the 
square  of  the  sum  of  that  quantity  and  half  the  first,  one. 

Secondly,  we  shall  endeavour  to  point  out  the  truth  of  this 
geometrically,  or  as  it  applies  to  lines ;  and  for  this  purpose  it  is 
usually  enunciated  in  these  terms :  "  If  a  straight  line  be 
bisected,  and  produced  to  any  point ;  the  square  of  the  whole 
line  thus  produced,  and  the  square  of  the  part  of  it  produced, 
are  togedier  double  the  square  of  half  the  line  bisected,  and  of 
the  8quar«  of  the  line  made  up  of  the  half  and  the  part  pro- 
duced." 
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In  order  to  show  this,  we  introduce  the  foUowing-  diagram  : 


-S 1 8 

<•  t'  tc 

J 1 

i'c  (c  {•  >> 


Let  A  B  and  b  c  be  any  two  straight  lines  whatsoever,  which 
are  placed  in  the  same  straight  line  merely  for  the  sake  of  con- 
venience ;  and  let  the  line  a  b  he  bisected  or  divided  into  two 
equal  parts  in  the  point  o,  so  that  c  and  c  are  equal  to  each 
other  and  halves  of  a  b,  which  is  marked  off  by  the  bracket 
and  named  a  above  the  same ;  and  b  c  is  named  b  in  like  man- 
ner, in  order  that  the  nomenclature  may  correspond  exactly 
with  that  previonaly  used  in  the  general  teaaonii^.  This  being 
understood,  draw  any  other  line,  as  2,  fi  ;  make  e  and  e,  on  each 
side  of  10  equal  to  halves  of  a  b  or  of  a;  and  make  A  and  t,  one 
extending  to  3,  and  the  other  from  3  to  5.  2,  3,  is  the  sum  of 
a  and  b,  that  is,  of  a  n  and  b  c  ;  and  3,  5,  is  equal  to  b,  that  is, 
to  B  c.  Upon  2, 3,  describe  the  square  1,  2,  3,  4,  and  it  is  the 
square  of  the  sum,  that  is  of  a+b,  and  upon  3,  G,  beginnii^ 
where  2,  3,  ends,  describe  the  square  3,  6,  6,  7,  and  it  is  the 
square  of  S.    Bisect  7,  4,  in  8,  and  through  8  draw  8,  9,  panllet 
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to  1,  i,  and  continue  it  till  it  meetB  i,  2;  also  through  10,  the 
bisection  of  a,  and  11  the  point  where  a  and  6  terminate,  draw 
paraJlela  to  1,  2,  or  to  3,  4,  and  continue  them  till  they  meet 
1,  4,  The  sides  of  the  square  1,  2,  3,  4,  are  similarly  divided 
into  three  parts,  one  part  of  each  being  respectively  equal  to  6, 
and  each  of  the  remcuning  two  to  e,  that  is,  to  the  half  of  a. 
The  lines  which  ctosb  the  sqnate  in  both  directions  are  parallel 
to  each  other,  and  to  the  sides  of  the  square  ;  and  if  the  nine 
parts  into  which  the  surface  of  ttvc  square  is  divided,  four  and 
also  other  four  are  equal  to  each  other,  and  they  are  squares 
or  rectmigles  accordingly  as  the  ades  about  any  one  of  tliein 
&re  equal  or  not  equaL 

It  is  not  necessary  formally  to  [«ove  the  parallelism  of  the 
lines,  or  the  equality  of  the  corresponding  figures  into  which 
they  divide  the  square ;  for  the  opposite  aides  of  the  square  are 
parallel;  and  as  the  lines  which  intersect  the  square  were  made 
parallel  to  one  of  those  ades,  they  must  also  be  parallel  to  the 
other.  Also,  as  the  angles  of  the  square  are  right  angles,  all  the 
aisles  which  the  iDteisecting  lines  make  with  each  other,  or 
with  Uie  udes  of  the  square,  must  also  be  right  angles ;  so  that 
^e  equal-sided  portions  are  necessarily  squares,  and  the  une- 
qual dded  ones  paTallelograms. 

Let  us  now  examine  and  see  what  is  the  value  or  surfiice  of 
both  squares,  in  terms  of  the  lines  e  and  b.  We  need  not  prove 
that  the  square  3,  S,  6,  7,  is  the  square  of  6,  because  it  was 
made  the  square  of  6.  The  adjoining  square,  in  which  6'  is 
marked,  is  also  the  square  of  6,  for  its  side  II,  3,  wag  made 
eqnal  to  b.  Abutting  on  the  dotted  sides  of  this  square,  there 
are  four  rectangles,  two  upon  each  side,  and  they  are  respec- 
tively the  rectangles  of  i  X  c ;  for  one  of  the  contwning  sides  of 
each  of  them  was  made  equal  to  b,  and  the  other  equal  to  e. 
There  remain  only  the  fbur  small  squares  on  the  reader's  left 
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hand,  toward  the  top  of  the  diafpram ;  and  u  all  the  odea  of 
each  of  these  is  by  the  constrnction  equal  to  e,  each  of  them  is 
the  square  of  c. 

If  we  collect  the  sereral  parta  of  whidi  the  two  Bquaiea  are 
made  np,  we  hare, 

Firrt,  four  times  the  aqnare  of  c  ; 

Secondly,  four  times  the  rectangle  b  e ;  and 

Thirdly,  twice  the  gquare  of  b. 
If  ne  now  examine  the  square  npon  10,  3,  which  is  the  snin 
of  c  and  A,  that  is,  the  aqnsre  10, 9,8,3,  we  find  that  itcootaine, 
what  we  fotmerfy  showed  to  be  the  content  rf  the  square  of 
the  sum  of  any  or  of  every  two  quantities,  the  Bom  c^  tbeii 
squares,  and  twice  their  rectangle  or  prodnct— in  dw  preaent 
case  the  square  of  e,  the  square  of  b,  and  twice  (  X  c.  If  to 
these  we  add  the  sqnve  of  c,  we  haye  the  whole  eqoal  to 

which  is  exactly  half  the  content  of  the  two  squarw  which 
make  up  the  diagram ;  and  as  c  is  in  ereiy  instance  an  expres- 
sion for  half  the  given  line  a  n,  t  the  expreasion  for  the  given 
line  B  o,  and  b  +  e  the  exprcMon  for  the  line  which  is  made 
up  of  the  half  of  A  sand  the  whole  of  b  c,  the  trutii  ia  geome- 
trically apparent. 

There  are  several  other  trutha  of  a  somewhat  nmple  nature, 
which  are  apparent  from  rimple  inspection  of  the  same  diagram ; 
first,  (but  that  was  sufficiently  explained  in  a  former  section,) 
we  have  the  square  of  the  sum  of  c  and  6  =  ("  +  26C  +  6*. 

Secondly,  we  have  the  square  of  b  and  the  half  of  o,  that  is, 
the  square  of  6  +  o  =  the  rectangle  under  a  +  b  and  b,  toge- 
ther with  tbe  aqoare  of  e.  For  2,  3,  7,  12,  is  the  rectan^e 
undera  +  ft  and  6;  audit  consists  of  2  6  c  +  6* ;  and  if  to  this 
we  add  c»,  we  liave  the  square  of  6  +  c,  or  (which  ia  the  same 
thing)  c  +  6,  as  above  stated. 
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Geometrically,  this  loet  troth  is  usually  enunciated  :  "  If  a 
straight  line  be  bisected,  and  produced  to  any  point ;  the  rect- 
angle contwned  by  the  whole  line  thus  produced,  and  the  part 
of  it  pitklucad,  hither  with  the  square  of  half  the  line  bieected 
is  equal  to  the  square  of  the  strwght  line,  which  is  made  up  of 
the  half  of  the  part  produced." 

10.  Some  Tery  usefiil  problems  may  be  peiftrmed  by  means 
of  the  principles  which  have  been  explained  in  the  preceding 
articles ;  and  indeed  as  squares  are  the  original  fonndations  of 
our  judgment  respecting  the  areas  of  figures,  they  are  the  best 
means  by  which  figures  can  be  compared  in  respect  of  their 
areas ;  and  as  every  figure  boouded  by  straight  lines  is  capable 
of  being  reduced  to  a  square,  this  medium  of  comparison  is  per- 
fectly general.  But  we  shall  proceed  to  the  more  uaefijl 
of  the  problems. 

First,  to  find  a  rectangle  whose  half,  fonrth,  eighth,  six- 
teenth, and  so  on,  proceeding  by  continual  bisection  or  divi- 
sion by  tvro,  shall  all  be  ^milor  to  each  other,  and  also  to  the 
rectangle  itaelf. 

It  k  obvious,  that  in  order  to  solve  the  problem,  we  must 
have  some  datum,  and  that  this  datum  must  be  either  the 
length  or  the  breadth  of  the  rectangle ;  because  in  every  rect- 
angle these  two  dimendons  are  quite  sntiScient  for  constructing 
the  figure  or  finding  its  sur&ce. 

Let  the  length  be  that  which  is  given,  and  the  problem  will 
be  rednced  to  finding  the  breadth,  in  order  that  half  the  rect- 
Euiglc  may  be  similar  to  the  whole.  Figures  are  similar  when 
the  sides  about  their  equal  angles  are  directly  proportional. 
But  the  breadth  of  half  the  rectangle  is  evidently  half  the 
length  ;  and  this  half  of  the  length  must  have  the  same  ratio 
to  the  breadth  of  the  rectangle,  as  that  breadth  has  to  the 
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length.  CalliDg  the  l^igth  a,  and  the  breadth  x,  wc  have  the 
following  proportion : 

*   ~  ■  X 

Or  multiplying  extremes  and  means,  and  expressing  their  pro- 
ducts as  equals,  we  have 

«*  =  — ,  and  consequently, 

.=  vi. 

In  words :  to  find  the  breadth  of  the  rectangle,  divide  the 
square  of  the  length  by  2,  and  the  square  root  of  the  quotient 
is  the  breadth. 

But  if  we  examine  the  expression, 

X—  v'— 

we  can  see  that  the  quantity  a  which  is  given  is  quite  general, 
or  may  be  expressed  by  any  number  whatsoever,  and  by  the 
number  1  as  correctly  as  any  other ;  and  if  we  consider  a  as  1 , 
we  shall  be  enabled  to  change  our  expression  into  a  multiplier ; 
for  if  a  =  1,  then 

le  =  ■^  —  becomes  x  =  ^^, 

for  1  is  the  square  of  1,  and  therefore  the  sign  of  the  toot  may  be 
taken  away.  Every  other  quantity  when  expressed  by  a  aum> 
her,  is  expressed  by  the  product  of  1  multiplied  by  the  ratio 
of  that  number  to  1;  and  therefore  we  have  in  the  square  root 
of  ^,  the  ratio  cf  the  breadth  of  the  rectangle  to  its  length;  and 
if  the  length  is  given,  we  can  find  the  bieadlh  by  multiplying 
the  length  by  the  square  root  of  ^.  In  ^,  the  numerator  1  is  a 
square  number;  but  the  denominator  2  is  not,  and,  therefore, 
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its  square  root  cannot  be  espieaged  by  any  fraction :  but  it  may 
be  approximated  decimally  with  sufficient  accuracy  for  prac- 
tical pnrposeB.  The  decimal  of  ^  is  5" ;  aod  if  we  find  the 
square  root  of  thia  in  the  manner  explained  in  the  section  on 
roots,  we  aKaU  find  it  to  be  ■  7  0  7 1  0  6  &c. ;  and  if  we  multiply 
the  given  length  by  this  number,  we  shall  ohtwn  the  breadth. 
The  second  figure  of  the  decimal  number  is  0 ;  and  thereftire  the 
first  figure,  namely  7,  is  as  accurate  as  the  first  and  second  7  0  ; 
consequently,  if  we  take  -^  as  our  multiplier,  we  shall  be 
correct  to  the  nearest  100th  part,  which  is  sufficient  in  many 
practical  cases-    Hence  we  have  the  popular  formula, — 

To  find  the  breadth  of  a  rectangle,  whose  half,  fourth,  and  so 
on,  dividing  continually  by  2,  shall  be  similar  to  the  whole, — 
multiply  the  length  by  7,  divide  by  10,  and  the  quotient  is  the 
breadth  to  the  nearest  100th  part. 

If  the  breadth  is  given  to  find  the  length,  it  is  merely  rever- 
sing the  operation ;  that  is,  multiplying  the  breadth  by  10  and 
divjdipg  it  by  7,  and  tlie  quotient  is  the  length. 

This  problem  is  nothing  more  than  a  particular  case  of  the 
finding  of  a  mean  proportional  between  any  quantity,  and  the 
half  of  that  quantity  ;  and  therefore  it  may  be  performed  geo- 
metrically in  the  same  manner  as  the  general  problem  which 
is  mentioned  at  page  44fi, 


Let  A  B  be  any  str^ght  line ;  produce  it  to  o,  until  b  c  is 
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equal  the  half  o(  a  b;  it  is  required  to  find  a  mean  proper- 
tional  between  a  b  and  b  c. 

Bisect  A  c  in  o,  and  from  a  as  a  centre,  at  the  distance  a  a 
or  o  c,  describe  the  semidrde  ado.  At  b  draw  the  perpendi- 
cular B  D,  meeting  the  drcumference  in  d,  and  b  d  is  the  mean 
proportional  required.  Join  a  d  and  c  D,and  the  angle  a  s  o  is  a 
right  ai^le,  being  in  a  semicircle ;  and  the  triangles  a  b  n,  d  b  o 
are  similar,  and  Iutc  their  ddes  opposite  the  equal  aisles  pro- 
portional. A  B  and  B  n  in  the  one,  and  s  n  and  b  o  in  the 
other,  are  opposite  equal  angles.    Therefore 

and  multiplying  extremes  and  means, 

A  B  X  B  c  =  B  B%  that  is, 
B  D  is  &  mean  proportional  between  a  b  and  b  o  ;  and  b  c  was 
made  equal  the  half  of  a  b,  therefore  it  is  a  mean  proportional 
between  a  line  and  the  half  of  tliat  line. 

Complete  the  pordlelc^fram,  by  drawing  the  dotted  line  n  e 
parallel  to  a  b,  and  a  i  parallel  to  b  d,  and  the  figure  a  b  s  b 
is  a  paniilelogram,  the  continual  bisection  of  which  will  form 
parallelogrami  similar  to  the  whole  and  to  eadi  other. 

It  is  not  a  little  remarkable,  that  this  rectangle,  which  pro- 
duces similar  rectangles  upon  being  bisected,  is  the  most  agree- 
able to  the  eye  of  all  rectangular  figures,  not  even  excepting 
the  square,  the  perfect  regularity  of  which  gives  it  a  tameness, 
and  impresses  one  with  the  idea  that  there  is  neither  up  nor 
down  nor  right  and  left  about  it.  But  when  a  rectangle  of  the 
proportion  above  stated  is  placed  with  its  longer  sides  perpen- 
dicular, aa  for  example  when  it  ie  8  window,  a  door,  or  any 
other  rectangular  aperture,  there  is  something  very  satisfiictoiy 
in  its  appearance  ;  and  if  it  is  contracted  with  another  rectangle 
which  is  either  longer  in  proportion  to  its  breadth,  or  broader 
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in  proportion  to  its  length,  these  are  sure  to  offend  the  eye  even 
of  one  who  is  little  accuetomed  to  the  study  of  fonns,  if  they 
are  presented  along  with  one  of  these  proportions.  Those  that 
are  longer  in  proportion  seem  lank  and  wire-drawn ;  while  those 
which  are  shorter  In  proportion,  seem  cramped  and  com- 
ppessed  by  their  own  weight. 

It  is  perhaps  not  less  remarkable,  that  this  proportion  of  form 
has  been  in  a  great  measure,  if  not  altogether,  neglected  in  the 
arts,  especially  in  modem  building,  where  the  rectangle  is  of 
such  constant  occurrence.  This  single  fact  shows  how  ill  the 
technical  ^sterns  of  Mathematics,  and  mare  especially  of  Geo- 
metry, are  adapted  for  useful  purposes ;  becaose  if  practical 
men  were  in  the  habit  of  going  beyond  the  merely  mechanical' 
use  of  the  problems  which  they  have  conned  by  role,  and 
availing  themselves  of  the  general  principles,  it  is  difficult  to 
see  how  they  could  by  possibility  have  overlooked  one  the 
advantages  of  which  are  so  great  and  at  the  same  time  so 
obvious. 

There  is  one  partlcnlar  branch  of  the  arts  in  which  the 
introduction  of  this  principle  would  be  attended  with  very 
pleaang  advantages,  and  that  is  the  manufacture  of  paper.  At 
present  a  sheet  of  paper  has  of  course  some  sort  of  shape ;  and 
though  the  shapes  of  differently  named  papers  vary  a  good  deal, 
we  believe  no  one  can  explain  why  any  one  of  them  should 
have  tlie  relative  lengtn  and  breadth  which  are  invariably  given 
to  it.  The  consequence  is,  that  books,  printed  on  different 
papers,  and  folded  into  different  numbers  of  leaves  per  dieet, 
are  of  many  different  forms,  and  the  greater  part  of  them  are 
offensive  to  theeye,  of  which  the  common  demy  12mo  is  a  very 
convincing  instance.  Now,  if  the  sheet  of  paper,  of  whatever 
size,  were  made  ia  the  proportion  of  the  rectangle  under  con- 
uderation,  ornearly  in  that  of  ID  long  and  7  broad,  then  all  the 
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foUiogs  of  BDch  a  sheet  into  numbera  expressing  the  powera  of 
2,  that  is  2  for  folio,  4  for  quarto,  8  for  octaTO,  and  bo  on  till 
the  HmaUeBt  sze  aeaeegary  for  any  useM  purpose  were  reached, 
would  be  aimilar  forma ;  and  each  of  them,  however  large  or 
however  small,  would  be  of  that  form  which  is  most  agreeable 
to  the  eye.  To  thoae  who  hare  not  reflected  upon  such  sub- 
jects, this  may  seem  to  be  a  matter  of  very  minor  importance  ; 
but  in  truth  it  is  not ;  for  there  is  no  one  object  that  can  come 
under  our  notice,  in  which  any  thing  repulave  to  the  feelings 
has  more  injurious  influence  than  in  a  book ;  and  any  one  who 
thinks  as  he  reads,  must  remember  many  instances  in  which 
he  has  felt  the  matter  of  the  book  rendered  uninviting  and  even 
repulsive  by  the  ungainliness  of  its  shape.  It  is  of  course  not 
meant  to  be  alleged  that  mere  shape  will  convert  a  dull  book 
into  an  interesting  one  ;  because  the  pleasure  we  derive  from 
the  contemplation  of  form  is  simply  a  matter  of  feeling ;  but 
there  is  no  doubt  that  the  value  of  a  good  book  may  be  greatly 
deteriorated  by  an  ugly  form,  just  as  the  most  important  truth 
nay  be  made  repulsive,  if  expressed  in  language  which  is  un- 
grammatical  and  vulgar. 

There  are  many  other  practical  applications  of  the  principle 
involved  in  this  problem  ;  hut  we  shall  content  ourselves  with 
only  one  more,  which  is  very  useful  in  the  perspective  repre- 
sentation of  a  circle  on  a  phwe,  oblique,  or  not  every  way  at 
right  angles  to  the  axis  of  the  eye.  In  order  to  draw  the  per- 
spective representation  of  the  circle  with  moderate  accuracy,  it 
is  necessary  to  determine  eight  points  in  the  circumference. 
Four  of  those  points  can  always  be  determined  by  bisecting  the 
square  of  the  diameter  by  two  lines  crossing  each  other ;  but 
the  four  points  intermediate  between  these,  namely  those  in 
which  the  circle  cuts  the  diagonals  of  the  inscribed  square,  or 
square  of  the  diameter,   cannot  immediately  be  determined 
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by  then 

a  little  n 


e  application  of  lines.    We  ahall  perhaps  make  this 
«  clear  by  introducing  « 


Let  A  B  c  D  be  a  square,  and  1,  S,  or  3,  7,  the  diameter  of 
the  larger  circle,  of  which  the  centre  is  o,  the  two  diameters 
1,  5  and  3  7,  and  the  two  diagonals  a  o  and  b  d,  obviously 
divide  the  circumference  of  the  circle  into  eight  equal  parts  in 
the  points  1,  2,  S,  i,  5,  6,  7,  8.  If  the  square  a  b  c  d  is  given, 
the  points  I,  3,  5,  7,  are  also  given,  because  they  are  at  the 
middle  or  bisection  of  the  sides  of  the  Bquare.  If  the  diagonals 
A  c  and  B  n,  which  are  also  given  if  the  side  of  the  square  is 
given,  are  drawn,  the  other  four  points,  2,  4,  6,  and  8,  must  be 
somewhere  in  those  diagonals ;  but  the  square  itself  furnishes 
no  data  &r  pointing  out  in  what  place  of  the  diagonab  tbey  are 
situated. 

Id  the  case  of  an  actual  square,  the  inscribed  circle  can 
readily  be  drawn,  and  it  will  cut  the  diagonals  in  the  points  2, 
4,  6,  and  8 ;  but  when  we  wteh  lo  make  a  perspective  repre- 
seatation  of  a  circle  in  an  oblique  plane,  the  circle  itself  is  the 
thing  sought,  and  therefore,  instead  of  using  the  circle  io  find 
the  points,  we  must  use  the  points  to  find  the  circle. 

Join  2,  4,  6,  and  8,  by  four  lines ;  and  the  %ure  which  they 
form,  as  its  sides  stand  upon  four  equal  arcs,  each  a  quadrant 
or  quarter  of  the  circle,  the  figure  ^,  4,  6,  8,  is  a  square,  having 


bf  Google 


its  sides  parallel  to  those  of  the  square  witJiout  the  circle.  The 
diameters  1,  5,  and  3,  7,  diyide  both  the  drcumscribing  and  the 
inscribed  square,  that  is,  the  square  touchii^  the  circle  within 
into  four  equal  squares ;  and  the  diagonata  of  the  squares  divide 
each  of  those  four  squares  into  two  equal  triangles ;  so  that  the 
eight  parts  which  have  each  an  angle  at  the  centre  a,  are  all 
equal  as  belonging  to  the  one  square  or  to  the  other ;  that  is 
to  say,  the  triai^le  a  1  o  is  one  eighth  of  the  lar^r  or  circum- 
scribing square,  and  the  triangle  2  9  o  is  one  eighth  of  the 
smaller  or  inscribed  square. 

We  may  therefore  compare  the  two  squares,  both  in  their 
areas  and  in  the  lengths  of  their  sides,  in  terms  of  these  two 
triangles,  becftuse  like  parts  are  proportionals. 

Now  the  triangles  a  1  o,  and  2,  9  a,  are  similar,  havii^  their 
angles  at  1  and  9  right  angles,  and  the  sides  in  each  cimfaining 
the  right  angle  are  equal ;  and  therefore  the  square  of  the 
hypotenuse  in  each  is  equal  to  twice  the  square  of  a  side  about 
the.  right  angle,  that  is, 

Ao'^  =  2xlo^and2G  =  =  2x9o«;  or 
lo«  =  iAo',and9o>^  =  ^2a'; 
but  1  a  and  2  a  are  equal,  being  radii  of  the  same  circle,  and 
therefore  1  a  ^  =2  o\  consequently  Oo'^-^lo*,  and  as 
lo^^^ofAo^,  9o  is  to  lo,  as  the  square  root  of  ^  to  the 
square  root  of  1.  But  we  have  shown  that  the  approximate 
value  of  the  square  root  of  ^  is  '  7,  that  is,  -^,  9  o  contains  7 
of  those  parts  of  which  1  a  contains  10,  and  consequently  1,9 
contains  the  remaiiung  3  of  the  10  parts. 

Therefore  on  any  side  of  the  larger  square,  wliich  is  the  only 
square  given  in  the  case  where  this  problem  applies  in  perspec- 
tive ;  as,  tor  example,  in  the  side  n  c,  divide  each  half,  that  is, 
7  B,  and  7  c,  into  10  equal  parts.  Set  off  7  of  those  parts  from 
the  point  7,  to  the  two  points  a  and  b,  and  there  will  rcmun  3 
parts  from  a  to  b,  and  other  3  from  &  to  o.      Through  a  and  b 
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,draw  parallels!  to  a  b  or  c  d  ;  Eind  those  parEillelB  trill  cut  the 
diagonals,  and  determine  by  their  intereection  the  points  2,  4, 
6,  and  8,  which  are  all  that  are  reqiuKd  fbr  the  perspective 
delineation  of  a  circle  on  on  oblique  plane. 

From  the  mere  inspection,  of  the  above  figure,  and  by  only 
drawing  in  it  a  circle  touching  the  smaller  sqaare  in  the  points 
9, 10, 11, 12,  we  can  perceive  some  of  the  general  relations  of 
figures  without  formal  investigation. 

The  first  which  occurs  is  one  which  we  have  already  men- 
tioned, namely,  that  rarcles  are  to  each  other  in  the  ratio  of  the 
squares  of  their  diameters ;  and  it  immediately  follows  from 
this,  that  a  circle  described  on  the  hypotenuse  of  a  right-angled 
triangle  as  diameter,  is  equal  te  the  sum  of  the  two  circles  de- 
scribed on  the  ddes.  Agidn,  this  correspondence  between  circles 
and  the  squares  of  their  diameters,  if  not  confined  te  squares ; 
but  applies  to  all  similar  figures  described  in,  or  inscribed  about 
circles ;  namely,  the  corresponding  sides  of  those  similar  figures 
are  to  each  other  in  the  ratio  of  the  squares  of  the  diameters  of 
the  drcles  about  which  they  are  described,  or  in  which  they  are 
inscribed,  it  being  understood  that  the  two  which  are  compared 
must  either  be  both  inBcril)ed,  orboth  described. 

It  follows  from  this  still  farther,  that  if  similar  %ures,  of  any 
form  whatsoever,  are  described  on  the  three  sides  of  a  r^ht- 
angled  triangle,  the  figure  upon  the  hypotenuse  is,  in  all  cases^ 
exactly  equal  te  the  sura  of  the  figures  upon  the  sides  about  or 
containing  the  r^ht  angle. 

Hence,  still  farther,  it  is  easy  to  see  that,if  any  similar  figures 
whatever  which  are  described  upon  three  lines,  the  square  of 
one  of  which  is  equal  to  the  squares  of  both  the  other  two,  the 
figure,  of  whatever  form,  upon  the  first,  is  equal  to  the  two 
similar  figures  upon  the  other  two ;  those  figures  must  be  to 
each  other  in  the  ratio  of  the  squares  of  their  corresponding 
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sdes;  and  (bva  if  we  once  get  poeBcodon  of  the  whole  portieu- 
laTBof  one  rectilineal  figure,  we  can  get  the  particolani  of  every 
simjhv  figure,  by  a  ample  ^tpllcation  of  the  role  of  three,  if 
we  merely  know  the  ratki  between  one  part  of  the  figure  which 
we  «e  seeking  to  know,  and  the  corrwponding  part  of  the 
WTnil<tr  figure  of  which  we  already  know  the  partienlara. 

This  companKin  of  all  rectilineal  figniea  throngh  die  medium 
of  the  square,  is  one  of  the  beat  and  most  extenare  principles 
in  mathematics;  ioaamnch  as  it  is  the  one  which  more  espe- 
cially btii^  the  ptadkal  applications  of  geometrical  truth 
within  the  range  of  common  arithmetic ;  and  further  than  this, 
we  have  only  to  diow  bow  all  rectilineal  figures  may  be  reduced 
to  similarity,  or  to  lectanglea  or  squares,  so  that  they  may  be 
compared  with  the  same  ease  and  the  same  Eiccruacy  as  lines 
and  angles,  and  figures,  whicti  are  similar  according  to  the  con- 
ditions of  those  which  are  given.  It  is  this  posdbility  of  com- 
paring all  strugfat-lined  figuree  with  each  other,  through  the 
medium  of  the  sqnaie,  which  renders  the  whole  of  thom — how 
different  soever  they  may  be  in  diape->^uantities  of  the  same 
kind,  and  therefore  always  proportionals,  Aether  we  happen  to 
know  the  proportions  of  them  or  not.  We  must,  however,  in 
the  mean  time,  advert  to  our  other  problem : — Second,  to  di- 
vide any  quantity  or  line  into  two  such  parts,  as  that  the  square 
one  part  shall  be  eqnal  to  the  product  or  rectangle  of  the  whole 
and  the  other  part. 

We  shall  condder  tliis  problem  as  we  did  the  other,  both 
graierally  and  a^braically,  and  particularly  as  it  applies  to 
lines  in  geometry.  In  the  latter  branch  of  the  science,  the 
operation  here  to  be  performed  is  sometimes  called  dividing  a 
straight  hne  in  extreme  and  mean  ratio,  which  means,  that  if 
a  proportiou  is  instituted,  the  whole  line  shall  be  either  the  first 
or  fourth  term,  it  is  of  no  consequence  which,  and  one  of  the 
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parts  the  other  extreme,  that  is,  either  the  fourth  or  the  first 
term,  and  that  the  other  part  of  the  line  shall  he  both  second 
term  and  third  term,  and  if  they  have  this  property  as  propor- 
tionals, it  is  evident  that  the  aqoare  of  the  part  which  stands 
for  the  second  term,  and  the  third  must,  upon  the  common 
property  of  proportionals,  be  eqnal  to  the  rectangle  or  product 
of  the  whole  and  the  other  part. 

The  truth  of  this  is  very  plain,  as  well  as  very  obyions  j  but 
when  we  come  to  attempt  the  practical  solution  of  the  problem, 
we  find  it  beyond  the  reach  of  the  principles  of  common  arith-' 
metic.  Only  one  quantity  is  given  us,  and  we  are  required  to 
find  two  quantities  whose  som  shall  be  equal  to  the  given  one, 
and  which  shall  be  such,  that  the  product  of  the  whole  by  one 
of  them  shall  be  equal  to  the  square  of  the  other. 

But  we  are  not  fiimished  with  either  the  &ctor8  of  the  pro* 
duct,  or  the  aide  of  the  square  which  is  equal  to  it;  nor  have 
we  the  value  of  the  product,  or  square  itself;  so  that  we  are 
obliged  to  have  recourse  wholly  to  ratios;  these  tatios  are, 
however,  quite  sufficient  for  out  purpose. 

Let  a  be  any  quantity  whatever,  and  let  it  be  required  to 
divide  a  into  two  sudi  parts,  as  that  the  product  of  a  by  one  of 
them  shall  be  eqnal  to  the  square  of  other  one. 

We  must  at  first  content  ourselves  with  expresw>DB  for  those 
two  parts  of  a,  so  that  from  these  we  may  get  at  their  relations 
to  a,  and  to  each  other ;  so  let  one  of  the  parts  be  called  ^,  and 
the  other,  which  is  the  remainder  of  a  after  a  is  taken  away, 
is  of  course  explained  hy  a  —  x.  w,  and  a  —  x  are  our  substi' 
tntions  for  the  two  parts ;  and  as  we  do  not  at  the  present  know 
the  relation  of  either  part  to  a  as  a  measure,  it  is  impossible  for 
us  to  toll  whether  x  is  greater  or  less  than  a — a.  That  does 
not  afiect  the  truth  of  the  result,  however ;  because  there  can 
he  only  one  value  of  x  answering  to  every  value  of  a. 

The  conditions  are, 

ir2 
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ir*=oX  (a— J');  and 
performiDg  the  multiplication, 

From  this  ve  can  diacoTer  that  the  Hquan  <^  :c  ia  equal  to  what 
Temains  after  the  product  of  a  and  x'm  taken  away  from  Uie 
square  of  a ;  and  this  is  something,  because  it  shows  us  that  the 
square  of  a  is,  by  a  parallel  drawn  through  the  point  of  division 
which  we  are  seeking,  divided  into  two  rectangles  or  products, 
one  of  which  is  ax,  and  the  other  equal  x^.  This,  however, 
does  not  give  ua  x  itself,  or  any  means  of  arriving  at  it ;  but  it 
enables  us  to  state  our  expression  differently ;  so  as  to  have 
only  a'  on  the  one  nde  of  the  s^;n=  ;  for  since  a*  is  the  sum 
of*  *  and  a  x,  we  have 

In  this  case  we  could  readily  obtwn  the  square  root  of  a  * ;  but 
we  cannot  directly  find  that  of  «  *  +  a  jt,  because  it  is  not  a 
complete  square.  It  contains  two  quantities,  «  and  a,  and  in 
order  te  be  the  square  of  those  two  quantitEes,  it  should  coneiBt 
of  three  terms ;  for  according  to  the  compodUon  of  the  square 
of  a  binomial,  or  quantity  consisting  of  two  terms,  as  expluned 
in  a  former  section,  such  a  square  is  always 

We  use  the  double  sign  i  ,  in  order  that  the  expresdon  may 
be  perfectly  general,  and  represent  the  square  of  a  —  6,  as  well 
as  that  of  a  +  b ;  and  with  this  understanding  let  us  compare  the 
general  formula  with  our  data  in  this  particular  case : 

General  formula a^+2ab+b* 

Particular  case iC*+aiF+*. 

Here  vre  find  x^  corresponding  to  «%  which  will  do,  as  they 
are  both  complete  squares.  Then,  in  the  second  term  we  find 
a  X  corresponding  to  2  a  6,  which  may  also  do,  if  we  oonfflder  a 
as  representing  3  6,  and  x  as  representing  the  other  factor,  a. 
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la  this  caae,  we  shall  get  an  equivalent  expression  to  6  in  the 
general  formula  if  we  divide  a  bj  2,  and  oui  second  term  will 

then  become  2  ~.     The  third  term  is,  howeref,  altogether 

wanting  in  our  expression,  hut  we  can  see  what  it  ought  to  be 
from  the  general  formula.     In  that  it  is  f ,  and  onr  equivalent 

for  fi  is  -,  consequently,  our  equivalent  for  i*  is  the  square  of 

-,  that  is,  — ,    Therefore  the  terms  preceding  the  sign  =  are 
reduced  to 


which  is  a  complete  square ;  but  it  is  greater  than  the  original 

expression  *  *  +0*  by  the  third  term  — .    To  preserve  the 

equality,  we  must  add  this  to  the  other  side  of  the  sign  =  in 
our  expression,  and  we  shall  have 

But  the  two  terms  afler  the  s^  =may  be  added  together  ; 

for  a^  is  — — ,  and  if  to  this  we  add  — ,  the  sum  is  . 

Therefore, 

...„."^=- 

The  three  terms  preceding  the  sign  =  are  a  complete  square, 

namely,  the  square  of  *+-,  for  they  were  made  such ;  and  as 

the  squares  of  equal  quantities  are  equal,  and  the  square  roots 
of  equal  squares  also  equal,  we  may  take  the  square  roots  of 
those  quantitira  as  for  as  possible.     That  of  the  terms  before 
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(he  sign  =,  is  j;+-;  but  the  quantities  after  the  sign  do  not 

make  a  complete  square,  and  therefore  we  must,  in  the  mean 
time,  merely  indicate  the  root  by  the  sign  ^,  thus, 


2      s/    4 


If  we  take  -  from  each  of  those  equals,  we  get  equal  remain- 
ders, and  we  leare  nothing  but  x  before  the  ugn  =,  so  our 
expteesion  becomes, 

/To-      o 

which  gives  ni  the  ralne  of  iii  in  terms  of  a,  or  rather  of  the  half 
of  a.  Let  us  now  see  how  we  can  simplify  this  value  of  x, 
namely. 


V- 


The  denominator  of  4  is  a  square;  and  soisthe&ctor  a°  of  the 
numerator ;  so  that,  as  formerly  expluned,  we  can  take  their 
roots,  and  remove  th«n  from  under  the  radical  sign,  which  will 
reduce  our  expresdon  to, 

«=v'6  X  2  ~  2' 
that  IB  to  say,  in  words,  tlie  gTeat«r  segment  of  the  line,  and 
that  whose  square  is  equal  to  the  product  of  the  whole  line  by 
the  other  one,  is  obtained  by  multiplying  half  ihe  line  by  the 
square  root  of  6,  and  subtracting  half  the  line  &om  the  pro- 
duct, or,  more  Mmply,  by  multiplying  half  the  line  by  the  square 
root  of  B,  after  I  is  subtraoted  from  it,  that  is  by  \^  5  —  1 ;  and 
as  this  is  an  operation  easily  performed,  we  can  at  once  find  the 
parts  of  the  quantity,  or  the  segments  of  the  line,  if  ejtpressed 
)□  numbers. 
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The  Bimpleat  numerical  expresdon  which  we  can  have  for 
any  quantity  ial;  and  if  we  use  this  in  place  of  -,  onrexpre*. 
eion  becomes 

v'"e— 1. 

We  are  now  in  a  condition  for  showing  how  the  same  lemilt 
may  be  arrived  at  geometrically. 


Let  A  B  be  any  line,  it  is  required  to  divide  it  into  two  parts, 
so  that  the  square  of  one  part  shall  be  equal  to  the  rectangle 
of  the  whole  and  the  other  pwt.  At  the  point  b,  the  ex- 
tremity of  A  B,  draw  B  o  at  right  angles,  make  b  o  equal  to  the 
half  of  A  B,  and  produce  it  indefiniteJy  toward  n  on  the  other 
Bide  of  B ;  also  join  a  b,  and  a  b  o  ia  a  right-an^ed  triai^le, 
baring  the  rides  b  c  and  a  b  in  the  ratio  of  I  and  2,  there- 
fore c  A  is  in  the  ratio  of  the  square  root  of  6.  On  o  as  a 
centre,  with  the  distance  o  a,  describe  an  arc  meeting  c  n  in 
D ;  and  b  d  is  eqnal  to  that  part  <^  the  given  line  a  b  whose 
square  is  equal  to  the  rectangle  of  the  whole  and  the  other 
part.  On  b  as  a  centre,  and  with  the  radius  s  d  describe  an 
SM  cutting  A  b  in  e;  and  a  b  is  divided  in  e,  so  that  the 
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Bquare  of  b  e  is  equal  to  the  rectai^le  under  the  whole  line  a.  s, 
and  the  other  part  a.  e. 

Because  c  is  the  centre  of  the  arc,  o  d  is  equal  to  o  a,  and 
B  c  is  equal  to  the  half  of  a  b  ;  therefore  o  a  b  to  b  c,  as  the 
Bquare  root  of  S  to  1;  but  b  d  ia  the  retnaiudei  of  on  after  b  g 
is  taken  away,  therefore  b  n  ia  equal  to  the  square  root  of  S 
mjntu  1,  which  ia  the  part  required ;  and  ag^Uj  hecauae  s  ia 
the  centre  of  the  arc  d  e,  b  e  is  equal  to  b  n ;  and  consequently 
A  B  la  divided  in  the  ratio  which  was  required. 


In  order  to  hrin^  the  circle  properly  within  the  province  of 
elementary  geometry,  it  ia  necemary  to  have  the  means  of 
determining  the  length  of  the  circumference  and  diameter  in 
terms  of  each  other,  or  in  other  words  to  find  their  ratio.  We 
formerly  atated  the  approximate  value  of  this  ratio ;  and  we 
are  not  now  to  enter  further  into  the  investigation  of  the  circle, 
than  merely  to  state  one  or  two  properties  of  some  lines  in  and 
about  a  circle,  which  have  their  relations  determined  by  that 
figure. 

1.  If  two  atrmght  lines  crosa  or  cut  each  other  in  a  circle, 
the  rectangle  or  product  of  the  two  a^mente  of  the  one  is  equal 
to  that  of  the  two  segments  of  the  other,  without  any  regard 
whatever  to  the  lengths  of  the  lines,  or  their  »tuation  In  the 
circle,  provided  that  they  cross  each  other,  and  the  extremities 
of  both  are  on  the  circumference. 

If  both  lines  pass  through  the  centre,  the  truth  aaeerted  is 
self-evident ;  becanae  each  of  the  a^ments  of  both  is  a  radius 
of  the  aame  drde,  and  consequently  they  and  their  products 
or  rectangles  two  and  two,  are  equal. 

There  are  other  three  casee^  one  line  passing  ihrongh  th4 
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centre,  civs^ng  the  other  at  right  angles,  and  conseqaently 
bisecting  it ;  and  the  proof  of  this  is  also  nearly  self-evident. 


Let  A  B,  passing  throngli  the  centre,  cut  o  D,  which  does  not 
pass  through  the  centre,  at  right  angles,  in  the  point  b,  then  the 
rectangle  a  b  x  e  b  is  equal  to  the  rectangle  «  b  X  b  d,  that 
is,  as  CD  is  bisected  the  square  of  oEor  bs. 

Join  A  c,  0  n,  B  D,  D  A ;  and  the  triangles  a  o  b,  a  d  b,  are 
equal  to  each  other,  and  right-angled  at  c  and  n,  because  each 
ofthemis  a  semicircle,  c  Band  d  e,  the  segments  of  c  d,  are 
the  perpendiculars  drawn  from  the  right  angles  of  those  trian- 
gles to  the  opposite  side  >  therefore  each  of  them  is  a  mean 
proportionable  between  a  e  and  b  b,  the  segments  of  a  b  their 
common  base ;  consequently, 

and,  multiplying  extremes  and  means, 

ABXBn  =  oBXBTi,  that  is, 
the  rectangle  of  the  segments  of  a  b  Is  equal  to  that  of  those 

of  CD. 

Next,  let  A  B,  which  passes  through  the  centre,  cut  o  d,  not 
at  right  angles,  and  consequently  not  bisect  it,  the  tectangle  of 
the  segments  of  the  one  is  still  equal  that  of  the  segments  of 
the  other. 

Let  A  B  pass  through  the  centre,  and  cut  o  d  in  the  point  b, 
l>ut  not  at  right  angles,  and  consequently  not  into  equal  parts. 
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Find  the  centre  f  bj  bisecting  a  b,  and  from  p  draw  a  e  at 
right  angles  to  c  d,  and  f  d.  o  d  is  equallf  divided  in  q,  and 
■inequBllf  in  e,  and  a  b  ia  eqnaJlj  divided  in  p  and  unequal! 
in  B ;  therefore, 

D  o^  =  D  B  X  E  o  +  e  H^ 
Add  the  square  otvQto  both,  and 

D  G«   +  F  0«   =   D  B    X   B  0   +   O  E«  +   O  fS. 

But  because  f  ia  the  centre  of  the  circle,  d  f  is  equal  a  f  or  f 
b;  and  because  of  the  right  angle  at  o,  n  f"  =  d  o^  -(-  of*; 
and  because  d  f  is  equal  to  a  f,  and  a  f  to  f  b,  the  square  of 

l>Q   +   OF   =   AB    XBB+PB^,      but    F  E*    =   P  O^  +  O  E*  ; 

therefore  a  b  x  b  b  +  f  o*  +  o  e'  =  d  q*  +  f  a*. 
But  it  has  been  alxeady  shown,  that 

DO*   +   FO*    =    BE    X    BC+OF^   +   OF*:, 

Therefbr^— 

AEXEB+F0*+lSO*=DBXBC+eF'+OF*. 

Take  away  the  parts  p  a^  +  b  a*,  which  are  common  t 
both ;  and  the  lemaining  rectangles  are  equal,  that  is. 


and  they  are  the  eegmenta  of  the  lines. 

If  neither  of  the  lines  pasaes  through  the  centre  of  the  circle, 
a  line  can  be  drawn  through  the  point  of  section  and  the  centre, 
meeting  the  circumference  both  ways ;  and  as  it  can  be  shown 
(as  in  the  last  cose)  that  the  rectangle  of  the  two  segments  of 
each  of  the  lines,  is  e^nal  to  the  rectangle  of  the  s 


bf  Google. 


4tiis  one  whicli  passcB  through  their  point  of  section  and  the 
centre,  it  fbllows  that  their  rectangles  must  be  equal  to  each 

2.  As  the  rectangles  of  the  segmenta  of  any  two  lines  which 
intersect  each  other  in  a  circle  are  equal,  it  follows  conversely 
that  lines  which  intersect  each  other  so  as  to  make  the  rectan- 
gles of  the  segments  of  each  line  equal,  are  so  situated  that  a 
circle  can  always  be  described  so  as  to  touch  all  their  fbur 
extremidas ;  and  the  centre  of  this  circle  can  in  every  case  be 
found  by  bisecting  each  of  the  lines  at  right  angles ;  for,  as  both 
the  bisecting  lines  must  pass  through  the  centre,  that  centre 
must  be  the  point  where  the  perpendiculars  intersect  each  other. 

But  it  also  follows,  that  when  the  rectangle  formed  by  two 
lines  ia  equal  to  that  formed  by  other  two,  and  the  contained 
angle  is  equal  in  both,  the  mdes  about  the  equal  angles  must  be 
reciprocally  proportional,  that  is,  in  looking  back  to  either  of 
the  last  figures, 

Hence  we  have  a  general  method  of  tranaforming  any  rect- 
angle or  parallelogmm  whatsoever  into  another  of  the  same 
surface,  but  difieiing  in  the  lengths  of  the  aides  and  their  ntios 
to  each  ttther;  for  we  have  only  to  place  the  sides  of  the  given 
rectangle  hi  a  straight  line,  to  draw  from  the  point  where  they 
meet  a  line  the  length  of  one  of  the  proposed  sides  of  the  eqtid 
but  not  similar  figure ;  and  by  describing  a  circle  through  the 
three  points,  and  producing  the  line  which  was  made  equal  to 
one  of  the  sides  of  the  proposed  %nre  until  it  meets  the  circmn- 
ference,  in  order  to  get  the  remuning  aide  of  the  rectangle 
sought.     It  maybe  worth  while  to  illustrate  this  by  a  diagram. 

Let  A  and  b  represent  two  sides  of  a  paraUelogram,  and  o  one 
of  the  angles  which  it  contains,  and  let  n  be  one  side  of  another 
parailelogtam  which  is  to  have  the  some  area  and  the  same 
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angles,  it  is  leqnired  to  find  the  remunii^  side  of  this  parallelo- 
gram. 


Make  the  line  e  f  equal  to  a,  and  continne  it  to  o  till  p  a  is 
equal  to  b.  At  the  point  f  draw  the  line  f  b,  equal  to  d,  and 
making  the  angle  e  f  h  equal  to  o.  Through  the  points  b  b 
and  o  describe  a  circle,  and  prodnce  h  p  till  it  meet  the  circom- 
ference  of  this  circle  in  the  point  ],  and  p  i  is  the  side  required. 

To  complete  the  parallelograms,  transfer  f  o  to  p  i  by  the 
arc  o  K,  and  transfer  pitopiiinpe  produced,  and  the  sides 
I  F,  F  K,andH  p,  p  M,  are  the  sides  of  the  equal  parallelt^Tams, 
only  they  contain  the  supplements  of  the  proposed  angle  c ; 
complete  the  parallelograms,  by  drawing  parallels  meeting  in  l 
and  in  p,  and  i  f  k  l  and  n  p  m  p  are  the  equal  paralleli^rams, 
having  iFrHF  =  FH:FK,  which  were  required ;  contiime 
the  parallels  till  they  meet  in  o  n  as  marked  by  the  dotted 
lines,  and  the  whole  figure  o  l  n  p  ia  a  paralleli^Tain ;  and  if 
o  N  are  joined,  o  n  ia  a  diameter  of  that  parallelogram,  and  it 
passes  through  f,  the  point  in  the  circle  where  e  a  and  h  i 
intersect  each  other. 

The  sides  of  the  parallelograms  e  f  k  l  and  h  p  h  p,  which 
are  about  theirequal  angles  at  f,  are  recipi'ocally  proportional, 
and  for  this  leasoa  they  are  direcfly  proportional  in  the  levers^ 
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paraUelogTana  i  f  b  o  and  u  f  k  n,  of  which  they  &rc  also 
sides,  and  cont^  the  supplemenW  of  the  former  an^es,  namely 
E  F  B  and  u  F  E.  that  is, 

wherefore,  those  two  paraUelt^rams  are  similaT  to  each  other ; 
but  they  are  also  siioilar  to  the  whole  paraUelogmm  o  l  n  p ; 
for  its  sides  o  l  and  o  p  are  respectively  the  suma  of  h  f  +  p  k, 
and  B  p  +  F  u,  and  these  suma  are  proportional  to  e  f  and  f  h, 
or  M  F  and  f  k  taken  singly,  proportionals  being  proportional 
by  addition  of  their  corresponding  terms.  Therefore,  the  line 
0  N  bisects  the  whole  parellelogram  o  l  h  p,  and  the  two  parts 
of  it,  o  E  F  B  and  k  f  e  n. 

The  paraUelograms  which  have  the  aom  of  their  diameters 
equal  to  the  diameter  of  a  paraUeli^ram  contunii^  them,  and 
their  sides  parallel  to  its  sides,  are  called  paraUelogmms  about 
the  diameter  of  a  parallelogram ;  and  the  remaining  parts  are 
called  complements  to  these.  In  the  case  of  two  parallelograma 
about  tbe  diameter,  as  in  the  present  figore,  there  are  two 
complements ;  bnt  whatever  number  there  are,  the  correspond- 
ing complements  are  always  eqnal  to  each  other,  and  the  paral- 
lelograms about  tbe  diameter  are  similar  to  the  whole  and  to 
each  other. 

By  means  of  these  correspondencies,  it  ia  easy  to  change  a 
parallelogram  to  another  having  its  sides  in  any  proportion,  by 
making  it  a  complement  to  tbe  given  proportional ;  and  it  is 
equally  easy  to  make  any  change  in  the  angles  without  changing 
the  area;  for  we  have  only  to  pot  the  figures  upon  equal  bases 
and  between  parallels  eqnally  distant  ^m  each  other.  The. 
same  facility  of  change  applies  to  triangles ;  for  a  triangle  is 
always  half  the  parallelc^ram  on  an  equal  base,  and  between 
parallels  equally  distant  from  each  other;  and  thus  we  can 
apply  triangle  after  triangle  to  any  given  line,  so  as  to  form  the 
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irtiole  Into  ODe  parallelogtam,  luviag  that  line  for  one  of  its 
aides,  and  one  of  its  angles  equal  to  any  angle  that  msj  be  pro- 
posed. After  we  have  obtuned  the  paTaUelogram,  wc  hftve 
only  to  change  its  aisles  or  its  sides  by  the  methods  already 
explained,  in  order  to  rednce  it  to  a  parallelogram  having  its 
sides  in  any  proportion,  or  into  a  square. 

As  we  can  perfbim  all  these  operations  directly  we  can  also 
perform  them  inversely,  and  resolve  a  square  into  any  rectangle, 
parallelogTani,  triangle,  or  number  of  triangles,  that  we  please, 
or  into  any  other  strai^t  line  figure  whatever;  but  these 
transformations  are  so  seldom  needed  in  practice,  that  it  is 
unnecessary  to  go  into  any  details  of  them ;  for  any  one  who 
studies  with  attention  what  has  been  statt^  can  find  no  diffi- 
culty in  performing  fbr  himself  any  or  all  of  these  transforma- 
tions ;  and  they  involve  the  whole  principles  necessary  for  the 
comparison  of  every  form  of  rectilineal  figure,  which  is  the 
utmost  estent  to  which  we  purpose  to  cany  the  elements  of 
Geometry,  in  the  present  volume.  There  is  still  however  one 
determination  of  the  relations  of  lines  by  means  of  the  circle  to 
which  it  may  not  be  improper  to  advert ;  and  that  we  shall  now 
briefly  conmder. 

3.  If  from  any  point,  without  the  circumference  of  a  cirde, 
two  straight  lines  be  drawn,  one  of  which  cuts  the  circle  and 
the  other  touches  it,  the  rectangle  contained  by  the  whole  line 
which  cuts,  and  the  part  of  that  line  withont  the  circle,  iaeqnal 
to  the  sqnare  of  the  line  which  touches. 

The  line  which  touches  the  circle  is  always  of  the  same 
length,  if  the  point  from  which  it  is  drawn  is  £xed,  that  is,  if 
the  position  of  it  is  given ;  for  it  can  touch  the  drde  only  in 
(me  point,  which  is  fixed  also  because  the  position  of  the  circle 
is  given;  and  therefore  the  only  variation  which  can  be  is  in 
the  position  of  the  line  which  cuts  the  circle.  It  may  pass 
through  the  centre  of  the  circle,  or  it  may  not ;  but  in  what 
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manitei  soever  it  cats  the  drcte,  while  it  is  drawn  from  the 
mme  point  without  the  rectangle  under  the  whole  of  it,  and  the 
part  without  the  circle  remains  constantly  the  same,  or  equal 
to  the  square  of  ihe  line  which  it  touches  ;  and  this  line  itself 
remuns  unchanged,  while  the  point  in  the  circle  remains  the 
same.  There  is,  tlierefbre,  the  same  relation  between  the  whole 
of  a  line  which  cuts  a  circle  from  a  point  without,  and  the  part 
of  it  which  is  without,  that  there  is  between  the  segments  of  a 
line  which  cuts  another  line  in  the  same  point  within  a  drde, 
that  is,  the  rectangle  between  them  is  of  the  same  value  how- 
ever their  lengths  may  vaiy,  and  constantly  the  one  increasea 
in  proportion  as  the  other  diminishes ;  and  if  we  take  two  lines 
drawn  from  the  same  point  without,  and  both  cutting  a  circle, 
the  whole  and  the  part  without  of  the  one  must  be  reciprocally 
proportional  to  the  whole  and  the  part  without  of  the  other. 
If  we  show  the  trath  of  this  in  the  case  of  one  line  which 
passes  through  the  centre,  and  of  another  line  which  does  not, 
we  shall  have  proved  all  that  is  necessary. 


Lot  there  be  any  circle  of  which  c  b  (he  centre,  and  any 
point  p  without  the  circle.  Let  there  be  drawn  Irom  p,  a  line 
p  r  touching  the  circle  in  the  point  r,  and  two  lines  p  l,  p  n, 
both  cutting  the  circle,  but  p  i  passing  through  the  centre  and 
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p  N  not,  the  rectangle  under  the  whole  p  i,  and  the  part  with- 
out the  circle  r  v,  and  the  rectangle  under  the  'whole  p  N,.{aid 
the  parts  without  p  a,  are  each  equal  to  the  square  of  p  t,  and, 
consequently,  they  are  equal  to  each  other. 

First,  let  us  consider  p  r.  Jom  t  c,  and  because  p  t  touches 
at  r,  and  t  o  from  the  point  of  contact  passes  through  the 
centre,  p  t  c  is  a  right  angle,  and 

p  c*  ^  p  T*  +  T  c'. 
But  I  D  ia  bisected  in  c  and  produced  to  p,  therefore 

PI    X    PD+I>C«=PC«. 

But  D  c*  =  T  C-,  for  both  lines  are  radii,  therefore 

p  1  X  P  D  +  T  c«  =  P  T*  +  T  o'. 

Take  away  t  o*,  which  is  common  to  both,  and 

PI   X  P  D  =  p  t''. 

Second,  p  x  p  s  iaalso  equal  to  p  t^.    Join  o  s,  and  &oni  c 

draw  c  o  at  right  angles  to  p  n,  and  the  part  s  n  is  bisected  in 

o,  therefore, 

PNXPe  +  ao*  =  PO*. 
To  each  <^  these  add  o  o%  and 

But  p  c*  =  P  o*  +  O  o",  and  c  s"  =  s  *  +  o  c' ;  tlierefore, 
pKXra  +  oc''  =  ri?i  and  p  o*  =  t  o'  +  t  p',  and  also 
to  B  c*  +  P  T*,  take  away  the  equab  and  p  n  x  p  s  =  p  t', 
that  is,  the  rectangle  under  the  whole  line  and  the  part  without 
the  circle,  is  equal  to  the  square  of  the  touching  line,  whetl. 
the  line  which  cuts  does  or  does  not  pass  through  the  centre. 
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